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PREFACE 


This  document  is  the  final  report  of  contract  AF49A638) -759  entitled 
"Research  on  Electromagnetic  Plasma  Acceleration.  "  The  report 
covers  the  period  of  time  from  15  December  1959  to  31  October  1963. 
The  work  was  performed  in  the  Space  Sciences  Laboratory  of  Litton 
Systems  Inc.  ,  located  in  Beverly  Hills  California.  Dr.  Alan  S.  Penfold 
was  the  Principal  Investigator.  The  document  bears  the  Litton  publi¬ 
cation  number  3484. 


1. 


INTRODUCTION  AND  SUMMARY* 


Research  on  the  acceleration  of  plasma  by  traveling  magnetic  fields 
was  initiated  at  the  Space  Sciences  Laboratory  of  Litton  Systems  in 
January  1957.  The  initial  effort  was  aimed  at  the  production  of  high> 
speed  plasma  tori  by  means  of  a  traveling  magnetic  field  produced  by  a 
series  of  one-turn  coils  energized  in  time-sequence  by  a  set  of  spark- 
gap-discharged  capacitors.  This  earliest  work  was  described  in  a  final 
report  (AF49{638)  -  345)  dated  September  30,  1959. 

These  early  results  were  sufficiently  encouraging  to  justify  additional 
effort  (Contract  AF  49(638)-759)  which  was  entered  upon  in  December  1959. 
The  present  document  is  the  final  report  on  this  work.  The  earliest  part 
of  the  new  work  included  modifications  to  the  pulsed  accelerator,  develop¬ 
ment  of  diagnostic  techniques,  and  a  more  detailed  theoretical  analysis 
of  the  induction  acceleration  phenomenon. 

By  September  1961  the  pulsed  accelerator  (Mark  I)  was  operating 
satisfactorily,  and  pinched  plasma  tori  were  being  produced  in  a  repeat- 
able  fashion.  In  general  the  following  observations  were  made; 

1.  The  tori  remained  pinched  over  the  observable  flight  path 
(about  24  inches) 

2.  The  measured  speeds  were  ~  10^  meters/second 

3.  The  appearance  of  the  tori  were  independent  of  the  gas  used 
(H,  He,  N2,  A) 

4.  Their  mass  was  estimated  to  be  >  6  X  10  ^  kg 

5.  The  tori  carried  strong  circulating  currents 

6.  It  was  found  to  be  possible  to  focus  them  to  some  extent 


*The  research  effort  upon  which  this  report  is  based  was  supported  by 
USAF,  Office  of  Aerospace  Research,  Office  of  Scientific  Research 
under  contract  AF49(638) -759. 
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7.  Successive  tori  had  opposite  magnetic  moments 

8.  Two  to  three  tori  accompanied  each  capacitor -bank  discharge 

9.  Phosphoresence  of  target  materials  was  observed 

10.  Some  plasma  instability  was  seen 

11.  The  experimental  results  had  good  reproducibility. 

Details  of  these  results  are  included  in  this  report. 

Concurrent  with  the  experimental  effort,  an  attempt  was  made  to  devise 
a  theoretical  treatment  for  the  behavior  of  ratified  plasma  in  a  cylindri- 
cally  symmetric  magnetic  field. 

This  theoretical  treatment  started  with  a  set  of  assumptions  regarding 
the  general  types  of  plasma  to  be  considered.  These  were: 

'1.  Low  density 

2.  High  electron  engergy 

3.  Axial  symmetry 

These  assumptions  simplify  the  equations  of  motion  since  they  can  treat 
the  plasma  as  a  fluid  in  which  the  particles  do  not  interact.  Later,  restric¬ 
tions  are  applied  to  account  for  particle-particle  interactions. 

Under  the  above-cited  assumptions,  the  equations  were  seen  to  be  in  a 
form  such  that  the  particle  velocity  components  could  be  obtained  by  taking 
a  spatial  gradient  of  a  single  scalar  quantity.  This  quantity  was  given  the 
name  ''inductive  potential"  (V)  since  it  arose  through  magnetic  effects.  As 
described  in  Section  3  the  inductive  potential  was  of  considerable  value  in 
providing  a  mental  picture  of  the  motion.  The  work  on  single-particle 
motion  using  the  inductive  potential  treatment  was  published  in  an  AFOSR 
Technical  Note^  in  I960,  and  since  then  the  theoretical  effort  was  directed 
toward  the  inclusion  of  corrections  for  particle-partical  interactions  and 
the  application  of  the  thoory  to  the  design  of  a  CVf  accelerator.  This 
effort  is  described  in  Sections  3  and  4. 

During  the  summer  of  1961,  sufficient  understanding  of  the  subject  was 
available  to  permit  the  conceptual  design  of  a  continuously  operating  device; 
that  is,  a  traveling  field  accelerator  (Mark  11)  operating  with  polyphase 
excitation  on  a  CW  basis  using  radio -frequency  power  supplies.  The  ad¬ 
vantages  of  this  typo  of  device  over  a  pulsed  device  were  evident,  and 
acquisition  of  suitable  power  sources  was  initiated. 
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In  the  fall  of  1961  the  laboratory  arquired  from  .  .  e  United  States  Navy, 
six  surplus  TBC  radio  transmitters.  Their  installati  and  modification 
as  well  as  the  design  and  construction  of  suitable  moni'oring  and  control 
equipment  was  finally  completed  by  January  1963.  Duving  this  period  the 
design  of  the  new  Mark  II  accelerator  was  also  completed,  and  construction 
was  well  under  way.  Enough  was  known  about  the  kind  of  circuitry  nec es¬ 
say  for  the  production  of  continuous  traveling  waves  to  anticipate  the  pro¬ 
blems  introduced  by  the  plasma  interaction  with  these  circuits.  The  de¬ 
sign  and  construction  of  this  circuitry,  with  sufficient  flexibility  and 
control  to  accomplish  the  required  adjustment  of  circuit  parameters, 
was  accomplished  in  1963. 
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2.  EXPERIMENTS  WITH  A  PULSED  ACCELERATOR 


The  first  two  years  of  work  herein  reported  were  devoted  to  a  study 
of  the  formation  and  acceleration  of  toroidal  plasmoids,  formed  and  held 
in  shape  by  the  confining  action  of  their  own  magnetic  fields.  One  of  the 
primary  objects  of  the  research  was  to  prove,  beyond  reasonable  doubt, 
that  such  pinched  plasma  toroids  could  be  formed  and  that  they  had  more 
than  a  fleeting  existence  measured  on  a  time  scale  comparable  to  the 
useful  operating  time  of  the  accelerator,  which  was  8  microseconds  per 
discharge  of  the  associated  capacitor  bank. 

The  basic  mechanical  and  electrical  design  of  the  accelerator  was  al« 
ready  frozen  at  the  beginning  of  the  contract  period  and  the  apparatus  was 
at  hand.  This  work  was  accomplished  on  a  former  contract  (AF49(638)> 
345).  Neither  the  basic  mechanical  design  nor  the  basic  electrical  design 
were  changed  much  during  the  contract,  but  the  control  and  monitoring 
equipment  was  greatly  improved. 

The  accelerator  can  in  no  sense  be  described  as  a  steady*state  device. 
Every  aspect  of  the  plasma  behavior  is  transitory  and  not  amenable  to 
steady-state  analysis.  Definitive  proof  of  correct  operation  depended 
heavily  on  two  commercial  developments  which  occurred: 

1.  The  development  of  a  fast  and  reliable  Kerr  cell  shutter. 

2.  The  development  of  fast  (3000  and  10,  000  speed)  polaroid  film. 

The  accelerator  was  designed  to  prove  a  principle  rather  than  to  be  an 
efficient  device.  The  magnetic  field  strength  was  chosen  with  the  idea  in 
mind  that  to  err  on  the  side  of  too  strong  a  field  was  better  than  to  have  a 
field  not  strong  enough  to  produce  the  desired  phenomena.  Now  there  are 
theoretical  reasons  for  believing  that  the  field  need  not  be  stronger  than 
a  few  hundred  gauss  but  at  the  time  of  the  choice  (1958)  no  such  reasons 
existed  and  a  field  of  3-4  thousand  gauss  seemed  reasonable. 
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At  this  point  it  is  probably  well  to  distinguish  rather  carefully  between 
this  accelerator  and  another,  related  but  distinctly  different,  type,  some¬ 
times  called  a  "traveling  piston"  or  "delay  line"  accelerator.  In  the 
former,  gas  is  introduced  into  the  accelerating  structure  close  to  one  end 
where  the  field  ionises,  shapes,  and  accelerates  it.  The  plasma  is  trapped 
in  the  field  at  one  or  more  locations  and  forces  act  in  such  a  way  as  to  try 
to  maintain  the  position  of  the  plasma  with  respect  to  the  moving  field. 

On  the  other  hand,  in  the  traveling  piston  device  the  accelerator  tube  is 
initially  filled  with  a  low  density  gas,  usually  already  weakly  ionized. 

The  magnetic  field  begins  to  grow  at  one  end  of  the  device  and  a  magnetic 
front  moves  along,  ionizing  additional  gas,  and  sweeping  gas  along  like  a 
piston  moving  down  the  tube. 

I 

i 

i  2.  1  GENERAL  DESCRIPTION  OF  THE  ACCELERATOR 

At  the  heart  of  the  accelerator  is  a  6-inch  diameter  pyrex  tube  with  a 
gas  ii^jector  at  one  end  and  vacuum  pumps  at  the  other.  In  normal  oper¬ 
ation  the  ambient  pressure  in  the  tube  is  about  10*^  Torr. 

Surrounding  the  pyrex  tube,  at  the  gas  injector  end,  is  a  series  of  one- 
turn  coils  each  of  which  is  connected  to  an  energy-storage  capacitor 
through  a  spark-gas  switch. 

Upon  operation,  a  short  burst  of  gas  is  admitted  to  the  tube  from  the 
gas  ii\jector.  The  gas  moves  down  the  tube  at  sonic  speed  (about  300 
meter/ sec)  and  at  a  pressure  of  about  Z  x  10~^  Torr.  When  the  gas  front 
is  somewhere  in  the  vicinity  of  the  second  or  third  coil  the  spark-gap 
switches  are  triggered,  one  at  a  time,  in  carefully -controlled  sequence. 
Currents  flow  in  the  coils  and  for  a  few  microseconds  the  resulting 
magnetic  field  has  the  form  of  a  repetitive  wave,  traveling  with  uniform 
acceleration,  away  from  the  gas  injector. 

The  objective  is  to  form  a  toroidal  plasma  and  trap  it  in  the  magnetic 
field.  Since  the  field  accelerates  uniformly  the  plasma  is  also  accelerated. 
When  the  plasma  reaches  the  end  of  the  coil  system  its  momentum  carries 
it  forward,  out  of  the  field,  and  into  a  section  of  the  tube  where  measuring 
apparatus  is  located. 

The  whole  action  takes  but  a  few  microseconds. 
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2.  2  THE  MECHANICAL  ARRANGEMENT 


The  accelerator  was  assembled  on  the  framework  shown  in  Figure  2-1. 

A  pyrex  tube  (not  shown  in  Figure  2-1)  seals  to  the  vacuum  pump  at 
the  bottom  of  the  frame  and  extends,  up  the  axis  of  the  frame,  for  a 
distance  of  about  four  feet.  The  gas  injector  rests  on  the  top  of  the  tube 
and  a  vacuum  seal  is  made.  The  electrical  components  shown  to  the 
right  in  Figure  2-1  are  the  control  console  and  the  high-voltage  power 
supply.  The  cables  which  carried  the  high  voltage  (30  kilovolts)  from 
the  power  supply  to  the  energy-storage  capacitors  can  be  seen  emerging 
from  the  upper  section  of  the  power  supply  unit  and  entering  a  metal 
trough  near  the  ceiling.  The  high  voltage  was  carried  on  RG  8/U  cable 
and  there  was  never  a  cable  failure. 

The  brackets  bolted  to  the  accelerator  frame  were  used  to  attach  the 
energy-storage  capacitors. 

A  total  of  twenty  energy-storage  capacitors  were  purchased,  but  most 
of  the  good  data  was  taken  with  nineteen  in  operation.  One  failed  early 
in  the  program.  The  capacitors  were  special  low -inductance  units  cap¬ 
able  of  withstanding  a  sudden  100^  reversal  of  voltage.  The  capacitor 
sizes  varied  with  location  on  the  accelerator  and  a  listing  of  the  sizes 
is  given  in  Appendix  A. 

Each  capacitor  was  connected  to  a  one -turn  coil  through  a  low  inductance 
transmission  line  and  a  spark-gap  switch.  Several  of  these  coil -capacitor 
assemblies  are  shown  in  Figure  2-2.  Each  of  the  units  shown  in  Figure 
2-2  is  equipped  with  a  high-voltage  pulse  transformer  which  triggers  the 
spark-gap. 

The  pyrex  accelerator  tube  fits  through  the  coils.  The  capacitors  are 
arranged  around  the  accelerator  tube  so  that  the  coils  line  up  with  a  one- 
inch  coil-to-coil  spacing.  Figure  2-3  shows  the  capacitors  mounted  on 
the  accelerator  frame.  The  lower  end  of  the  aligned  array  of  coils  is 
seen  at  the  center  of  the  frame. 

Details  concerning  the  coil-capacitor  assemblies  are  given  in  Appen¬ 
dix  A. 
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Figure  2-3.  Energy  Storage  Capacitors  Mounted  on  Accelerator 


2.  3  THE  MAGNETIC  FIELD 


Each  coil -capacitor  as^'xembly  constituted  an  L-C  ringing  circuit  with 
a  Q  (unloaded  with  plasma)  of  3  to  4.  Figure  2-4  shows  some  typical 
coil  voltage  waveforms.  The  net  magnetic  field  in  the  accelerator  tube 
was  formed  from  the  superposition  of  the  field  from  each  separate  coil. 
Figure  2-5  shows  the  relative  coil  currents  9  microseconds  after  the 
spark  gap  of  coil  #2  fires.  A  sketch  of  the  probable  appearance  of  the 
corresponding  magnetic  field  is  shown  at  the  top  of  Figure  2-5.  There 
are  three  locations  where  the  field  is  predominantly  radial.  These  will 
be  called  field  confluences.  Notice  that  the  field  confluences  occur  at 
locations  where  the  coil-currents  are  instantaneously  sero  or  nearly 
zero.  Thus,  the  position  of  the  zero-current  coils,  as  a  function  of 
time,  gives  the  travel  of  the  field  confluences. 

The  axial  force  on  the  plasma  is  proportional  to  the  strength  of  the 
radial  component  of  the  magnetic  field,  and  this  is  strongest  at  the  field 
confluences.  In-between  the  field  confluences  the  radial  comp>onent  be¬ 
comes  zero,  and  the  axial  accelerating  forces  become  sero  also.  Thus, 
one  expects  the  plasma  to  be  located  near  the  field  confluences. 

Figure  2-6  shows  the  timing  scheme  which  was  found  to  be  the  most 
satisfactory.  The  position- versus -time  behavior  of  the  first  six  current 
zeroes  are  plotted.  The  plot  was  constructed  from  a  knowledge  of  the 
ringing  frequency  of  each  coil -capacitor  combination  (see  Appendix  A 
for  a  listing  of  these).  The  timing  scheme  is  constructed  in  such  a  way 
that  the  1st  current  zero  (i.  e. ,  the  first  field  confluence)  moves  smoothly 
along  the  accelerator  with  constant  acceleration,  eventually  reaching  a 
speed  of  1.  21  x  10^  meters/ second.  The  first  plasma  torus  is  expected 
to  follow  this 


curve. 


Typical  Coil  Voltage  Wave  Form*;  20  kv/div 


Figure  2*4. 


Figure  2>5.  Top: Sketch  of  Magnetic  Field  Pattern 
Bottom:  Coil  Currents  at  9  psec. 
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Figure  2-6.  Accelerator  Timing  Scheme 


The  succeeding  field  confluences  do  not  move  so  smoothly  since 
unit-to-unit  variations  in  ringing  frequency  prevent  this.  In  fact,  a 
backwards  acceleration  is  evident  in  the  4th,  5th,  and  6th  confluences. 

This  backwards  acceleration  will  carry  plasma  towards  the  injector  end 
of  the  machine.  A  clash  of  forward  and  backward  moving  plasma  will 
take  place  in  the  vicinity  of  station  5;  and,  according  to  Figure  2-6,  such 
a  clash  should  occur  every  2-3  microseconds,  beginning  about  14  micro¬ 
seconds  after  the  firing  of  #1  spark  gap. 

A  collimated  photomultiplier  was  directed  towards  Station  5  in  an 
attempt  to  observe  the  light  from  the  gas  clashes.  Typical  results  are 
shown  in  the  oscillograms  of  Figure  2-7.  In  these  oscillograms  #1  spark 
gap  fired  about  5  microseconds  from  the  beginning  of  the  trace. 

According  to  Figure  2-6  one  should  expect  2-3  tori  per  operation  of  the 
machine.  This  was  the  number  observed.  Note,  however,  that  the 
several  tori  tend  to  converge  as  they  leave  the  field  because  the  first 
travels  slower  than  the  succeeding  two. 

A  grounded  metal  shield  surrounded  each  coil.  The  net  magnetic 
field  generated  by  the  coil  was  due  to  the  superposition  of  two  currents; 
the  one  in  the  coil  and  the  image  current  in  the  metal  shield  (the  metal 
shield  will  not  pass  magnetic  fields  of  the  frequency  used  here).  The 
purpose  of  the  shield  was  to  force  the  field  towards  the  axis  to  improve 
the  radial  containment  of  plasma.  The  action  is  shown  in  the  sketch  of 
Figure  2-8. 

2.  4  THE  GAS  INJECTOR 

A  cross  section  of  the  gas  injector  is  shown  in  Figure  2-9.  A  double - 
valve  system  was  used  in  order  to  minimize  the  effects  of  gas  leakage 
so  that  a  low  ambient  pressure  could  be  maintained  in  the  accelerator 
tube. 

Gas,  typically  at  1-2  atmospheres  of  pressure,  enters  Chamber  B 
through  passage  A  (refer  to  Figure  2-9).  The  passage  between  Chamler 
B  and  Chamber  E  is  a  small-diameter  hole,  O,  which  is  normally  sealed 
by  the  solenoid-actuated  plunger  C.  In  turn,  Chamber  E  is  sealed  by  the 
rotating  Plate  F.  The  latter  has  two  holes  which,  twice  every  revolution, 
open  Chamber  E  to  the  accelerator.  When  one  hole  lines  up  with  Chamber 
E  the  other  lines  up  with  the  photo -diode  and  lamp.  The  photo -diode 
provides  a  pulse  to  which  the  timing  of  the  entire  acceleration  sequence 
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Figure  2<-7.  Evidence  of  Gas  Clash  (10  ^.sec/div) 
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Figure  2>8.  Action  of  the  Coil  Shield 
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i«  referred.  A  small  channel  at  the  periphery  of  the  rotating  plate  accepts 
gas  which  tries  to  leak  by.  The  channel  is  scavenged  by  a  small  oil- 
diffusion  pump. 

When  the  accelerator  is  operated  the  sequence  of  events  is  the  following 
1)  a  pulse  from  the  photo -diode  actuates  a  timing  circuit;  2)  2-3  milli¬ 
seconds  later  (when  the  hole  in  F  no  longer  lines  up  with  Chamber  E) 
plunger  C  operates  and  gas  enters  Chamber  E;  3)  the  next  time  a  hole  in 
F  aligns  with  E  the  gas  passes  to  the  accelerator  and,  simultaneously, 
another  pulse  from  the  diode  starts  the  spark-gap -timing  sequence. 

The  double-valve  system  just  described  was  found  to  be  necessary. 

The  holes  in  F  define  the  length  of  the  gas  burst  (600  microseconds).  It 
is  likely  that  less  than  1^  of  the  injected  gas  is  caught  by  the  magnetic 
field  as  toroids.  The  remaining  gas  is  ionized  and  heated.  It  passes 
down  the  accelerator  tube  and  arrives  at  the  end  of  the  coil  structure 
some  25  microseconds  after  the  tori  (according  to  Kerr  cell  pictures). 

This  large  mass  of  uncontrolled,  heated,  gas  made  the  use  of  a  ballistic 
target  (for  determining  the  momentum  of  the  tori)  impractical. 

The  purpose  of  the  structures  labelled  I,  J,  K,  etc.  will  be  explained 
later. 

The  gas  injector  shown  in  Figure  2-9  was  the  one  in  use  at  the  end  of 
the  Mark  I  experiments. 

2.  5  EARLY  DIFFICULTIES 

Considerable  difficulty  was  experienced  with  the  coil -capacitor  assem¬ 
blies  and  many  failures  occurred  during  the  first  year  of  the  program. 
These  failures  were  due  to: 

1.  Tiny  bubbles  in  the  epoxy  insulation  of  the  coil  rings  and  the  high 
power  transmission  lines.  At  certain  places  the  electric  field 
strength  exceeded  80  volts  per  0.  001-inch.  This  is  a  sufficiently 
large  field  to  cause  ionization  breakdown  inside  a  small  bubble, 
leading  to  deterioration  of  the  epoxy  and  eventual  failure  of  the 
insulation. 

2.  Electro -mechanical  shock  of  the  insulation.  The  coil  currents 
exceeded  100,000  amperes  and  the  resulting  high  stresses, 
suddenly  applied,  led  to  insulation  failure. 
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Th«  iirat  difficulty  waa  overcome  by  the  development  of  an  efficient 
vacwam -molding  technique.  The  detalla  are  given  in  Appendix  B.  The 
aacond  difficulty  waa  overcome  by  the  uae  of  an  epoxy  of  high  impact 
atrength.  It  ahould  be  noted  that  manufacturers'  specifications  on 
atrength  do  not  apply  to  impact  loading.  The  tensile  and  compressive 
atrength  of  the  epoxy  which  was  finally  chosen  was  relatively  low  even 
though  its  impact  strength  waa  high. 

Electrical  interaction  between  the  separate  coil -capacitor  assemblies, 
through  the  timing  circuitry,  was  aleo  a  serious  problem.  The  problem 
and  the  method  of  solution  are  discussed  in  detail  in  Appendix  A. 

Malfunction  of  the  spark  gap  switches  was  a  serious  problem  during 
the  first  year  of  the  contract  and  considerable  effort  was  directed 
towards  overcoming  the  difficulties.  The  problem  was  eventually 
brought  under  control,  but  it  was  never  completely  eliminated.  The 
seriousness  of  the  problem  can  be  understood  through  an  example. 
Suppose  the  reliability  of  an  individual  spark  gap  is  99^  (i.  e. ,  the  jitter 
in  die  firixig  time  is  less  than  the  critical  amount  for  99  out  of  100 
operations  of  the  gap).  When  the  net  reliability  of  19  such  gaps  is  com¬ 
puted  it  is  found  that  a  misfire  of  the  accelerator  is  expected  once  in  5 
firings.  If  the  gap  reliability  falls  to  90^  only  1  firing  in  10  will  be 
proper. 

2.  6  THE  ACCELERATION  PROCESS 

The  peak  value  of  the  radial  magnetic  field  varied  by  a  factor  of  2:1 
between  Coil  #1  and  Coil  #19  due  to  the  decrease  in  size  of  the  energy- 
storage  capacitors.  Near  Coil  #1  the  peak  field  was  about  3000  gauss. 

Refer  now  to  Figure  2-9.  Gas  enters  the  accelerator  tube  when  the 
injector  is  actuated  and  flows  to,  and  beyond,  region  G.  It  is  prevented 
from  getting  close  to  #1  coil  by  the  non-metallic  piece  K.  When  spark 
gap  #1  fires,  the  rising  magnetic  field  induces  an  electric  field  in  region 
G  which  ionises  some  of  the  gas,  driving  it  downward  and  to  the  right. 
Subsequently,  the  magnetic  field  of  Coil  #1  is  used  as  a  kind  of  buffer 
to  ensure  that  the  bulk  of  the  ionised  gas  will  be  caught  at  a  field  con¬ 
fluence  as  required. 

Coil  #2  is  fired  as  the  field  from  #1  reaches  its  peak  value.  The  gas 
is  in  close  contact  with  #2  coil  and  an  intense  ring-current-discharge 
occurs.  Ths  ionised  material  is  driven  radially  inward  towards  the  axis 
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of  symettry  of  the  accelerator  and  a  hot,  high-pressure  region  is  created 
near  H.  The  conical  plug,  1,  prevents  the  hot  gas  from  re-entering  the 
injector.  At  the  conclusion  of  this  phase  the  field  from  #2  coil  is  max¬ 
imum  and  the  field  from  #1  coil  is  sero  and  beginning  to  reverse.  At 
this  time  spark  gap  #3  is  triggered.  As  the  field  of  #1  coil  begins  to  rise 
again,  and  that  from  #2  begins  to  fall,  a  field  confluence  is  formed. 

During  this  formation  time  the  induced  electric  fields  are  strong  and 
additional  ionization  occurs.  Some  of  the  gas  becomes  magnetically- 
trapped  near  the  field  confluence. 

At  the  time  when  the  field  of  #2  coil  goes  to  zero  (its  first  current 
zero)  the  fields  from  Coil  #1  and  Coil  #3  are  at  maximum  amplitude  aind 
the  point  labelled  A  on  the  timing  diagram  (Figure  2-6)  has  been 
reached.  The  field  confluence  subsequently  moves  as  shown  on  the 
timing  diagram. 

To  understand  the  actions  described  above  one  must  remember  that 
an  increasing  field  drives  plasma  radially  inward  whereas  a  decreasing 
field  pulls  it  out  towards  the  coils.  This  general  tendancy  can  be  under¬ 
stood  with  the  aid  of  the  "inductive  potential"  concept  discussed  in  Section 
3  of  this  report. 

The  cylinder-and-disc  assembly  L  is  added  to  trap  gas  widch  is  driven 
towards  the  axis  of  symmetry  to  the  left  of  the  disc  J. 

Were  it  not  for  the  baffle  system  shown, the  gas  world  be  ionized,  driven 
to  the  axis,  and  squirted  along  the  axis  much  like  toothpaste  being  squeezed 
from  a  tube. 

Disc  J  is  connected  to  a  several-thousand  volt  power  supply  so  that 
a  preionizing  glow -discharge  can  be  formed  between  J  and  the  rotating 
disc  F.  Experimentally,  preionization  was  found  to  be  required. 

A  photograph  of  the  baffle  system  is  shown  in  Figure  2-10. 

It  was  also  experimentally  observed  that  no  discharge  occurred  at  all 
when  the  pressure  at  G  was  lower  than  3  x  10'^  Torr. 

The  magnetic  field  of  the  accelerator  is  not  quite  strong  enough  to 
accelerate  ions  directly,  but  strong  electron-ion  coupling  forces  come 
into  play.  These  are  discussed  in  Section  3. 
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Figur«  2-10.  Injector  Baffle  System 


The  acceleration  of  the  first  field  confluence  is  1.7  x  10  meter/ 
square-second  and  the  speed  at  coil  #19  is  1.2  x  10^  meter/second 
(12  cm  per  microsecond).  Nitrogen  ions  moving  at  this  speed  have  a 
directed  kinetic  energy  of  1000  electron-volts. 

2.  7  RESULTS 

The  diagnostic  technique  most  frequently  employed  was  to  allow  the 
accelerated  plasma  to  strike  a  flat  surface  and  to  photograph  the  results. 
Figure  2-)  1  illustrates  a  typical  result  obtained  at  the  beginning  of  the 
contract  period  (time  exposure;  ASA  200;  f/22).  The  outlines  of  the 
impact  target  (non-metai)  can  be  dimly  seen.  A  mass  of  luminous  plasma 
lies  over  and  on  the  target  surface.  The  luminosity  is  greatest  at  the 
center  (on  the  axis  of  the  accelerator)  and  no  evidence-of  a  toroidal  shape 
can  be  seen.  In  approximately  one  case  in  20  the  light  was  more  con¬ 
centrated  and  luminous  near  the  edges  of  the  target  than  at  the  center, 
providing  some  evidence  for  the  existence  of  toroids.  The  shot-to-shot 
variations  in  performance  were  great  at  this  time  in  the  program 
(January  I960). 

Several  carefully -collimated  photomultiplier  tubes  were  employed 
in  an  attempt  to  observe  the  light  from  the  fast-moving  gas.  However, 
the  oscillograms  obtained  had  insufficiently-definite  features  to  be 
interpreted  with  any  assurance.  The  hot,  relatively  slow-moving  gas 
which  came  from  the  accelerator  after  the  real  time  of  interest  was 
easily  observed  but  the  evidence  for  prompt,  fast-moving  toroids  was 
questionable.  Single  turn  loops  of  w^re  were  used  in  an  attempt  to 
detect  the  self  magnetic  field  of  the  plasma.  Here  again  the  results  were 
ambiguous. 

A  microwave  doppler  system  was  employed  to  measure  the  speed  of  the 
plasma.  This  system  could  not  be  op^-ated  satisfactorily  due  to  electrical 
interference  from  the  accelerator. 

Subsequent  improvements  were  made  in  all  these  areas  and  the  gas 
injector  was  subjected  to  a  vigorous  development  program.  A  fast¬ 
acting  Kerr  cell  shutter  was  obtained  in  August  I960. 

A  photograph  of  the  impact  target  is  shown  in  Figure  2-12.  A  small, 
well-shielded,  single-turn  loop  has  been  added.  The  loop-shield  material 
is  a  copper  tube.  Later,  a  short  piece  of  copper  tube  was  added  at  right- 
angles  to  the  support  stem  of  the  loop  (that  is  parallel  to  the  surface  of 


23 


Figure  2-11. 


Plasma  on  Surface  of  Impact  Target 
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12.  Impact  Stage  with  Shielded 
One -turn  Loop  Mounted 
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impact  target)  The  Kerr-cell  photographs  shown  in  Figures  2-13  through 
2-19  were  obtained. 

Figure  2-13  shows  a  Kerr  cell  photograph  (10  jisec  shutter  time;  ASA 
3000;  effective  aperture  was  f/3.  9)  of  the  target  discussed  above.  The 
Kerr -cell  shutter  was  set  to  open  2  microseconds  before  the  expected 
arrival  of  the  first  toroid  and  to  close  10  microseconds  later  (this  per¬ 
formance  was  verified  experimentally).  All  events  recorded  in  Figure 
2-13  are  due  to  plasma  which  travelled  from  #1  coil  to  the  target  position 
with  a  speed  in  excess  of  4  x  10^  meter/sec;  a  figure  which  is  one  third 
the  ultimate  field  speed  in  the  accelerator. 

Subsequent  examination  of  the  cross-bar  on  the  target  showed  that  the 
luminous  trails  hanging  from  it  are  probably  largely  composed  of  ablated 
copper.  The  width  of  the  trails  can  be  judged  from  the  fact  that  the  bar 
is  12.  5  cm  across.  It  is  obvious  that  the  bar  was  hit  by  a  fast-moving 
plasma  which  could  have  been  toroidal  in  shape. 

Figure  2-14  shows  a  similar  picture  with  evidence  of  the  effects  of 
more  than  one  toroid.  Figure  2-15  shows  more  than  one  impact  also  but 
the  trails  are  not  symmetric  about  the  search  coil.  None  of  these 
pictures  reveal  any  evidence  of  the  path  of  the  plasma  before  impact. 
Apparently,  it  moves  too  quickly  and  makes  too  little  light.  The  photo¬ 
multiplier  monitors  recorded  no  signcds  large  enough  to  extend 
unmist2dcedly  above  the  background  noise. 

Figure  2-16  shows  the  result  of  an  impactvwith  the  search  coil  itself. 
Several  such  events  were  recorded.  I 

Figure  2-17  shows  a  rather  curious  fact.  Besides  being  relatively 
intense  the  plasma  has  somehow  gotten  in  under  the  coil  without  striking 
it.  Figure  2-18  shows  the  same  event  on  a  time  exposure.  In  the  original 
photo  some  thin,  individually -luminous  trails  of  ablated  material  can  be 
discerned. 

Figure  2-19  provided  the  explanation  for  the  event  discussed  above. 

In  the  original  photo  a  faint  luminous  cone  can  be  seen  converging  on  the 
search  coil,  indicating  that  the  plasma  came  to  a  focus  at  the  search  coil. 
For  this  picture  the  ambient  pressure  in  the  accelerator  was  2  or  3 
times  higher  than  in  the  previous  pictures;  enough  so  that  the  moving 
plasma  left  faint  evidence  of  its  path. 
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Figure  2-16.  Kerr-Cell  Photo 
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Figure  2-17 


Kerr- Cell  Photo 


Figure  2-19 


Kerr-Cell  Photo 


Figure  2-16  can  now  be  e3q>lained  as  the  result  of  a  plastnoid  which 
came  to  a  focus  a  short  distance  above  the  search  coil.  In  the  case  of 
Figure  2-17  the  focal  point  lay  under  the  search  coil. 

Signals  were  recorded  by  the  search  coil.  The  oscillograms  are 
fussy  with  high  frequency  noise  and  are  not  plain  enough  to  reproduce 
here.  However,  the  signals  indicated  toroids  with  both  right-Wnded 
and  left-handed  ring -currents.  A  rough  estimate  of  the  ring  currents 
was  made  from  the  coil  signals  and  it  was  concluded  that  the  plasmoids 
contained  currents  of  several  hundred  amperes.  When  the  search  coil 
was  struck  by  the  plasma  the  resulting  signals  could  not  be  interpreted. 

The  horn  of  the  microwave  doppler  system  can  be  seen  towards  the 
lower  edge  of  each  photograph.  The  signals  from  this  device  indicated 
beating  of  several  doppler  frequencies.  The  results  were  generally  not 
capable  of  interpretation.  However,  on  one  or  two  occasions  a  clean 
signal  was  obtained.  The  calculated  speed,  ’on  these  occasions,  was 
1  X  10®  meters/ second  with  a  probable  error  of  30$^.  This  offers 
evidence  that  the  plasma  was  attaining  the  same  speed  as  the  traveling 
field  of  the  accelerator. 

The  problems  with  shielding  the  doppler  system  proved  not  to  be 
amenable  to  any  standard  shielding  technique.  A  solution  was  obtained 
by  physically  moving  the  transmiUer -receiver  parts  of  the  circuit  some 
30  feet  away  from  the  accelerator.  This  remote  station  is  shown  in 
Figure  2-20. 

The  esqperiments  employed  nitrogen,  hydrogen,  and  argon.  Definite 
evidence  of  toroids  were  found  only  in  the  case  of  nitrogen  and  hydrogen. 
Argon  was  not  tried  extensively,  however. 

In  the  light  of  the  successes  described  above  a  new  impact  target  was 
constructed.  A  rear  view  of  this  target  is  shown  in  Figure  2-21  and  a 
front  view  is  shown  in  Figure  2-22.  In  the  rear  view  the  white  object 
is  a  teflon  slider  which  carried  the  search  coil.  A  mechanism  was 
arranged  so  that  the  search  coil  could  either  be  in  working  position  (as 
shown)  or  retracted  down  behind  the  target.  The  microwave  horn  is 
also  visible. 

The  top  surface  of  the  target  was  approximately  half-round  as  shown 
in  the  top  view  of  Figure  2-23.  A  series  of  slots  were  located  close  to 
the  flat  edge  as  shown.  In  Figure  2-22  it  can  be  seen  that  the  slots  were 
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deep.  They  were  fronted  with  a  transparent  plate  so  that  a  camera  could 
look  into  them.  The  top  of  the  target  was  also  pitted  with  a  series  of 
shallow  drill  holes.  The  purpose  of  these  was  to  provide  a  series  of 
traps  for  luminous,  relatively  slowly  moving,  ablated  material. 

It  was  hoped  that  the  fast  plasmoids  would  break  up  on  the  target 
and  that  parts  of  them  would  enter  the  slots,  penetrating  deeply  and 
showing  their  presence  by  strong  luminosity.  This  did  not  happen.  No 
deep-penetrating  luminosity  was  ever  observed  in  the  slots.  In  fact, 
the  luminosity  which  was  observed  was  fairly  uniformly  distributed  with 
no  one  slot  being  brighter  than  the  others.  The  slots  were  viewed  through 
the  Kerr  cell  shutter. 

Simultaneous  with  these  attempts,  time-exposure  pictures  were 
taken  of  the  top  of  the  target  through  a  periscope.  One  of  the  periscope 
pictures  is  shown  in  Figure  2-24.  A  faint  ring-shaped  pattern  of  light 
is  evident  on  the  top  surface  of  the  target. 

The  Kerr  cell  was  moved  to  the  periscope  position  and  a  series  of 
pictures  like  Figure  2-24a  were  obtained.  The  Kerr  cell  shutter  opened 
16  microseconds  after  #1  spark  gap  fired  and  closed  10  microseconds 
later.  It  is  seen  that  the  view  was  not  improved  by  the  use  of  the  Kerr 
cell. 


When  the  opening  of  the  Kerr  cell  was  delayed  an  additional  10  micro¬ 
seconds  photographs  were  obtained  which  showed  a  luminous  ring  on  the 
top  surface  of  the  target  as  shown  in  Figures  2-25  and  2-26.  Examination 
of  these  photos,  and  others  like  them,  revealed  that  the  luminescense  was 
not  due  to  gas  on  the  surface  of  the  target,  but  was  contained  in  the 
target  material  itself.  Delaying  the  Kerr  cell  opening  had  allowed  the 
view-obscuring  gas  to  move  away. 

Rings  were  observed  with  hydrogen,  helium,  nitrogen,  and  argon. 

Evidence  of  the  impact  of  more  than  one  torus  was  found,  as  is 
shown  in  Figures  2-27  and  2-28. 

In  the  case  of  argon  so  ne  difficulty  was  experienced  since  the  gas 
appeared  to  move  very  slowly  once  it  had  struck  the  target.  In  fact,  the 
gas  flowed  over  the  edges  of  the  target  like  water  over  a  falls,  as  is 
shown  in  Figure  2-29.  Argon  also  produced  the  unexplained  result 
shown  in  Figure  2-30.  Attempts  were  made  to  delay  the  Kerr  cell  shutter 
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Figure  2-24.  Time  Exposure  Photo  of  Top  of  Target 
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Figure  2-24a.  Kerr  Cell  Photo  <10  fisec  shutter  speed) 
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Figure  2>28 


Kerr  Cell  Photo 


Figure  2-29.  Argon;  Kerr  Cell  Photo 
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Figure  2-30.  Argon;  Kerr  Cell  Photo 
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•tUl  £urth«r  but  these  attempts  met  with  failure.  A  hot  mass  of  gas, 
moving  down  the  accelerator  (as  discussed  earlier)  obscured  the  view 

again. 

Evidence  for  various  forms  of  pinch  instabilities  was  obtained  as 
shown  in  Figures  2-Sl  through  2>34  and  i.is:>.in  Figure  2-27  (radial 
striations). 

In  general,  the  rings  were  12  cm.  in  diameter  and  1  cm.  wide. 

The  exact  color  of  the  luminescence  was  not  determined  but  it  lies 
in  the  visible  range  (*^2  ev  quantum  energy).  A  measurement  of  the  decay 
time  was  attempted  but  the  large  mass  of  hot  gas,  mentioned  earlier, 
rendered  the  attempt  unsuccessful.  It  is  only  known  that  the  decay  time 
was  longer  than  30  microseconds.  Non-linear  time -dependent  saturation 
effects  in  the  film  were  tested  for  by  varying  the  f-number  of  the  cameras. 
They  were  found  to  h*  absent. 

Properly  expow^d  pictures  of  the  rings  were  obtained  with  3000  ASA 
Polaroid  film  at  a  lens  setting  of  f/11.  The  transmission  factor  for  the 
Kerr  Cell  was  1/4.  If  the  diagnostic  surface  is  considered  to  be  a  diffuse 
radiator  then  the  known  response  of  the  (panchromatic)  film  can  be  used 
to  estimate  the  power  going  to  make  visible  light  during  the  shutter  time. 
The  estimate  is  180  watts.  It  is  difficult  to  estimate  the  efficiency  with 
which  the  directed  kinetic  energy  of  the  plasma  ions  (700  electron  volts 
in  the  case  of  nitrogen)  is  converted  into  visible  light  quanta  (2  to  3  elec¬ 
tron  volt  quanta).  The  efficiency  of  discharges,  Hg  discharges,  and 
carbon  arcs  for  converting  electrical  energy  into  visible  light  is  about  5 
percent  but  it  is  felt  that  the  efficiency  here  must  be  less  than  this.  The 
decay  time  of  the  phosphorescence  is  also  not  know,  but  experimental 
results  show  that  it  is  longer  than  30  microseconds.  From  the  efficiency 
mentioned  above,  the  decay  time  mentioned  above,  the  toroid  velocity 
before  impact,  and  the  fact  that  three  toroids  are  formed  each  time  the 
machine  is  operated,  the  mass  of  a  toroid  may  be  estimated.  The  calcu¬ 
lations  yield  0.  006  micrograms  per  toroid  and,  for  the  case  of  nitrogen, 

2.  5  X  10^^  atoms  per  toroid.  These  numbers  must  be  regarded  as  lower 
limits  and  they  may,  in  fact,  be  an  order  of  magnitude  too  small. 
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Figure  2-31.  Kerr  Cell  Photo 


Figure  2-33.  Kerr  Cell  Photo 
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Figure  2- 34a.  Photomultiplier  Signals  for  Time-o£-Flight  Analysis 
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Analysis  of  the  signals  from  two  collimated  photomultipliers  gave  an 
estimate  of  the  speed  of  the  plasmoids  based  on  a  time-of-flight  calcu¬ 
lation.  The  result  was  lO^  meters /second  with  a  probable  error  of 
±207*.  a  typical  oscillogram  is  shown  in  Figure 

When  a  toroid  reaches  the  end  of  the  accelerator  coil  aystem  it  must 
tear  loose  from  the  field.  In  doing  so  the  pinch  may  be  greatly  enhanced. 
The  state  of  the  toroids  as  observed  in  free  flight  is,  in  general,  differ¬ 
ent  from  their  state  during  acceleration. 

After  the  teats  the  top  surface  of  the  target  (which  had  been  coated 
with  black  paint)  was  examined  for  surface  damage.  The  pattern  shown 
in  Figure  2-23  was  observed.  This  pattern  corresponds  reasonably  well 
with  some  of  the  luminous  patterns  which  were  photographed. 

For  these,  and  other,  tests  the  inside  surface  of  the  accelerator  tube 
was  also  painted  black  to  prevent  the  intense  light  from  the  injector 
region  from  interfering  with  the  photography.  Otherwise  the  accelerating 
tube  tended  to  act  like  a  light  pipe;  lighting  up  brilliantly  and  making 
observations  very  difficult. 

i  V 

Surface  damage,  taking  the  form  of  rings  of  discoloration,  was  ob¬ 
served  on  the  walls  of  the  accelerator  tube  near  the  injector  end.  These 
rings  are  visible  in  the  top  view  of  the  tube  shown  in  Figure  2-3S.  The 
position  of  the  rings  was  carefully  measured  and  they  were  found  to  occur 
exactly  midway  between  the  one -turn  accelerating  coils.  This  is  not 
surprising.  However,  there  was  only  a  ring  for  every  second  coil  p»ir. 
No  explanation  for  this  is  <t mailable. 

2.8  CONC LUDINC  REMARKS 

The  pulsed  character  of  the  accelerator,  with  all  its  attendant  diffi¬ 
culties,  lessens  the  possibilities  of  obtaining  good  quantitative 'data  on 
the  characteristics  of  the  toroids.  Sufficient  measurements  to  permit 
a  power  balance  calculation  could  not  be  obtained. 

Some  of  the  measurements  indicated  that  the  toroids  were  cbming  to 
a  focus.  At  other  times  the  tendency  seemed  to  be  absent.  Although 
the  accelerator  timing  was  modified  slightly  between  these  measure¬ 
ments  there  was  no  good  explanation  for  the  difference  in  behavior.  The 
change  had  not  been  purposely  sought. 
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Figure  2-35.  Evidence  Surface  Damage  on  Walls  of  Accelerator 
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For  these  reasons  the  contract  effort  was  redirected  in  the  fall  of 
1961  and  work  was  begun  on  a  continuously-operating  traveling  field 
accelerator  designed  to  produce  a  continuous  stream  of  pinched  toroids. 

By  this  time,  also,  theoretical  understanding  had  progressed  to  the 
point  where  it  was  realized  that: 

1.  Toroid  formation  could  be  enchanced  by  using  a  gas  of  high 
atomic  number. 

2.  The  desired  action  could  be  achieved  by  a  short  accelerator; 
one  which  possessed  no  more  than  one  electrical  wavelength. 

3.  The  magnetic  field  could  be  much  weaker. 

4.  The  magnetic  field  need  not  accelerate.  That  is,  a  constant 
speed  design  could  be  used. 

A  description  of  the  work  on  this  new  accelerator  (designated  Mark  II) 
is  contained  in  Section  4  of  this  report.  A  presentation  of  theoretical 
ideas  is  given  in  Section  3;  the  next  section. 

♦ 


f 
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3.  THEORETICAL  CONSIDERATIONS 


3.  1  INTRODUCTORY  REMARKS 

An  important  phase  of  the  contract  work  was  the  attempt  to  gain  a 
theoretical  understanding  of  the  behavior  of  plasma  in  electrodeless  mag¬ 
netic  field  configurations  such  as  a  traveling  wave.  In  these  cases  the 
magnetic  field  is  time  dependent, and  the  plasma  experiences  an  electric 
field  due  to  the  process  of  induction  as  described  by  Maxwell’s  equations. 
The  arrangement  of  the  coils  used  to  produce  the  field  can  be  chosen  from 
a  virtually  endless  variety  of  possibilities,  but  the  work  on  this  contract, 
was  restricted  to  systems  in  which  a  straight  line  can  be  drawn  which 
passes  through  the  center  of  each  coil.  That  is,  the  work  was  limited  to 
systems  with  axial  symmetry. 

The  primary  process  for  energy  input  to  the  plasma  is  through  the  in¬ 
duced  electric  field;  and  this  field  closes  on  itself.  Thus,  there  is  a 
strong  tendency  to  form  ring  currents  in  the  plasma,  and,  because  of  the 
symmetry  of  the  field,  the  ring  currents  center  about  the  axis  of  the  coil 
system.  When  the  ring  currents  are  sufficiently  strong  they  produce 
fields  of  their  own  which  tend  to  counteract  the  field  from  the  coils  (the 
skin  effect)  and  to  interact  with  the  plasma  current  in  such  a  way  as  to 
pull  the  plasma  together  (the  pinch  effect).  When  the  geometry  and  the 
plasma  conditions  are  right  the  plasma  will  react  to  the  pinch  effect  by 
forming  itself  into  well-defined  tori.  The  conditions  for  formation  of 
such  tori  and  their  subsequent  behavior  in  the  magnetic  field  and  while 
emerging  from  the  magnetic  field  were  of  major  interest  in  the  contract 
work. 

It  will  be  shown  later  in  this  section  that  the  formation  of  tori  can  be 
accomplished  only  if  the  characteristic  time  for  current  decay  due  to 
Joule  heating  is  relatively  long,  and  for  this  condition  to  be  satisfied  the 
plasma  must  have  a  relatively  low  density.  Consequently,  the  theoretical 
considerations  concern  the  behavior  of  low-density  plasma  for  which  the 
mean  free  path  is  of  the  order  of,  or  larger  than,  the  diameter  of  the  coil 
system  and  for  which  the  well-developed  subject  of  fluid  mechanics  has 
questionable  application. 
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The  frequency  at  which  the  coil  system  is  operated  in  a  traveling  wave 
plasma  accelerator  is  determined  by  the  speed  to  which  the  plasma  must 
be  accelerated  and  by  the  physical  size  of  the  machine  itself.  Typically, 
the  operating  frequency  lies  in  the  range  from  100  kilocycles  to  1  mega¬ 
cycle.  At  these  frequencies  the  current  which  can  be  made  to  flow  in  the 
coils  is  limited  by  the  inductance  of  the  coil-system  and  its  associated 
circuitry,  and  with  power  supplies  of  reasonable  voltage  (less  than  50,  000 
volts,  for  example)  it  is  found  that  the  magnetic  field  strengths  which  can 
be  obtained  are  leas  than  0.  5  weber/sq-meter  (5000  gauss).  Such  fields 
are  too  weak  to  accelerate  the  ions  to  any  reasonable  speed.  The  elec¬ 
trons,  however,  are  strongly  affected  by  such  fields  and  they  attempt  to 
keep  up  with  the  moving  field  lines.  In  doing  .so,  they  tend  to  separate 
from  the  ions.  This  separation  is  prevented  by  strong  electric  fields 
which  immediately  develop  because  of  space -charge  effects.  The  ions 
are  accelerated  by  this  field.  In  the  language  commonly  used  to  describe 
j  X  B  channel  accelerators  one  would  say  that  the  ions  are  accelerated  by 
the  Hall  voltage.  On  a  time -averaged  basis  no  Hall  currents  flow  even 
though  there  may  be  instantaneous  Hall  currents  due  to  electron  oscillations. 

In  order  to  account  for  the  actions  described  above  a  two -fluid  plasma 
model  is  needed.  In  such  a  model,  as  will  be  shown  later,  energy  is  ex¬ 
changed  between  the  ions  and  the  electrons.  If  the  plasma  beam  from  the 
accelerator  contains  ions  of  axially  directed  kinetic  energy,  E,  then  some¬ 
where  back  in  the  accelerator  there  are  electrons  with  azimuthaliy  dir¬ 
ected  kinetic  energy,  E.  A  study  of  the  Joule -heating  process  shows  that 
it  is  reasonable  to  expect,  in  addition,  random  thermal  energies  on  the 
order  of  E.  Since  E  is  typically  larger  than  100  electron  volts,  rather 
long  electron-ion  collision  times  can  be  expected  so  that  the  relation  be¬ 
tween  current  and  induced  voltage  is  not  described  by  Ohm's  law. 

In  summary,  the  characteristics  of  the  plasma  that  are  of  great  import¬ 
ance  to  a  theoretical  description  are: 

1.  Low  density 

2.  High  electron  energy 

3.  Axial  symmetry 

These  characteristics  make  it  feasible  to  base  the  theoretical  n  odel 
on  the  single -particle  eqviations  of  motion  with  corrections  for  particle - 
particle  interactions  rather  than  on  the  fluid-flow  equations  with  correc¬ 
tions  for  single -particle  effects.  In  actual  fact  neither  the  extrf^r.'.e  view¬ 
point  of  collisionless  motion  nor  that  of  collision -dominated  modon  is 
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correct.  The  real  situation  lies  somewhere  between;  probably  closer  to 
the  former  for  cases  of  interest  to  this  program. 

Already  at  the  beginning  of  the  contract  period  a  study  of  the  motion  of 
single -charged  particles  in  axially  symmetric  magnetic  fields  was  under 
way,  in  an  attempt  to  reduce  the  equations  to  a  tractable  form.  Although 
the  force  law  is  the  well-known  Lorentz  force,  the  complexity  of  the 
equations  causes  difficulty  in  forming  an  adequate  mental^icture  of  the 
process,  and  without  such  a  picture  it  is  difficult  to  proceed  with  assur¬ 
ance  to  the  task  of  introducing  the  additional  complications  of  particle - 
particle  interactions. 

The  first  major  theoretical  step  was  taken  in  the  summer  of  I960  when 
it  was  realized  that  a  theorem  on  angular  momentum,  well-known  in  the 
field  of  electron  optics  for  static,  axially  symmetric  magnetic  fields  and 
known  as  Busche's  theorem,  could  be  generalized  to  include  time -depend¬ 
ent  magnetic  fields  of  arbitrary  time  dependence.  Shortly  thereafter  it 
was  found  that  the  radial  and  axial  particle  motions  could  be  obtained  by 
taking  the  spatial  gradient  of  a  single,  scalar  quantity  that  has  the  pro¬ 
perties  and  dimensions  of  a  voltage,  and —  since  it  arose  through  mag¬ 
netic  effects  —  it  was  given  the  name  inductive  potential.  Through  the 
use  of  this  potential  a  mental  picture  of  the  motion  of  charged  particles 
in  fields  of  considerable  complication  could  be  obtained.  In  the  special 
case  when  the  inductive  potential  is  not  time -dependent,  the  radial  and 
axial  motions  of  particles  are  the  same  as  the  motion  of  a  small  bait 
moving,  without  friction,  over  a  landscape  whose  contours  of  elevation 
are  similar  to  the  contours  of  the  inductive  potential. 

The  picture  above  led  to  the  realization  that  certain  regions  of  the 
magnetic  field  would  be  forbidden  to  a  given  particle  on  the  basis  of  energy 
considerations  alone.  This  realization,  coupled  with  the  recall  that  the 
magnetic  field  of  the  earth  is  axially  symmetric,  led  to  a  re-examination 
of  some  of  the  early  work  by  Stormer^  on  the  "allowed  and  forbidden  re¬ 
gions"  of  cosmic  ray  particles.  Thus  it  was  discovered  that,  without 
naming  it  as  such,  Stormer  had  made  use  of  the  inductive  potential  con¬ 
cept  and  that  the  origins  of  the  concept  dated  at  least  as  early  as  1936. 

The  authors  are  indebted  to  Morton  Levine,  of  the  Cambridge  Research 
Laboratories,  for  pointing  out  to  them  the  use  of  the  inductive  potential 
concept  by  Rajchman  and  Cherry,*  in  1947,  for  the  design  of  high-energy, 
circular  electron  accelerators. 
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In  early  1961  it  was  learned  that  the  concept  had  been  employed  by 
G.  Schmidt,  at  Stevens  Institute  of  Technology,  for  the  study  of  a  plasma 
betatron^  and  that  he  had  interest  in  applying  the  same  concept  to  plasmas 
in  general.  Some  of  the  latter  work  has  been  published**®. 

The  early  work  on  single -particle  motion  that  was  performed  on  this 
contract  was  published  in  I960  as  an  AFOSR  Technical  Note  *,  and  the 
investigations  were  then  directed  toward  the  inclusion  of  particle -particle 
interactions.  An  ad  hoc  model  was  developec  which  satisfied  the  basic 
requirement  of  a  plasma  (that  of  charge  neutra  ity)  and  brought  to  light 
the  processes  of  energy  exchange  between  elec-...‘ons  and  ions  in  the  plasma 
through  the  medium  of  space-charge  forces.  This  model  was  described 
in  an  AFOSR  Technical  Note,  also  published  in  the  summer  of  1960.^ 
Subsequently,  the  model  was  used  to  calculate  plasma  motion  and  energy 
in  a  sinusoidally  driven  theta-pinch.  The  work  was  performed  with  the 
aid  of  an  analog  computer,  and  a  paper  ®  was  presented  at  the  annual 
meeting  of  the  ARS  in  the  fall  of  I960. 

A  great  deal  of  tlie  information  contained  in  the  three  reports  mentioned 
above  is  not  duplicated  in  the  main  text  of  this  report.  Consequently,  for 
completeness,  they  are  included  as  Appendices  C,  D,  and  £. 

By  the  fall  of  1961  the  motion  of  a  collisionless,  pinched  plasma  torus 
in  a  traveling  magnetic  field  was  well  enough  understood  tx>  have  consider¬ 
able  influence  on  the  design  of  a  CW  accelerator  (the  Mark  II  accelerator). 
These  influences  are  discussed  in  some  detail  toward  the  end  of  this  sec¬ 
tion  and  also  in  Section  4. 

During  the  summer  of  1962  an  attempt  was  made  to  use  the  theory  to 
analyse  the  performance  of  a  single -phase,  2-Mc,  funnel-shaped  plasma 
accelerator  on  which  experimental  work  had  already  been  done.  This 
work  led  to  the  development  of  the  principle  of  slow  flow  which  is  discussed 
later  in  this  section  and,  as  well,  represented  the  first  attempts  to  take 
account  of  the  effects  of  thermal  expansion  in  low-density  plasma  accel¬ 
erators.  It  is  now  felt  that  the  thermal  effects  were  not  handled  in  a  com¬ 
pletely  proper  fashion;  but,  in  spite  of  this,  the  work  represented  a  major 
step  in  the  theoretical  development.  It  is  included  in  this  report  as 
Appendix  P. 

Since  then,  the  theoretical  effort  has  been  directed  toward  fitting  the 
model  into  a  Boltzmann  formalism  in  order  that  a  firm  connection  between 
the  single -particle  and  the  many-particle  picture  can  be  established. 
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In  the  course  of  the  work  many  different  references  have  been  emplo^d, 
but  especially  frequent  use  has  been  made  of  books  by  Brown,’  Delcroix,^ 
Jean^**  Kennard/^  Linhart,  **  and  Spitzer.** 

3.  2  THE  ELECTROMAGNETIC  FIELD  COMPONENTS 

The  MKS  system  of  units  is  used  throughout  with  ^  right-handed 

cylindrical  coordinate  system  with  unit  vectors  r,  0,  and  z.  The  system 
of  plasma  and  fields  is  assumed  to  be,  at  all  times,  symmetrically  dis¬ 
tributed  with  respect  to  the  z-axis  of  the  coordinate  system  m  such  a  way 
that  the  field  strengths  and  the  plasma  properties  do  not  depend  on  the 
angle  0. 

Extensive  use  is  made  of  the  scalar  quantity,  #,  which  is  the  magnetic 
flux  expressed  in  units  of  the  weber.  There  are  two  reasons  why  the  flux 
is  used  rather  than  the  magnetic  field  strength:  first,  it  appears  in  the 
equations  naturally  as  the  entity  representing  the  magnetic  effects;  and 
second,  since  it  is  a  scalar  quantity,  the  net  flux  is  due  to  the  additive 
effect  of  the  flux  from  all  the  fie  Id -producing  coils  of  the  magnetic  system. 
By  the  term  "flux  at  a  point"  we  shall  mean  the  value  of  the  following 
quantity: 


r 

♦  (r,z,t)  =  2jr  r  dr'/B  (rf  z,  t)  (3.  i) 

J  z 

o 

where  B2  (r,  z,  t)  is  the  axial  component  of  the  field  strength  at  position 
r,  z,  and  time  t.  The  meaning  of  the  fltix  at  the  point  r,  z  is  the  following: 

If  a  circle  is  drawn  through  r,  z  which  has  its  center 
at  position  z  on  the  axis  of  symmetry,  then  *  is  the 
total  number  of  field  lines  that  pass  through  the  cir¬ 
cle  at  the  instant  of  time  t. 

The  equation  for  ^  can  be  derived  from  Maxwell's  equations  and  is 
found  to  be 


I 

8r  r  8r 


\  efi 


(3.2) 


where  jq  is  the  density  of  current  in  the  azimuthal  direction  and  Pq  is  the 
permeability  of  free  space  (47r  X  lO"”^  henry/meter). 
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The  electromagnetic  effects  can  be  described  through  the  use  of  a 
vector  potential,  X,  and  a  scalar  potential  (or  voltage),  X.  Because  of 
the  assumed  symmetry  the  functional  dependences  of  the  two  potentials 
are 


A  =  d  Ag  (r,  z,  t)  (3.  3) 

X  =  X  (r,z,t)  (3.4) 

Both  of  these  potentials  must  be  interprets  ted  as  the  net  effect  of  the 
applied  fields  and  those  generated  by  the  plasma  itself.  It  will  be  a  con¬ 
sequence  of  the  theoretical  model  that  the  scalar  potential  that  exists  in 
the  plasma  depends  only  on  the  magnetic  potential  and  the  thermal  pro¬ 
perties  of  the  plasma. 


The  magnetic  field  components  are  found  by  taking  the  curl  of  the  vec¬ 
tor  potential.  Then  the  axial  field  component  can  be  used  in  Eq.  (3.  1)  to 
compute  the  flux.  It  is  found  that  the  flux  and  the  vector  potential  are  re¬ 
lated  in  the  following  way: 


♦  =  2ff  r  A . 


and  that  the  field  components  are 


B  =  -  -L  ^ 
r  ”  2»r  dz 


B  =  -i-  ^ 
z  2irr  dr 


The  electric  field  is  computed  from 


^  •  dT  •  ^ 


(3.  5) 


(3.  6) 

(3.7) 


(3.8) 
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and,  as  a  result,  the  electric  field  components  are 


E 

r 


E 

z 


E 


0 


8X 

dr 

(3.  9) 

dx 

dz 

(3.10) 

_ l_ 

di 

(3.  11) 

ZKt 

at 

It  is  to  be  noted  that  the  a-  .^nuthal  component  of  the  electric  field  is 
determined  by  the  behavior  of  the  flux.  This  is  the  electric  field  of 
induction. 

3.  3  SINGLE -PAR  TIC  1-E  EQUATIONS  OF  MOTION 

The  charge  of  a  particle  will  be  taken  to  be  equal  to  Ze,  where  e  is  the 
absolute  value  of  the  charge  of  an  electron  and  Z  has  values  -1,  0,  1,  2, .  .  . 
depending  on  whether  the  particle  is  an  electron  (or  negative  ion),  a  neu¬ 
tral  or  an  ion.  The  three-dimensional  position  vector  will  be  denoted 
by  R.  The  equation  of  motion  for  a  particle  of  mass  M,  in  the  fields 
defined  in  Section  3.  2  is 


M 


B  -!  E 


(3.  12) 


This  equation  is  valid  as  long  as  the  particle  has  no  collisions  and  is  mov¬ 
ing  at  nonrelativistic  speeds.  The  azimuthal  component  of  Eq.  (3.  12)  can 
be  written  down  and  simplified  through  the  use  of  Eq.  (3.  6)  and  (3.  7).  The 
result,  which  is  a  generalization  of  Busche's  theorem  of  electron  optics, 
is 


d(Mr^d) 

dt 


2ir  dt 


(3.  13) 


If  the  angular  momentum  of  the  particle  (with  respect  to  the  z-axis)  is 
denoted  by  J  and  the  azimuthal  component  of  momentum  is  denoted  by 
then  since 

J  =  rP^  2  r(Mr0)  (3.14) 


63 


ibm  integral  of  £q.  (3.  13)  can  be  written  as 

»  -  K 
r 

. 

where  K  is  a  constant  whose  value  is 


Pfl  *,  t)  -  -  ^TT 


K 


Ze 


J(0)  + 


*(0) 


(3.  15) 


(3.16) 


The  notation  in  the  equation  above  has  the  following  meaning;  the  position 
of  the  particle  at  time  t^  is  assumed  to  be  r^,  and  the  flux  at  this  point 
and  time  is  denoted  by  ((0).  Similarily,  the  angular  momentum  is  de¬ 
noted  by  J(0).  So  long  as  the  only  forces  that  act  on  the  particle  are  those 
that  arise  from  the  particular  set  of  fields  discussed  in  Section  3.  2,  the 
quantity  K  is  a  constant  of  the  motion.  If  the  particle  is  in  a  field -free 
region  at  time  t^,  then  K  can  be  interpreted  as  being  directly  proportional 
to  the  angular  momentum  at  time  t^. 

The  equations  of  motion  for  the  radial  and  axial  directions,  obtained 
from  Eq.  (3.  12)  are: 


M 

dt^ 

Ze 

2jrM 

r 

9r 

8X 

8r 

(3.  17) 

d^e 

M-^ 

dt 

Ze 

2r:vi 

le 

r 

ii 

8z 

(3.  18) 

It  is  obvious  that  one  can  substitute  Eq.  (3.  15)  into  Eqs.  (3. 17)  and 
(3.  IS).  When  this  is  done  it  is  found  that  the  resulting  equations  can  be 
written  in  a  particularly  simple  and  useful  form.  In  order  to  achieve 
simplicity  of  notation  a  new  coordinate  system  is  defined.  This  coordin¬ 
ate  system  is  cartesian,  rather  than  cylindrical,  and  employs  unit  vectors 
(relating  to  r  and  s)  of  a,  and  respectively.  In  this  system  the  posi¬ 
tion  vector  will  be  denoted  by  Sand  the  sgelocity  vector  by  W.  Two  gradi  - 
ent  operators  will  also  be  defined.  The  relations  are  shown  below. 


S  =  ^  r  +  ^  z 


r  z 


w  = 

a  f  +  It  z 
r  z 

=  ^  W 
r  r 

Q  = 

MW 

III 

> 

^  ±  +  'h. 

r  8r  z 

_8_ 

8z 

TT  = 

A  a  A 

a  X  A 

a 

V  — 

W 

r  8Wr  z 

aw^ 

+  ^  W 
z  z 


(3.  19) 
(3.  20) 

(3.  21) 
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(3.23) 


In  this  notation  Eq.  (3.  17)  and  (3.  18)  become  combined  into  the  follow 
ing  single  equation: 

M  ~  =  -Ze  7  g  |v  +  x)  (3.  24) 


It  is  obvious  from  the  form  of  Eq.  (3.  24)  that  the  term 


V 


Ze 


(3.  25) 


stands  on  exactly  the  same  basis  as  X  and  can  therefore  be  interpreted  as 
a  potential;  herein  called  the  inductive  potential.  Since  X  arises  through 
the  accumulation  of  charges  and  is  therefore  associated  with  capacitive 
effects,  the  two  potentials  will  be  distinguished  by  calling  X  a  capacitive 
potential.  A  plot  of  contours  of  constant  V  can  be  made.  Such  a  plot 
generally  yields  a  great  deal  of  information  about  the  motion  of  the  parti¬ 
cle  in  the  r  and  z  directions.  The  azimuthal  position,  which  is  usually  of 
no  particular  importance,  can  be  obtained  by  integrating  Eq.  (3.  15). 


If  one  forms  the  vector  dot  product  of  Eq.  (3.  24)  with  W,  the  following 
result  is  obtained: 


d  M 
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(3.  26) 
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By  making  reference  to  Eq.  (3.  15)  and  (3.  25)  one  finds  that  the  term  on 
the  left-hand  side  of  the  equation  above  is  equal  to  the  total  kinetic  energy, 
E,  of  the  particle.  Hence,  the  result 


^  7  9  (V  X) 

dt  ■  at 


(3.  27) 


When  V  and  X  are  not  time -dependent, Eq.  (3.  27)  yields  the  fact  that  the 
kinetic  energy  of  the  particle  is  a  constant  of  the  motion,  and  Eq.  (3.  26) 
yields  the  fact  that 


Ze  (V  +  X)  =  constant 


(3.  28) 


If  the  particle  is  in  a  field  that  moves  through  space  at  a  uniform  rate, 
without  change  of  strength  (i.  e.  a  traveling  field)  then  Eq.  (3.  27)  and  (3.  28) 
are  valid  in  a  frame  of  reference  that  moves  with  the  field.  The  flux  must 
satisfy  the  differential  equation,  (3.  2),  and  therefore  cannot  be  arbitrarily 
chosen.  However,  the  basic  characteristics  of  the  particle  motion  are  not 
influenced  by  the  fine  details  of  the  flux  pattern,  and  simple  analytical 
forms  can  be  chosen  which,  while  they  do  not  satisfy  Eq.  (3.  2)  exactly, 
give  the  desired  information  about  the  particle.  One  can  proceed  in  this 
way  to  establish  the  shape  of  the  field  which  will  yield  a  certain  desired 
type  of  motion.  Then,  the  actual  configuration  of  coils  and  currents  which 
produce  a  field  of  the  determined  shape  can  be  found  by  cut-and-try 
methods  with  the  aid  of  a  passive  analog  computer.  A  suitable  computer 
for  this  purpose  is  described  in  Appendix  G  of  this  report. 

The  following  information  about  V  is  worth  noting: 

1.  The  unit  of  V  is  the  volt 

2.  For  a  particle  of  given  charge,  V  never  changes  sign  no  matter 
what  the  value  of  the  field  or  the  position  of  the  particle 

3.  The  sign  of  V  depends  on  the  charge  of  the  particle,  and  as  a 
result,  a  given  magnetic  field  pattern  accelerates  positive  and 
negative  particles  in  the  same  direction 

4.  The  magnitude  of  V  is  related  to  the  square  of  the  flux  and,  there¬ 
fore,  for  a  given  configuration  of  coils,  to  the  square  of  the  cur¬ 
rent  flowing  in  the  coils 


66 


5.  If  the  flux  has  the  same  as  K,  then  there  may  exist  a  flux 

contour  within  the  fie  la  along  which  V  is  zero.  Such  a  contour 
will  act  as  an  equilibrium  line  for  the  motion  and  is  closely  re¬ 
lated  to  the  locus  of  "guiding  centers"  of  the  particle  motion  as 
viewed  in  the  cartesian  coordinate  system  that  has  been  defined. 


While  the  inductive  potential  concept  is  very  useful  for  studying  the  curved 
trajectories  followed  by  a  particle  in  a  magnetic  field,  the  description 
of  straight-line  motion  is  rather  obscure.  For  example,  suppose  i  =  4(0) 
everywhere  so  that,  according  to  Eq.  (3.  6)  and  (3.  7),  the  magnetic  field 
is  zero.  Then  Eq.  (3.  24)  yields  the  following  two  equations  from  which 
the  radial  and  axial  positions  of  the  particle  may  be  found 


=  ii2L  _L 


M 


•  • 
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=  0 


(3.  29) 


(3.  30) 


Consider  a  particle  moving  at  constant  speed  in  a  field-free  region  as 
shown  in  Figure  3-1.  The  angular  momentum  of  the  particle  is  constant 
with  a  value  J(0)  =  Mbv,  where  b  is  the  impact  parameter  and  v  is  the 
speed.  The  equation  of  motion  for  the  z-direction  clearly  is  the  same  as 
Eq.  (3.  30).  For  the  radial  motion  one  finds 


r  =  V  cos  6 


r  = 


r^Vr==.b^ 


r  = 


2^2 
v  b 


(3.  31) 

(3.  32) 


This  last  equation  is  the  same  as  Eq.  (3.  29),  and  one  concludes  that  Eq. 
(3.  29)  and  (3.  30)  represent  straight-line  motion  in  real  space.  In  the 
coordinate  system  used  here  the  motion  can  be  represented  on  a  poten¬ 
tial  diagram  such  as  that  of  Figure  3-2.  The  horizontal  line,  oAA ',  is 
drawn  at  a  height  equal  to  the  total  kinetic  energy  of  the  particle.  The 
point,  o,  is  a  turning-point  of  the  motion. 

3.4  SINGLE -PARTICLE  MOTION  IN  A 
RAPIDLY  OSCILLATING  FIELD 


The  particular  utility  of  the  inductive  potential  in  the  case  where  the 
flux  is  not  a  function  of  time,  and  in  the  case  where  the  flux  arises  from 
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a  uniform  traveling  wave,  has  been  discussed.  The  potential  concept  is 
equally  useful  when  the  flux 's  a  rapidly  oscillating  function  of  time.  The 
required  condition  is: 


jj)  ^  ^  (ij 

c 


(3.  33) 


where  w  is  the  circular  frequency  of  the  field  and  is  the  cyclotron.  . 
frequency  of  the  particle  in  the  field.  The  cyclotron  frequency  is  - i 
where  B  is  the  peak  value  of  the  magnetic  field  strength  at  the  positioii  of 
the  particle.  The  validity  of  the  criterion  has  been  checked  both  by 
theoretical  investigation  and  by  computer  calculation  in  certain  special 
cases. 


When  the  condition  expressed  by  Eq.  (3.  33)  is  valid,  and  only  the 
general  features  of  the  motion  are  required,  it  is  permissible  to  use  the 
time>averaged  value  of  V  in  Eq.  (3.  28).  Since  the  flux  is  assumed  to 
have  an  oscillatory  behavior  the  time -averaged  value  of  V  is 


<V> 


t 


Ze 


<#S  + 

t 

2 

r 


(3.  34) 


A  criterion  similar  to  the  one  expressed  by  Eq.  (3,  33)  exists  for  a 
plasma.  It  will  be  discussed  later  in  this  section. 


3.5  PARTICLE -PARTICLE  INTERACTIONS 


When  a  particle  moves  in  a  field  in  the  presence  of  other  particles  the 
equations  of  motion  must  be  modified  to  include  the  interactions.  Although, 
in  general,  the  situation  is  extremely  complicated,  a  good  deal  of  progress 
can  be  made  by  recognising  just  two  general  types  of  interactions:  stoch¬ 
astic  interactions  and  steady  interactions. 

The  stochastic  interactions  are  those  that  result  from  the  relatively 
close  encounters  between  two  or  three  particles  at  one  time.  One  char¬ 
acteristic  of  these  interactions  is  that  the  resultant  force  on  a  particle 
exhibits  significantly  large  random  fluctuations.  Another  characteristic 
is  that  die  instantaneous  values  of  the  forces  for  several  similar  particles 
in  the  same  neighborhood  of  the  plasma  are  quite  different.  The  hard- 
sphere  scattering  events  and  the  Coulomb  scattering  events  are  stochastic 
processes. 
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The  steady  interactions  are  those  that  result  from  the  distant 
interactions  between  one  pa  tide  and  a  great  r*  any  others  at  one  time. 

A  characteristic  of  these  interactions  is  that  ;  resultant  force  is  steady, 
with  very  small  random  fluctuations.  In  additi'  .  similar  particles  in  tne 
same  neighborhood  of  the  plasma  experience  the  same  force  at  any  given 
instant  of  time.  The  self-field  effects  are  stead)  interactions,  and  both 
space -charge  forces  and  pinch  forces  must  be  included. 

The  stochastic  interactions  can  be  formally  included  in  the  equations 
of  motion  by  adding'  a  stochastic  force,  6.  The  steady  interactions  can 
be  included  by  interpreting  i  and  X  to  be  the  net  quantities  arising  from 
both  applied-  and  self -fields.  This  can  be  done  provided  the  plasma  has 
the  same  type  of  symmetry  as  the  applied  fields.  Only  this  case  will  be 
considered  here. 


The  equations  of  motion  which  result  from  these  amendment  are 

*  -  K 
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(3.  38) 


(3.  39) 


These  equations  have  changed  from  those  given  previously  in  that  i  and 
X  must  be  interpretated  as  representing  net  effects,  a  stochastic  force 
has  appeared  in  the  radial-axial  equation,  and  K  has  become  a  stochastic 
function  of  time.  The  integral  in  Eq.  (3.  38)  represents  the  torque  exper¬ 
ienced  by  the  particle  in  the  time  t^  to  t. 

Consider  the  situation  illustrated  in  Figure  3-3.  A  particle,  gyrating 
in  a  magnetic  field  experiences  an  elastic  scattering  collision  at  the  point 
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o.  Prior  to  the  event  the  gyrations  center  on  the  flux  contour,  labeled 
and  after  the  event  they  center  on  the  contour,  At  point  o  the  two 

contours  are  separated  by  a  distance  S.  We  wish  to  compute  the  maximum 
value  that  S  can  have. 

Let  us  assume  that  the  particle  had  a  value  of  K  equal  to  before  the 
collision  and  K2  after  the  collision.  Since  the  gyrations  center  on  the  flux 
lines  §1  and  ^2»  i-f  follows  that  these  lines  must  closely  correspond  to  zero 
values  for  the  inductive  potential.  Therefore,  one  can  write 

Ki  -  *  *1  -  *2  (3.40) 

The  maximum  change  in  azimuthal  momentum  that  can  occur  in  a  single 
elastic  scattering  event  is  2Mv,  where  v  is  the  speed  of  the  particle. 

This  fact,  iised  with  Eq.  (3.  35)  and (3.  40),  yields  the  result 

4ir  Mr  V 

i*r*2i*T2r^ 

If  the  change  in  K  is  reasonably  small,  one  can  write  that 

I#,  -  «-|  *  2irr  BS  (3.42) 

I  £  o 

and  finally,  the  result 


^  *  (e  |Z|  B/M)  (3.43) 

is  obtained.  The  quantity  in  the  denominator  of  Eq,  (3.43)  is  the  cyclo¬ 
tron  frequency  so  the  equation  states  that  S  is  smaller  than  twice  the  gyro 
radius,  as  might  be  expected. 

3.  6  THE  BOLTZMANN  EQUATION 

The  equations  of  motion  that  apply  to  the  many-particle  situation  have 
been  given  in  terms  of  a  two-dimensional  coordinate  system.  The  inde¬ 
pendent  variables  are  six  in  number:  axial  and  radial  position,  axial  and 
radial  speed,  time,  and  K.  These  variables  are  all  that  are  necessary 
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for  tkt»  upocificotion  of  the  poaition  and  the  state  of  motion  of  the  particle 
ia  the  coordinate  system  used.  Consequently  one  can  define  a  distribution 
function 


f(S,  W,  K,  t)  (3.44) 

for  each  type  of  particle  in  the  field.  The  distribution  function  gives  the 
^nsity  of  particles  in  the  five > dimensional  space  defined  by  the  variables 
S,  W,  and  K  at  the  instant  of  time,  t.  The  density  of  particles  in  the  two- 
dimensional  space  S  is: 


€0 

n(?t)s  ///^  ^  (3.45) 
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The  quantity  n  will  be  called  the  ring-density  and  is  numerically  equal  to 
the  number  of  particles  in  a  torus  of  radius,  r,  and  unit  minor  cross 
section.  Such  a  torus  is  illustrated  in  Figure  3-4.  The  ordinary  three- 
dimensional  density  will  be  denoted  by  n^and,  because  of  the  assumed 
symmetry,  it  is  related  to  n  in  the  following  way: 


n 

o 


(3.  46) 


If  Q  is  an  arbitrary  function  of  the  independent  variables,  then  the 
following  average  value  of  Q  can  be  defined: 


00 
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*  -  r  r  r  Qf  dw  dw  dK 

n  J  J  J  X  z 

(3.  47) 

•00 

For  subsequent  discussions  the  dispersed  components  of  W^.,  W2,  K, 
and  P9  will  be  needed.  These  are  defined  by  the  following  equations: 

W  B 

X 

W  -  <W  > 
r  r 

(3.  48) 
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(3.49) 
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(3.  50) 
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Th«n,  tiM  dispersions  of  W,,  and  K  are 

<W  W  >  -  <W  >  <W  >  =  <w  w  >  (3.52) 

r  r  r  r  r  r 

<w  W  >  -  <W  >  <W  >  =  <W  w  >  (3.53) 

S  S  £  S  £  2 
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(3.  54) 


* 

The  significance  of  these  equations  lies  in  the  fact  that  the  dispersions 
are  very  closely  related  to  die  temperature.  In  particular  it  should  be 
noted  that  the  dispersion  of  K  is  related  to  the  temperature  in  the  azimuthal 
direction. 


The  average  total  energy  of  a  particle  can  be  found  from  the  above 
equations  and  Eq.  (3.  28).  One  finds 
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The  last  term  in  this  equation  can  be  interpreted  as  the  "temperature" 
of  the  gas  even  though  the  system  is  far  from  thermal  equilibrium.  Also 
one  must  admit  the  possibility  that  the  temperature  xs  different  in  each  of 
the  three  coordinate  directions. 


A  differential  equation  for  f  can  be  derived  by  considering  the  flow  in 
and  out  of  a  five -dimensional  volume  element  in  the  W,  K  space.  The 
derivation  proceeds  in  a  manner  entirely  analogous  to  that  of  the  usual 
fioltsmann  equation.^^ '  Insofar  as  the  flow  in  and  out  of  the  elemental 
volume  is  concerned,  K  must  be  regarded  as  a  constant  since  it  only 
changes  stochastically.  The  equation  obtained  is: 
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(3.  56) 
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The  operators,  7g  and  7^,  have  been  previously  defined.  The  right-hand 
side  is  the  time  rate  of  change  of  f  due  to  stochastic  particle<-particle 
interactions.  It  is  the  collision  term  and  may  have  either  positive  or 
negative  values. 

The  collision  term  can  be  rewritten  in  terms  of  a  collision  frequency, 
1/,  in  order  to  make  the  role  of  the  term  more  evident.  Thus: 

=  Vi  (3.57) 
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The  collision  term  includes  the  effects  of  those  processes  that  create  or 
destroy  particles,  such  as  ionization  processes,  recombination  processes, 
and  electron  attachment  processes.  In  general  <v>  is  not  equal  to  zero, 
but  when  the  above-mentioned  processes  are  in  equilibrium  one  can  set 
<v>  equal  to  zero. 

3.  7  MOMENTS  OF  THE  BOLTZMANN  EQUATION 

Eq.  (3.  56)  is  the  Boltzmamn  equation  for  the  particular  coordinate 
system  and  type  of  symmetry  that  has  been  assumed.  The  scalar  poten¬ 
tial,  X,  which  appears  must  be  regarded  as  an  unknown  quantity  because 
its  value  will  be  determined  almost  entirely  by  the  plasma  itself.  As 
conditions  in  the  plasma  change,  X  will  chauige  in  such  a  way  that  charge 
neutrality  is  maintained.  In  order  to  evaluate  X  one  must  consider  the 
coupling  between  several  equations  like  Eq.  (3.  56);  one  equation  refers 
to  the  electrons  and  the  others  refer  to  the  ions.  The  evaluation  of  X  can 
be  done  with  the  aid  of  certain  moments  of  Eq.  (3.  56). 

If  Q  is  an  arbitrary  function  of  the  variables  of  the  problem,  then  it 
can  be  shown  that: 


-n<|^>  +7  •  n<WQ> 

dt  ot  s 


-n<W  -  7Q>  +  ^  n<V  (V  +  X)-  VQ> 

8  M  8  ^ 


(3.  58) 


=  n  <vQ> 


Thi8  equation  is  similar  to  one  discussed  by  Jeans.^^ 
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An  equation  for  the  conservation  of  ring-density  results  if  Q  is  set 
equal  to  unity.  The  equation  is 

^  +  V^-(n<W>]  =  n<v>  (3.59) 


This  equation  is  analogous  to  the  well-known  equation  for  the  conservation 
of  mass.  Two^^ther  important  equations  are  obtained  by  setting  Q  equal 
to  K  and  to  M  W.  The  results  are 
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The  operator  D/Dt,  which  occurs  frequently,  is  defined  as  follows: 
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It  signifies  the  rate  of  change  along  the  path  of  flow  in  the  gas, and  it  is 
sometimes  called  the  hydrodynamic  derivative. 


In  the  moment  equations  the  terms  containing  <i'k>  and  <v  ■w>  are 
associated  with  frictional  drag  forces,  and  the  terms  containing  <kw  > 
and  <w  w>  express  the  effects  of  diffusive  spatial  transport  of  gas.  The 
latter  effects  include  pressure  forces  and  viscous  forces.  The  term 
<w  w>  is  a  second-order  tensor,  and  7g*[n<ww>]  stands  for  the 
following  sequence  of  matrix  multiplications: 
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We  now  turn  to  a  detailed  examination  of  the  second  of  the  two  moment 
equations,  Eq.  (3.  61).  The  first  term  on  the  right-hand  side  expresses 
the  effects  of  electromagnetic  forces  and  can  be  written  as  the  sum  of 
two  terms,  as  follows: 

-  Ze  <  (V  +  X)>  =  -Ze<7  V>  -  Ze  v  X  (3.64) 

S  8  8 


Note  that  the  last  term  in  the  equation  above  does  not  contain  an  average 
since  X  has  the  same  value  for  all  particles  in  a  given  neighborhood  of 
the  space. 


Through  the  use  of  Eq.  (3.  37)  and  (3.  54),  along  with  the  notation  of 
Eq.  (3.  47),  one  can  write  Eq.  (3.  61)  as  follows: 
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Let  us  consider,  for  the  moment,  a  particle  in  free  flight  and  use  a 
cylindrical  coordinate  system  as  the  frame  of  reference.  Choose  the 
reference  system  so  that  the  particle  is  approaching  the  axis  with  an 
impact  parameter,  b.  As  viewed  from  the  axis  the  particle  appears  to 
approach,  pass  within  a  distance,  b,  and  then  recede.  Thus,  when  viewed 
from  the  axis,  the  particle  appears  to  be  accelerating  radially  outward, 
despite  the  fact  that  it  has  constant  velocity.  In  fact,  all  particles  in  the 
system  appear  to  be  accelerating  radially  outward  except  those  which 
have  an  impact  parameter  of  zero.  This  process  is  represented  by  the 
second  last  term  on  the  right-hand  side  of  Eq.  (3.  65).  For  a  gas  in 
motional  equilibrium  this  acceleration  must  be  balanced  by  an  equal,  but 
opposite,  acceleration.  It  will  be  shown  later  that  the  desired  balancing 
acceleration  is  hidden  in  the  last  term  of  Eq.  (3.  65). 


The  moment  equations  that  have  been  derived  refer  to  one  type  of 
particle  only.  In  order  to  treat  a  plasma  one  has  to  consider  a  similar 
set  of  equations  for  each  type  of  particle  in  the  plasma.  The  various 
equations  will  be  distinguished  from  one  another  by  the  use  of  the  super¬ 
scripts  e,  i,  and  o,  referring,  respectively,  to  electrons,  ions,  and 
neutrals.  The  electron  mass  will  be  written  as  m,  so  that  M®  s  m. 
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Gro9»  charge  neutrality  of  the  plasma  requires  that: 


e 


n 


(3.  66) 


edkere  the  summation  extends  over  all  the  ion  species  that  are  present. 

In  order  to  proceed  with  the  analysis  a  basic  assumption  is  made. 
The  assumption  is: 


The  radial  and  axial  current  density  in  the  plasma, 
j  ,  is  sero  at  all  times. 

S 

This  assumption  limits  the  discussion  in  two  ways:  first,  it  precludes 
any  study  of  plasma  oscillations;  and  second,  it  precludes  all  situations 
^ere  metallic  electrodes  are  in  direct  electrical  contact  with  the  plasma. 
The  current  density,  jg,  is  defined  as  follows: 


=  e  2  Z  V  <  W  >‘  -  en®  <  W  >®  =  0 


From  this  equation  it  follows  that: 


D<W>*  _  v' 
Dt  "  ^ 


zV  D<W^ 

c  Dt 
n 


(3.67) 


(3.  68) 


Through  the  use  of  Eq.  (3.  68)  and  a  series  of  equations  like  (3.  65), it  is 
possible  to  find  a  value  for  X.  This  value  of  X  is  the  one  that  must  exist 
in  order  to  satisfy  the  basic  assumption  of  neutrality.  It  depends  only  on 
the  properties  of  the  plasma  and  the  magnetic  effects  and  not  at  all  on  any 
applied  electric  fields.  The  effects  of  the  latter  are  counteracted  near 
the  boundries  of  the  plasma  by  narrow  electrical  sheaths  in  which  the 
assumption  of  charge  neutrality  is  not  valid.  The  sheaths  are  of  the  order 
of  a  Debye  length  in  thickness:  a  very  small  distance  for  most  plasmas 
dealt  with  in  the  laboratory. 

It  is  found  that  the  equation  for  X  contains  terms  that  are  small  enough 
to  be  neglected.  These  terms  can  be  neglected  provided  m  <  <  and 
m  <  <  M^/Z^  for  all  ion  species  in  the  plasma.  However,  the  result  must 
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retain  terms  which  are  first-order  in  m/M‘.  The  task  of  writing  the 
equation  is  simplified  by  the  use  of  the  following  notation: 


(3.69) 


(3.70) 


The  equation  above,  when  substituted  back  into  Eq.  (3.  65),  yields 
equations  of  motion  for  the  ions  and  the  electrons.  Again  certain  terms 
may  be  dropped  because  they  are  very  small. 
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The  following  points  concerning  these  two  equations  are  worth  noting: 


1.  The  effect  of  the  magnetic  forces  on  the  ions  depends  inversely  as 
die  electron  mass;  whereas,  the  effect  of  the  magnetic  forces  on 
the  electrons  depends  inversely  on  the  mass -to -charge  ratio  of 
the  average  ion. 
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2,  The  quantity  <K>*  appears  in  the  equations,  but  the  corresponding 
quantity  for  the  ions  does  not  appear. 

The  assumptions  that  have  been  made  in  order  to  derive  these  equa¬ 
tions  are: 


1.  Axial  symmetry  of  the  fields,  the  density,  the  temperature,  and 
the  distribution  of  ion  species 

2.  Zero  net  current  in  the  axial  and  radial  directions 

3.  Zero  net  charge  density. 

The  various  effects  that  are  included  in  the  equations  are: 


1. 

2. 


3. 


4. 


6. 


7, 


Magnetic  forces 

Electron -ion  space  charge  coupling 

Ionization,  recombination,  electron  attachment,  and  charge 
exchange 

Electron-ion-neutral  collisional  drag 
Centrifugal  effects 

Tensor  pressure  and  temperature  effects 
Viscous  effects. 


The  equations,  as  they  stand,  are  complicated  and  difficult  to  apply. 
Additional  simplifying  assumptions  can  be  made  which  reduce  the  equa¬ 
tions  to  a  more  manageable  form;  but,  in  the  process,  the  ability  to 
treat  certain  phenomena  is  given  up.  These  simplifications  are  consid¬ 
ered  next. 


3.  8  SIMPLIFICATIONS  OF  THE  MOMENT  EQUATIONS 


Viscous  effects  are  almost  always  neglected  in  plasma  problems, 
probably  more  because  of  the  mathematical  difficulty  of  including  them 
than  the  fact  that  they  are  not  importamt.  Further  study  is  needed  in 
this  area;  but,  for  the  present,  they  will  be  ignored.  Simplifications 
result  when  viscous  forces  are  ignored.  For  example: 

V  •  (n^  <ww  =  “T -  7  (  <w.w^)  (3.  73) 
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«^ere  is  th«  ordinary  three-dimensional  density.  Eq.  (3.  72)  becomes 
the  following: 
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Tensor  effects  still  remain  in  Eq.  (3.  74).  For  example,  the  third 
term  on  the  right-hand  side  vanishes  if  the  "temperature"  in  the  azimuthal 
direction  is  the  same  as  the  "temperature"  in  the  radial  direction;  other¬ 
wise  it  does  not.  It  is  quite  certain  that,  when  the  gas  density  is  low  and 
the  me  an -free -path  for  collisions  is  larg<e,  tensor  effects  play  a  signifi¬ 
cant  role.  However,  the  situation  has  not  yet  been  studied  in  any  detail, 
and  there  is  very  little  work  by  other  authors  to  act  as  a  guide. 


When  the  temperature  in  the  three  directions  is  taken  to  be  the  same, 
Eq.  (3.  74)  becomes. 
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where  kjj  is  the  Boltzmann  constant  and  T  is  the  temperature.  In  order 
to  use  this  equation,  or  any  of  those  like  it,  a  knowledge  of  is 

required;  and  this  knowledge  can  be  obtained  from  Eq.  (3.  60).  Before 
examining  the  latter  it  is  worth  pointing  out  that  the  equation  for  X 
(Eq.  (3.  70)  can  be  inserted  directly  into  the  equations  of  motion  for  a 
single  particle.  For  example,  if  one  puts  Eq.  (3.  70)  into  Eq.  (3.  36), 
ignores  tensor  effects,  and  drops  small  terms,  an  equation  for  the 
motion  of  a  single  ion  can  be  obtained.  It  is 
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If  the  plasma  consists  only  of  electrons  and  singly -charged  ions  then, 
since  X  guarantees  that  the  ions  and  electrons  flow  together,  it  will  be 
true  that 


<1/  w>^  +mZ'<t'w>* 


=  0 


(3.  78) 


so  that  Eq.  (3.  76)  can  be  further  simplified. 

3,  9  ANGULAR  MOMENTUM  CONSIDERATIONS 

The  quantity  <K>®  that  appears  frequently  in  the  equations  is  intimately 
related  with  the  average  angular  momentum  of  the  electrons.  Information 
concerning  the  behavior  of  <K  >®  can  be  obtained  from  Eq.  (3.  60).  If, 
as  before,  the  viscous  term  is  neglected,  and  if  use  is  made  of  Eq.  (3.  35), 
(3.  50),  and  (3.  51)  then  one  finds  that 
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An  nquAtion  like  the  above  can  be  written  fox  each  species  present. 
Collisions  cannot  change  the  total  angular  momentum  of  the  particles 
in  a  localised  region  of  the  space»  so: 
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This  condition,  when  combined  with  a  series  of  equations  like  (3.  79) 
yields  the  following  result: 
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or,  using  Bq.  (3.  35): 
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If  nVn^  is  a  constant  (along  the  path  of  flow)  for  each  species  present 
then  Eq.  (3.  82)  becomes 
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(3.83) 


The  assumption  that  nVn*  is  a  constant  is  rigorously  true  when  the 
plasma  consists  of  singly  charged  ions  and  no  neutrals.  It  is  also  very 
nearly  correct  in  those  cases  where  the  plasma  has  no  net  flow  and  is 
sinusoidally  excited  at  a  frequency  so  high  that  it  cannot  follow  the  in¬ 
stantaneous  variations  of  the  field  pattern. 


MThen  Eq.  (3*33)  holds,  the  net  angular  momenttun  i  »  proportional  to 
n*. along  the  path  of  the  flow;  and,  if  sero  in  the  beginning,  it  remains  zero. 


The  contribution  from  the  ions  to  the  current  flowing  in  the  plasma 
can  be  neglected,  because  the  ions  move  very  slowly  compared  to  the 
electrons.  The  current  in  the  plasma  is  in  the  asimuthal  direction  only. 
The  current  density  in  the  asimuthal  direction,  is: 
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3.  10  DETERMINATION  OF  <K>* 

When  Eq.  (3.  79)  is  speciallEed  so  aa  to  refer  to  electrons,  it  becomes 
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The  effects  of  ionization,  recombination,  and  electron  attachment  will 
be  ignored;  so  we  set  <v>*  =  0.  The  remaining  collision  term  can  be 
written  in  terms  of  the  characteristic  times  for  collisions  between  elfec> 
irons  and  the  other  constituents  of  the  plasma.  Thus: 
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where  t'epresentii  the  average  time  for  an  electron  to  be  scattered  , 
through  90*  Iry  interaction  with  particles  of  the  i^type.  Since  m  « 
for  all  of  the  heavy  particles,  the  equation  becomes  simplified,  and  one 
finally  obtains 
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where 


(3.88) 


The  quantity,  r,  will  be  referred  to  as  the  collision  time.  Using 
Eq.  (S.  35)  one  now  obtains  a  differential  equation  for  <K>^.  It  is 
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1b  g«n*r«l,  T  will  vary  with  time  and  with  position  so  that  it  cannot 
ba  sat  a^aal  to  a  constant.  However,  if  it  does  not  change  much  in  the 
coursa  of  one  or  two  collisions;  that  is  if 


(3.  90) 


thaa  tka  agnation  obtained  by  integrating  £q.  (3.  89)  with  r  constant  is 
maaningfttl.  One  obtains 
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where  the  integration  must  be  performed  along  the  path  of  the  flow. 


The  general  affect  of  collisions  is  found  by  letting  t  be  independent  of 
time  and  assuming  no  flow.  Then: 
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After  a  time  of  the  order  of  2r,  one  finds  that  <K>*  has  become  equal 
to  t.  This  means  that  the  magnetic  term  has  disappeared  from  the 
equations  of  motion  (equations  such  as  £q.  (3.  77))  and  the  plasma  may 
be  said  to  be  completely  imbedded  in  the  magnetic  field. 

On  the  oChef  hand,  if  f  oscillates  with  angular  frequency,  u;  if  the 
flow  is  slow;  and  if 
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(3.  94) 


•• 


P  =  -5—^ -  (ohm -meter)  (3.100) 

e  Ho  T 

The  quantities  ^  and  p  can  be  called  the  specific  inductance  and  the 
specific  resistance  of  the  plasma,  respectively.  The  conductivity  of 
the  plasma  is  equal  to  1/p. 
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Th«  asimuthal  electric  field  seen  by  the  plasma,  EA(plA8nia),  is  the 
quantity  that  appears  on  the  left-hand  side  of  the  equation. 

E^<plasma)  =  -  ^  ^  (3101) 


Bq.  {3.  98)  can  be  represented  by  an  equivalent  electrical  network  that 
consists  of  a  generator,  an  inductor,  and  a  resistor.  The  circuit  is 
shown  in  Figure  3-5. 

In  reality  both  I  and  p  are  variable  quantities,  so  the  circuit  is  a  non¬ 
linear  one.  However,  a  great  deal  of  information  about  plasma  can  be 
obtained  by  assuming  them  to  be  constant,  or  a  least  slowly  varying. 

The  characteristic  time  constant  of  the  circuit  is  i/p  and  this  is 
seen  to  be  equal  to  the  collision  time,  r.  The  energy  stored  in  the  in¬ 
ductor  is  related  to  the  inductive  potential  of  the  average  electron, 
in  the  following  way: 

1  =  e  n^  V  (3.  102) 


where 
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The  terms  in  Eq.  (3.  102)  have  units  of  joules/cubic -meter.  From 
Eq.  (3.  35)  one  learns  that  is  equal  to  the  azimuthally  directed 

kinetic  energy  of  the  average  electron.  Hence: 


1 
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(3.  104) 


In  accord  with  this  relation  one  sees  that  the  energy  stored  in  i  is, 
in  reality,  inertially  stored  energy  (just  as  a  flywheel  may  be  regarded 
as  storing  energy). 
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Two  atatoa  for  a  plaama  c*n  be  diatinguiahed: 

1.  Whan  the  Impedance  offered  by  i  ia  larger  than  that  offered  by 
p,  the  current  flow  ia  inductively  controlled.  In  that  case  the 
plaama  may  be  deacribed  aa  being  inertially  dominated.  Then 

tenda  to  be  in  phaae  with  #  and  90“  out  of  phase  withE^. 
Colliaiona  play  a  minor  role. 

2.  When  the  effects  of  p  are  larger  than  those  of  i  the  plasma 
may  be  described  as  resiatively  dominated.  The  current  tends 
to  be  in  phase  with  Ea  *nd  90*  out  of  phase  with  #.  Ohm's  law 
applies. 

In  either  case  the  instantaneous  rate  at  which  azimuthal  kinetic  energy 
is  converted  to  randomised  energy  (joule  heating)  is  P,  where 

P  =  p  (watt/cubic -meter)  (3.  105) 

With  the  aid  of  Eq.  (3.  102)  the  result  above  may  be  expressed 
in  terms  of  The  relationship  is: 


P  =  2e  n  ®  - -  (3.  106) 

or 

Thus,  the  average  electron  experiences  an  instantaneous  loss  of 
directed  energy  which  is  equal  to  electron-volts  in  a  time  in¬ 

terval  equal  to  r,  provided  un  «1.  Eq.  (3.  106)  is  a  useful  relation¬ 
ship.  In  many  cases  V^®^  is  determined  by  the  desired  performance 
characteristics  of  a  device  (e.  g. ,  the  desired  kinetic  energy  required 
for  the  beam  from  an  accelerator), and  Eq.  (3.  106)  can  be  used  to 
make  a  quick  estimate  of  the  electron  temperatures  that  will  be  gen¬ 
erated  during  the  acceleration  process.  The  value  of  V^®^  at  a  given 
place  in  the  plasma  is  directly  related  to  the  square  of  the  current 
flowing  in  the  field -producing  coils,  so  P  varies  as  I^oil*  ^^®  joule 
heating  appears  as  a  resistive  loss  as  far  as  the  exciting  circuits  are 
concerned. 

At  this  time  it  is  interesting  to  investigate  the  values  of  r  that  can 
be  obtained  in  a  plasma  of  various  gases.  The  mean  kinetic  eneigy  of 
the  electrons  in  the  plasma,  the  gas  density,  and  the  degree  of  ionization 
are  the  factors  which  determine  r  for  a  given  gas.  The  mean  kinetic 
eneigy  is  conveniently  expressed  in  units  of  one  electron-volt,  and  the 
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density  is  conveniently  expressed  in  terms  of  the  pressure  of  the  gas  at 
room  temperature.  The  latter  quantity  will  be  denoted  by  Pq  and  will 
be  expressed  in  units  of  one  micron  {10“^  Torr). 

Figures  3-t^  3-7,  and  3-8  show  the  relationship  between  collision  time, 
degree  of  ionization,  gas  pressure  (referred  to  20C),  and  electron  energy 
for  gases  of  mercury,  argon,  and  air  respectively.  The  data  were 
assembled  from  information  given  by  Brown’  and  Spitzer**  with  multiple 
ionization  being  neglected.  Because  of  this  neglect  the  data  should  not 
be  applied  to  a  plasma  in  equilibrium  with  its  own  recombination  processes 
(Saha  equilibrium);  and,  in  any  case,  the  curve  for  a  fully-ionized  gas 
is  not  accurate  above  an  electron  energy  of  about  15  ev. 

In  each  figure  a  dashed  line  is  shown,  separating  the  graph  into  two 
regions.  The  region  between  the  dashed  line  and  the  curve  for  zero 
percent  ionization  is  dominated  by  electron-neutral  collisions.  The 
region  between  the  dashed  line  and  the  100  percent  curve  is  dominated 
by  electron-ion  collisions. 

It  is  an  interesting  fact  that,  for  each  gas,  the  curves  converge  and 
cross  over  each  other  at  one  particular  value  of  electron  energy.  This 
value  varies  from  17  ev  for  argon  to  23  ev  for  air. 

The  parameter, wT, has  appeared  several  times  as  a  characteristic 
parameter  that  separates  the  inertially  dominated  plasma  state  from 
the  resistively  dominated  state.  For  a  mercury  plasma  with  a  mean 
electron  energy  of  18  ev  (the  energy  at  which  the  curves  of  Figure  3-6 
converge)  the  value  of  wt  is  larger  than  unity  provided  the  pressure 
satisfies  the  following  relation  with  the  exciting  frequency  f  (f  =  u/2ji): 

f  (Me)  >  2.  2  P  (micron)  (3.  107) 

o 

This  example  illustrates  the  general  rule  that  the  gas  pressure  must 
be  low  and  the  frequency  of  excitation  high  before  plasma  in  an  inertially 
dominated  state  can  be  produced.  Referrin4  once  again  to  the  equivalent 
circuit  of  Figure  3-5  one  sees  that  values  oi  wt  larger  than  one  corres¬ 
pond  to  the  "Q"  of  the  circuit  being  larger  than  unity.  One  can  there¬ 
fore  sa>  V-  't  an  inertially  dominated  plasma  is  a  high-Q  plasma. 
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Figure  3o6.  Graph  f</r  Determining  Electron  Collision  Time 

in  Mercury  Gas 


KLACTKOH  CMOICT  (ni 


Figure  3-7.  Graph  for  Determining  Electron  Collision  Time 

in  Argon  Gas 
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3.  12  THE  SLOW  FLOW  APPROXIMATION 


The  equivalent  circivit  can  be  used  to  good  advantage  when  the  motion 
of  the  plasma  is  slow.  The  exact  definition  of  "slow"  will  be  given  later. 
We  consider  a  magnetic  fi.tl>t  produced  by  a  set  of  coils,  all  operating  at 
a  circular  frequency,  but  in  different  phase  relations.  If  *„tS)  denotes 
the  flux  prouuced  by  the  coil,  and  denotes  the  (constant)  phase  of 
the  coil,  then  the  flux  at  any  position  is: 


#  =  y*  #  sin  (<Jt  +  d  ) 
^  n  ^n 


this  can  be  written  as: 


9  =  %  sin  ((jt  -I-  e) 
o  ^ 


where 


*o  =  [(2  ♦„  ♦n)^  ♦  {l  *„  ♦n)^] 


1/2 


p  ~  tan 


-1  n 


E  * 

“  n  n 


2*  cos  f 


n 


n  n 


(3.  108) 


(3.  109) 


(3.  110) 


(3.  Ill) 


It  is,  therefore,  seen  that  the  form  for  9  expressed  by  Eq.  (3.  109)  is 
a  very  general  one.  For  a  field  that  travels  in  the  positive  s-direction 
with  uniform  speed,  v£,  the  value  of  p  becomes: 

^  ^  (3,  112) 


and  if  the  amplitude  of  the  field  is  uniform,  then  is  a  function  of  radius 
but  not  of  z.  For  convenience  in  the  analysis  we  take 


« 


j  ^j{wt  +  ^) 


(3.  113) 
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And,  At  the  end  of  the  Anelyeis,  euppreas  the  real  part  of  the  answer  and 
Accept  only  the  imaginary  part. 


The  conditions  for  slow  flow  can  now  be  defined.  They  are: 

1.  The  change  in  p  in  a  time  r,  or  in  a  time  l/w^  is  approximately 
linear 

2.  The  change  in  in  a  time  t,  or  in  a  time  1/u,  is  approximately 
linear 

3.  The  percentage  change  in  in  a  time  r,  or  in  a  time  1/u,  is 
smaller  than  50  percent. 

For  convenience  the  reference  time  will  be  taken  to  be  t  =  0.  Then, 
because  of  the  first  condition,  we  can  write 


d(t) 


p(o)  +  j<w>*  .  7^  fjf 


(3.114)  [ 

f 


where  the  bracketed  term  is  understood  to  be  evaluated  at  t  =  0.  Similarly,! 
the  second  condition  allows  the  following  equation:  \ 


#  (t)  =  ♦  (o)  + 
o  o 


’.‘oj 


(3.115)  i 


The  third  condition  allows  the  last  equation  to  be  written  in  exponential 
form.  If  this  is  done,  then:  ^ 


=  t  (o)  .4"'*  ♦ 


(3.  116) 


where  d^(o)  and  p(o)  are  constants,  and  where 

w'  =  «  +  |<W>*  -  j  [<W>® 

It  if  seen  that  w'  plays  the  role  of  a  doppler -shifted  frequency.  Also 


(3.  117) 


dT  =  J"  * 


«e 


From  the  network  of  Figure  3>5  one  can  easily  determine  the  steady- 
state  current,  and  it  is  obvious  that  the  steady  state  is  reached  in  a  time 
on  the  order  of  2t.  The  steady-state  current  is 


1  . 
2irr  p  +  j  w*  # 


(3.  118) 


This  current  will  be  closely  eqvial  to  the  current  in  the  plasma,  pro¬ 
vided  the  conditions  of  slow  flow  are  satisfied.  When  the  imaginary  part 
of  Eq.  (3.  118)  is  taken, the  equation  for  the  current  in  the  plasma  becomes 
the  following: 


where: 


2  e 


'0 


e 

27 


"o  I /cos  a\ 
r  m  I  \co8  P  / 


4  sin  (ut  -  S  -f  a  -  P) 
o 


3.119) 


a  =  tan 


-1 


0  =  tan 


-1 


.  (• 

(• 


<W>  .  ^ ^]r 


<W> 


‘) 

v»  \ 

8  o  y 
i  I 

o  / 


1  /  ^  e 

\ 

I  WT  +  1  <  W  > 

(3.  120) 


(3.  121 


For  the  uniform  traveling  field  previously  discussed  ^  »  0  and  a 
becom  es 


a  = 


tan 


-1 


(3.  122) 


If  all  the  field-producing  coils  are  operating  at  the  same  phase,  then 
^  is  a  constant. 
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The  values  of  <K>*  that  correspond  to  can  be  determined  from 
Eq.  (3.  84).  One  finds 

«  -  <K>®  =  «  ,in  {«t  -  4  +  a  -  p)  (3.  123) 

cos  p  o  ^ 

3.13  S&LF>FIELD6 

The  self-fields  in  a  plasma  include  electric  fields  due  to  space-charge 
accumulation  and  magnetic  fields  (along  with  their  associated  induced 
electric  fields)  due  to  current  flow.  The  electric  fields  due  to  space- 
charge  accumulation  have  already  been  accounted  for  in  the  calculation 
of  X  (Section  3.  7).  The  self-fields  due  to  current  flow  will  now  be 
considered. 

Formally  one  can  write  that  the  flux  at  any  point  in  the  plasma,  4,  is 

4  =  4+4  (3.  124) 

c  p 

where  4,^  is  the  flux  produced  by  the  coil  system  and  4p  is  the  flux  pro¬ 
duced  hf  the  plasma.  The  latter  is  the  net  flux  at  the  point  due  to  the 
current  "  I'tw  throughout  the  plasma.  One  can  write  that 

•e 

*  <S)  =  If  M(S,  )  Jq  (S'  }  dS'  (3. 1  25) 

where  the  integral  extends  over  the  entire  r-z  plane.  The  quantity  M(S,  S') 
is  the  coefficient  of  mutual  inductance  between  the  point  S  and  the  point  S' . 
and  it  is  a  geometrical  quantity.  If  metal  surfaces  or  ferrites  are  pre¬ 
sent,  M  must  include  image-current  effects. 

In  a  similar  way  4^  can  be  written  as  an  integral  of  the  current  den¬ 
sity  in  the  coil  system.  Alternatively,  the  total  flux,  4,  may  be  found 
by  solution  of  Eq.  (3.  2). 

The  magnetic  field  associated  with  4  is  sometimes  called  the  "vacuum 
field":  a  term  which  implies  that  it  is  the  field  that  would  exist  if  the 
plasma  were  removed.  This  terminology  hides  the  fact  that,  in  practice, 

4^  is  sf/ected  by  the  presence  of  the  plasm*',  since  the  current  that  flows 
in  the  £  :ld-producing  coils  is  determined  by  all  of  the  following  factors; 
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1. 

The 

2. 

The 

3. 

The 

4. 

The 

5. 

The 

voltages  of  the  power  sources 

internal  impedances  of  the  power  sources 

electrical  properties  of  the  coil  system 

electrical  properties  of  the  plasma 

electrical  coupling  between  the  coils  and  the  plasma. 


In  this  discussion  4^  will  be  called  the  applied  flux:  the  flux  produced 
by  a  definite  system  of  currents  in  the  coils. 


The  equivalent  circuit  of  Figure  3-5  may  be  modified  to  include,  at 
lea*.'  on  a  formal  basis,  the  self-field  effects.  Figure  3-5  becomes 
mouified  to  Figure  3-9. 

Except  in  special  cases  the  computation  of  self-fields  is  very  difficult 
and  must  be  per^-'rmed  with  the  aid  of  Eq.  (3.  2).  The  self-fields  lead 
to  the  skin-effec„  and  to  the  pinch-effect. 


Refer  to  Figure  3-9  and  consider  sinusoidal  excitation.  The  self-field 
effects  may  be  represented  by  an  equivalent  circuit  element  that  is  either 
an  inductor,  a  resistor,  a  capacitor,  or  a  combination  of  these  elements 
depending  on  the  relative  phase  between  #p  and  j^.  The  well-known  skin 
effect  is  resistive  in  character  if  it  occur  sin  a  collision-dominated  system. 
When  the  system  is  inertially  dominated  (ui/p  is  large)  a  skin-effect  can 
also  exist;  but  it  is  inductive  in  character,  since  is  in  phase  with  '^p- 

The  motion  of  a  reasonably  well-defined  plasma  torus  is  a  problem  of 
relative  simplicity  and  one  that  is  amenable  to  the  methods  presented 
here.  The  process  by  which  such  a  torus  is  formed  in  the  first  place 
is,  on  the  other  hand,  relatively  complicated  and  not  yet  fully  understood. 

Consider  a  torus  of  radius,  r,  whose  axis  of  symmetry  coincides  with 
the  s-axis  (like  the  torus  shown  in  Figure  3-4).  Let  the  torus  contain 
N®  electrons  and  have  a  minor  cross  section  of  A  units  of  area.  An  in¬ 
crement  of  A  will  be  denoted  by  dA.  Thus: 


N®  =  2rr  //  n^®  dA 


(3.  126) 


I 
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If  A  is  much  smaller  than  tr  the  self-flux,  fp,  will  be  very  nearly 
the  same  for  all  particles  in  the  torus;  and,  if  the  total  current  in  the 
torus  is  1^,  and  the  self-inductance  of  the  torus  is  Iw,  then: 

*p  *  L  //  jgdA  =  LIg  (3.127) 


For  a  torus,  L  is  approximately  equal  to  the  following; 

L,  =  |JL  r  I  In  -  2  I  (henry)  (3.  1  28) 

°  I  *7  A  * 

In  a  typical  experimental  situation  where  r  =  0.  05  meter  and  A  »  10~'^ 
square-meter,  the  value  of  L  is  0.1  5  microhenry. 

An  equation  for  the  total  current  flowing  in  the  torus  can  be  obtained 
by  integrating  £q.  (3.  98)  over  the  cross-sectional  area  of  the  torus,  A. 

If  it  is  assumed  that  varies  but  little  over  the  area  in  question  and 
that  the  minor  radius  is  small  compared  to  the  major  radius,  then  one 
obtains 


If 


2 

e 


.  2 
4v  r 


_N 

2 


e 


m 


D* 

c 

Dt 


2 

e 

2»rm 


dA 


(3.129) 


The  following  restricting  assumptions  will  be  made: 

1.  The  pinch  is  in  equilibrium  so  that  any  changes  in  currents  and 
self-fields  are  predominantly  due  to  the  motion  of  the  torus  (as 
a  whole)  in  the  applied  field. 

2.  The  mean  collision  time  for  the  average  electron  is  constant  over 
area,  A. 

3.  The  self-flux  is  nearly  constant  over  area,  A. 

Then,  with  the  aid  of  Eq.  (3.127)  one  finds  that 

DI  Di 

^  V -dT  "  o. ‘fl  =  --dT 
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{h«nry) 


(3.131) 


1.  Th«  ‘X3*'  of  tho  plasma  haa  been  increased  from  a  value  i/p  =  r 

to  a  value  (L  'f  ^()/Pt  ”  ^/Pt)  ‘’‘■ 

2.  For  large  values  of  the  effects  of  L  completely  override  the 
inertial  effects. 


In  accord  with  the  second  point  one  recognises  a  third  state  of  plasma: 
a  state  in  which  the  current  flow  is  governed  by  inductive  effects. 

Thus  one  can  distinguish 

1 .  Inertially  controlled  plasma 

2.  Inductively  controlled  plasma 

3.  Resistively  controlled  plasma 

From  Sq.  (3.  84)  one  determines  that 

(t  -  «K>">h 

‘a*  - 
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80T4«8e 


wher« 


«K>®>^ 


//  n^®  <K>*  dA 

IS  ^ 


(3.134) 


Similarily,  from  Eq.  (3.  35)  one  finds  that 


«P^> 

e 


^ (r^J  (‘c  -  ‘ 


The  energy  stored  in  i(  is  equal  to  1/2  ,  and  using  Eqs.  (3. 133) 

and  (3. 1  35)  one  finds  that 


I 


(3. 136) 


Thus,  the  energy  stored  in  is  equal  to  the  kinetic  energy  of  asimuthall 
motion  summed  over  al'.  tm  particles  in  the  torus.  | 

t; 

The  energy  storage  is  shared  between  the  flywheel  effect  of  inertia  and 
the  field  set  up  by  current  flow  in  the  inductance,  L.  r 

The  total  energy  sto  ‘ed  is 


1  (1,  *  L)  l/  = 


(3.137) 


where 


[*  -  «k: 

L  +  1 


(volt) 


(3. 1  38) 


It  will  be  shown  later  that  the  motion  of  the  torus  as  a  whole  can  be 
determined  from  V^,  and  that  is  the  inductive  potential  of  the  torus. 
In  Eq.  (3. 1  38)  has  been  written  in  such  a  way  that  it  is  expressed 
in  units  of  one  volt. 
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With  the  aid  of  the  equivalent  circuit  given  in  Figure  3-10,  an  equation 
can  be  derived  for  in  the  approximation  of  slow  flow.  The  derivation 
proceeds  exactly  as  before  and  one  finds 


I 


6 


i 

t 


^  sin  (cjt  -  6  + 
CO 


(3.139) 


where  is  the  amplitude  of  the  applied  flux,  and  a',  p*  are  the  same 

as  a  and  p  (see  Eq.  (3.  120)  and  (3.  121)),  except  they  contain  t  (1  +  L/t^) 
in  place  of  just  t. 


The  total  flux  acting  on  particles  near  the  center  of  the  pinch  is 
approximately  given  by 

*  (in  pinch)  =  (at  pinch)  r  (3.  140) 


With  the  aid  of  Eq.  (3,  1  27)  and  (3.  1  33)  one  finds 

#  (in  pinch)  =  - — ^-7-  $  (at  pinch)  +  «K>^>^  (3.140) 

J-i  T  i  c  t 

If  one  accepts,  for  the  present  time,  the  idea  that  is  the  potential 
that  determines  the  motion  of  the  torus  as  a  whole,  then  the  flux  contour 
corresponding  to  =  0  corresponds  to  the  equilibrium  line  of  the 
motion  of  the  torus  (if  the  motion  is  essentially  collisionless).  One 
can  substitute  into  Eq.  (3.  140)  the  value  for  «K>®>^  derived  from 
Eq.  (3.138),  and  the  following  interesting  equation  results: 


i  (in  pinch)  = 


L  +  <. 


f  ^  (at  pinch)  + 


L  +  f. 


i  (at  V-" 
c 


0)  (3.141) 


Notice  that  as  the  pinch  gets  stronger  (i.  e.  ,  as  L  gets  larger  and  larger 
compared  to  i^)  the  first  term  on  the  right-hand  side  goes  to  zero  and  one 
finds  that 


i  (in  pinch) 


*  (at  =  0);  as  ^ 
c 


eo 


(3.142) 


This  :  e'  alt  justifies  the  name  "trapped  flux" 


for  the  quantity  «K 


>®> 


L 
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Conoidcr  now  the 
to  rue: 

Vi  '  ^  (* 

The  moan  collision  time,  r,  can  be  written  as  follows: 


o 


where  c  is  the  fraction  ionined  and  F2  are  functions  of  the  mean  electron 
energy.  The  first  function,  F*,  describes  the  effects  .'•f  Coulomb  collisions 
between  electrons  and  ions  and  the  sec  *  ;  describes  the  effects  of  electron- 
neutral  collisions.  Singly  ionised  ions  are  assumed.  The  curves  plotted 
in  Figures  to  are  related  to  Fj  +  F^  by  a  constant  multipli¬ 
cative  factor.  Then: 


effective  time  constant  for  decay  of  current  in  the 


•^1 


(3.143) 


T  -  T  + - y 

4tr^ 


i-siiiL-  (f  fi-Ul  f  1  ' 
2  ells  Z\ 
r  m  n  •  ' 


(3.145) 


We  define  the  "critical"  number  of  electrons,  to  .-e  that  number 

for  which  =  L.  It  is  the  number  at  which  the  inductive  eff’^cts  become 
e<*ual  to  the  inertial  effects. 


I*  -  m 

crlt  ”  2 

e  h 


1.  5  X  10 


(3.146) 


Using  the  parameters  given  before  for  the  determination  of  L  (i.  e. , 
r  »  0.  05  meter,  etc),  the  critical  number  is  found  to  be 

N*"  ,  t  2.5X10^^  electrons/tortts  (3.147) 

CTlt 

One  can  aler  define  a  cr{*ical  density,  by  dividing 

2rrA,  the  voluine  tf  the  to:.;r.  This  quantity  appears  in  Eq.  (3. 145) 
since 
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-1 


T 


eff 


a  ZnrA 


crit 


*  -  + 
T 


T  (at  n  .J 
crit 


(3.148) 


Clearly,  if  N®  »  the  mean  time  for  decay  of  current  in  the  torus 

ie  governed  by  and  not  at  all  by  N®.  One  should  renr>ember  that,  no 

matter  what  the  value  of  r^££  collisions  are  still  taking  place  at  a  rate 
1/t.  However,  each  collision  results  in  a  decrease  in  current  and  there¬ 
fore,  in  the  self-field,  and  this  decrease  causes  an  induced  electric  field 
which  accelerates  electrons  and  tends  to  compensate. 

.4 

For  a  torus  0.  05  me.er  in  diameter  with  a  cross  section  of  10  square- 
meter  the  critical  density  is  8  x  10^^  electrons/cubic  meter.  This  corres¬ 
ponds  to  a  pressure  (referred  to  room  temperature)  of  0.  22  micron. 

For  mercury  vapor  at  an  electron  energy  of  1  8  ev,  the  corresponding 
collision  time,  as  obtained  form  Figure  3-6,  is  3.  3  microseconds. 

The  rate  of  Joule  heating  in  the  torus  is,  P^,  where 


2e  V 
’’eff 


L 


(3. 149) 


This  result  should  be  compared  to  the  eq”^tion  obtained  for  the  density 
of  Joule  heating  without  self-field  effects  {£q.  (3. 106)). 

3.  14  A  PASSIVE  ANALOG  FOR  PLASMA 


The  equivalent  electric  circuits  that  have  bee./  derived  suggest  tliiat  s 
two-dimensional  array  of  passive  circuit  elements  can  be  found  that  will 
serve  as  an  analog  for  plasma.  This  is,  in  fact,  the  case;  and  such  an 
analog  is  discussed  in  Appendix  C  of  this  report. 

However,  that  analog  uses  resistors  to  represent  the  inertial  effects 
of  the  plasma  (collisionless  effects)  and  capacitors  to  represent  the 
resistive  effects  (collxsicnal  effects).  In  order  to  demonstrate  the  con¬ 
nection  between  that  ^nal./g  and  the  equivalent  circuits  used  here  consider, 
Eq.  (3.93). 
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Assume  no  flow  and  integrate  over  time.  The  result  is 

+  0  /  je^*  '  - 

If  the  right 'hand  side  is  taken  to  represent  a  voltage,  then  the  equivalent 
circuit  shown  in  Figure  3-11  is  obtained.  This  demonstrates  the  connection. 


3. 15  COMPARISON  OF  PLASMA  ACCELERATORS 


The  purpose  of  this  section  is  to  compare  the  operation  of  several  types 
of  plasma  accelerators  insofar  as  the  magnetic  effects  are  concerned. 

The  comparison  will  be  restricted  to  the  slow-flow  approximation. 

It  is  assumed  that,  due  to  the  action  of  "hard  sphere"  and  charge- 
exchange  scattering,  ^the  heavy  particles  are  all  strongly  coupled  to 
each  other  so  that  <W  >  is  the  same  for  all  of  them.  Then  the  percentage 
mixture  of  ions,  electrons,  and  neutrals  is  constant.  Let  be  the 
fractional  content  of  heavy  particles  of  type  i,  x®  be  the  number  of 
electrons  per  heavy  particle  (either  ions  or  neutrals),  and  n^  be  the 
heavy  particle  density.  Then: 


( 


In  addition,  define 


Ex*  =  1 

(3.151) 

i 

V  i  i  e 

Z,  Z  X  =  X 

(3.152) 

i 

i  /  i 
n  =  n  /x 

O  Of 

(3.  153) 

<M>  H  2 


2]  M^  <W>‘ 


<W>  s 


<M> 


T  s  2]  x' t'  +  X®  T® 


(3.  154) 

(3.  155) 

(3.  156) 
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By  combining  a  series  of  equations  like  Eq.  (3.  76)  the  following 
equation  is  obtained: 


<M> 


D<W> 


e  2 
X  e 


Dt 


lim 


8r"m  S'-^SL 


2 

^  -  <K(S't)>®^ 


2*1 


-k^-5 - S—  (3.157) 


n. 


The  first  term  on  the  right-hand  side  can  be  evaluated,  in  the  s low-flow 
approximation,  by  using  the  result  expressed  by  Eq.  (3. 123).  Since  the 
flow  is  assumed  to  be  slow  enough  so  that  the  plasma  experiences  small 
changes  in  both  piiase  and  amplitude  of  the  field  in  one  collision  time, 
and  in  one  cycle  time,  one  can  time-average  the  result.  This  achieves 
a  great  simplification  without  harming  the  result  to  any  extent.  One 
finds 


1  cos  g  Icos  (a-3) 
^2  cos  p  [  2 


7  i  ^  -  sin  (a-p)  #  ^ 
so  o 


(3.158) 


where  a  and  p  are  given  by  Eq.  (3. 120)  and  (3. 121),  respectively. 


It  is  sufficiently  accurate  for  the  present  to  set  p  =  0.  In  addition  we 
limit  ourselves  to  changes  in  f  that  accord  with  a  field  traveling  in  the  +z 
direction  vdth  uniform  speed,  v£.  Then 


wht';re 


a  »  tan 


-1 


J_^ 

WT 


Li 


j _ 

<w  > 


z 


(3.159) 


(3.160) 
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The  first  term  on  the  right-hand  side  of  Eq.  (3. 159)  repreaeltJ  « 
radial  blow-out.  The  second  is  the  acceleration  due  to  magnet.*'  e-ifecta. 

It  is  interesting  to  evaluate  the  quantity  in  brackets  in  the  last  term  of 
Eq.  (3.  159)  for  various  cases.  The  results  are  shown  in  Table  Ill-l 
where,  for  the  sake  of  easy  comparison  has  been  taken  equal  to 

zero. 


TABLE  III-l 

VALUE  OF  BRACKETED  TERM  IW  EQ.  (3. 1  59) 


Type  of 
Plasma 

Uniphase  Field 
(v^— oo) 

Uniform  Traveling  Field 

Inertia  Ily 

^  «  a  2 

—  V  i 

Z  s  o 

2  2 

Dominated 
(WT  »  1) 

-=-  #  V  z 

V^T  O  3 

Coliisionally 
Dominated 
(wT  «  1) 

V » 2 

2  so 

V^T  O  S 

Mixed 

1  V  #  2 

1  a  2  „ 

-  ♦  V  Z 

(UJT  *  1) 

4  s  o 

m 

0 

> 

It  is  seen  from  Table  lll-l  that  the  changes  that  occur  with  changes  in 
uT  are  the  same  for  the  two  types  of  fields.  In  order  to  have  a  uniphase 
accelerator  with  the  same  magnetic  effects  as  a  traveling  field  accelerator, 
in  each  of  the  three  cases,  one  would  require 

2  2 

(traveling  field)  =  I 


Now  we  observe  that  ^  t  can  be  written  as  9  /\  ,  where  X  is 
the  characteristic  distance  over  which  i  decreases.  Then  Eq.  (3.  161) 
becomes 


*^(tra  'eiiiif  field) 


(uniphase) 


(3.  162) 
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This  equation  shows  that  traveling  field  and  uniphase  accelerators  may 
require  about  the  same  flux  when  %  is  large.  However,  when  t  is  small 
(collisionally  dominated  plasma)  the  traveling  field  type  of  accelerator  re¬ 
quires  much  less  flux  than  the  uniphase  type. 

These  results  depend  on  the  slow-flow  approximation.  One  require¬ 
ment  of  the  slow-flow  approximation  is  that  the  plasma  remain  in  the 
field  for  a  time  long  compared  to  1/w  ,  and  the  question  is:  How  can  this 
be  guaranteed? 

Equation  (3.  157)  can  be  rewritten  so  that  the  mass  that  appears  on  the 
left-hand  side  is  the  same  as  the  mass  that  ap;^ears  in  the  magnetic  term. 
This  mass  is^M>m  ,  and  it  is  the  effect.’.v?  n^ass  of  the  plasma  particles 
(insofar  as  magnetic  effects  are  concerned).  Xhe  plasma  will  remain  in 
the  field  for  a  time  long  compared  to  l/w  if 


(3.163) 


where  is  the  cyclotron  frequency  for  a  particle  of  mas8,>^M>m  . 

Nov;|  iv?t  us  consider  a  uniphase  system  (v^-*  «>).  Observe  that 
Eq.  (Ii.  15^)  can  be  written  as  follows: 

[s'-s''.(  )]t  = 

Specializing  this  to  the  case  fa)T»l  allows  one  to  write  Eq.  (3. 157) 
in  the  following  way: 


<M> 


D<W>  „P  ,  V8^“o^^ 


(3.165) 


where  V  is  the  effective  inductive  potential.  It  is  given  by: 

.2 


•V'/ 


(volt) 


(3.166) 
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The  use  of  V  is  valid  providing  wt»1  and  providing  the  condition 
expressed  by  Eq.  (3. 163)  is  satisfied.  It  is  not  necessary  to  satisfy  the 
condition 


<W>- 

- r - T<1  (3.167) 

9 

o 

Eq.  (3. 165)  might  be  further  simplified  by  assuming  an  adiabatic  rela¬ 
tion  between  n^  and  T  ,  but  this  will  not  be  done  here. 

3.16  HIGH-FREQUENCY  PLASMA  CONTAINMENT 

If  the  coil  system  is  chosen  correctly  (for  example:  a  mirror  geometry), 
and  is  excited  at  a  sufficiently  high  frequency,  then  plasma  containment 
results.  Assume: 

1 .  That  w  T  » 1 

2.  That  <^>  *  0 

3.  That  approximate  thermal  equilibrium  is  established. 

Then  Eq.  (3,  1  65)  yields  an  equation  for  the  particle  density.  It  is 


_eV*^/k|,T 

n  =  n  (0)  e’ 
o  o 


(3.  i  ^8} 


where  n  (0)  is  the  maximum  density  that  occurs.  This  equation,  or 
one  essentially  like  it  but  written  for.  the  electron  density  alone,  can  be 
used  in  the  equation  lu  (Eq-  (3.84)),  and  the  latter  can  be  inserted 

into  Eq.  (3.2).  A  nostl  near  equation  for  ♦  results;  which,  if  solved, 
gives  the  total  flux  pr.;.jcnt  (applied  flux  plus  self-flux). 

3.  1 7  MOTION  OF  A  PINCHED  PLASMA  TORUS 

The  flow  of  current  in  a  pinched  plasma  torus  was  considered  in 
Section  3, 1  3.  The  motion  of  such  a  torus,  as  a  whole,  will  be  con¬ 
sidered  here. 

If  Eq.  (3. 157)  is  integrated  over  the  cross  section.  A,  of  the  torus, 
and  if  use  is  made  of  Eq.  (3.  84),  then  one  finds  that 
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N 

—  <M> 


D<W> 

"15t — 


f 

c 


dA 


*7  ^ 


-  2#k^  jfjr  Vb  I  n^xj  dA  (3,169) 

where  N  ie  the  total  number  of  heavy  particles  in  the  torus,  is  the 
•  elf  flux,  and  1.  i«  the  total  current.  It  has  been  assumed  that  r  has 
the  same  value  tor  all  the  particles  and  that  t  (the  applied  flux)  varies 
but  little  over  the  area  A. 

Consider  the  term 

fH 

This  term  contains  a  contribution  to  the  pinch  forces  and  also  a  radial 
blow-out  force  (a  hoop  expansion  force).  The  situation  has  been  treated  by 
Linhart*  The  self-flux,  ,  consists  of  two  parts 

«  =  #*  +  #^  (3, 170) 

P  P  P 

The  contours  of  f p  ««  symmetric  circles  around  the  current  of  the 
torus,  and  the  corresponding  magnetic  field  is  of  the  Bennett  type.” 

This  field  is  responsible  for  the  pinch  forces. 
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On  the  other  hand,  the  contour*  of  fp  are  parallel  to  the  z-axis  (at 
least  for  positions  near  the  torus),  and  the  corresponding  field^^  a 
uniform  one.  In  the  notation  used  here,  the  results  of  Linhart  are: 

^s*p=T^s^ 

where  L  is  the  inductance  of  the  torus  (see  Eq.  (3.  128)). 

In  order  that  the  pinch  be  stable  the  pinch  forces  and  the  pressure 
forces  must  be  balanced.  Therefore 


2 

r 


j  V  ***) 
■'e^'s  p' 


dA  =  2rk. 

D 


V  (n  T)  dA 

s  o 


(3.172) 


If  T  is  assumed  to  be  constant  over  the  area  A  (a  good  assumption 
only  when  the  pinch  is  very  strong)  then  Eq.  (3.  172)  yields  the  result 


1 


2 

e 


(3.173) 


This  equation  is  identical  (except  for  units)  to  the  well-known  pinch 
equation  stated,  for  example,  by  Spitzer.^^ 

Once  the  pinch  is  established  and  is  quasi-stable,  the  temperatur;; 
changes  are  due  to  Joule  heating.  An  expression  for  the  Joule  heating,  . 
has  been  given  in  Eq.  (3. 149)  and  one  can  use  this  to  write  that 


I 


2 

0 


N 

o 

Pt 


%  dt 


(3.174) 


where  is  the  resistance  of  the  torus. 

Equations  (3. 173)  and  (3. 1  74)  can  be  combined,  and  the  result  can  be 
expressed  in  terms  of  quantities  already  defined.  The  result  is: 


dT  T 
dt  ^  t' 


(3.175) 
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where  t"  is  a  characteristic  heating  time.  It  is  given  by: 


t"=  T 


(3.176) 


where  t  is  the  mean  collision  time,  N*  is  the  number  of  electrons  in 
the  torus,  and  is  the  critical  number  of  electrons  (see  Eq.  (3.147)). 

If  is  much  larger  than  the  critical  number,  and  if  the  collision 
processes  are  dominated  by  Coulomb  collisions,  then  it  is  found  that 


t"  nc a 


(3.  177) 


and  that  t"  is  independent  of  ,  che  election  density  in  the  torus. 

Now,  if  we  assume  the  validity  of  Eq.  (3. 172),  and  if  use  is  made  of 
Eq.  (3. 1 71)  and  of  the  intrinsic  inductance,  ,  then  Eq.  (3.169) 
becomes 


N  <M> 
o 


D<W> 


*6^,  *c 


(3.  178) 


-'f  " 
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When  a  pinch  is  well  formed  (a  strong  piiich)  the  current  flow  is  near 
the  skin  of  the  torus.  Consequently 


1 

2Jrr 


dA  < 


N 


(3.  179) 


However,  when  the  pinch  is  well  formed  the  last  term  in  Eq.  (3.  178) 
is  more  important  than  the  next-to-last  term.  Therefore,  little  error 
is  made  by  assuming  Eq.  (3.179)  to  be  an  equality.  Then  Eq.  (3.178) 
becomes 


N  <M>  =  -  eV  (3.180) 

o  Dt  s 

where  is  the  inductive  potential  that  describes  the  motion  of  the  torus 
as  a  whole 


e  L' 

-  «K>  > 


L  +  f. 


(volt) 


(3.  181) 


In  deriving  this  result  Eq.  (3.133)  has  been  used.  This  result  is 
identical  to  Elq.  (3.138),  and  it  justifies  the  statements,  made  earlier, 
about  V^. 

If  is  not  an  explicit  function  of  time  then 
N  <M>  _  ^  T 

-2- -  <W>  .  <W>  +  =  constant  of  motion  (3.182) 

Ze 

and  the  flux  necessary  to  achieve  a  given  value  of  <W  >  can  be  computed. 

For  a  uniform  traveling  field  $  is  independent  of  time  in  the  moving 
reference  frame  of  the  field  and  will  be  approximately  time  indepen¬ 
dent  if  the  change  of  «K>®>^  with  collisions  is  slow  enough. 

The  tendency  of  a  torus  to  expand  radially  is  contained  in  V^. 
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cc  -L  (if  «  L) 
r 


(3.  183) 


oc  i-  (if  i  »  L) 
r  t 


(3.  184) 


From  this  it  is  seen  that  the  tendency  toward  radial  blow-out  changes 
as  a  pinch  forms 

The  motion  of  a  single  charged  particle  in  the  pinch  can  be  investigated 
with  the  aid  of  the  equations  that  have  been  developed.  The  work  is  not 
yet  complete,  and  no  detail  will  be  given  here. 

3.  18  CONCLUDING  REMARKS 


The  chance  of  being  able  to  form  a  pinched  torus  in  a  traveling-field 
accelerator  is  enhanced  by  using  a  plasma  of  high  atomic  number.  This 
can  be  proved  with  the  aid  of  the  pinch  equation.  The  pinch  forces  vary 
like  but  it  has  been  shown  that  is  equal  to  2e  V^/(L  +  .^).  Now, 

in  the  frame  of  reference  of  the  moving  field  eV^  +1/2  <M  >  is  an 
approximate  constant  of  the  motion,  so  the  maximum  value  of  experi¬ 
enced  by  the  torus,  must  be  equal  to  the  value  1/2  <M>  Vf^,  where  V£  is 
the  speed  of  travel  of  the  field.  At  this  maximum  value  the  torus  reaches 
a  l  iming  point  of  its  motion.  Combining  these  ideas  leads  to  the  following 
condition  for  pinch  formation: 


<M>  V 


2  >ik  (,  .  4-) 


(3.  185) 


Now  L  is  proportional  to  PQr  so  this  term  is  essentially  constant, 
depending  on  r  only  logarithmically.  It  has  also  been  shown  that  i^/L 
is  proportional  to  N^^f^/N^  and  that  T  increases  exponentially.  Eq.  (3.  185) 
states  that  the  chances  of  pinching  are  improved  if: 

1 .  <M  >  is  large 

2.  N«  >  N|rt, 
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4. 


DESIGN  OF  A  CW  ACCELERATOR 


This  section  deals  with  the  experimental  aspects  of  traveling-wave 
plasma  acceleration  with  a  CW  device.  Section  4,  1  is  concerned  with 
the  design  of  the  traveling  wave  field  and  discusses  qualitatively  the 
type  of  acceleration  process  expected.  Section  4.  Z  deals  with  the  actual 
production  of  this  field  and  indicates  the  main  problems  encountered  and 
their  solution. 

4.  1  MAGNETIC  FIELD  DESIGN 

The  objective  of  this  section  is  to  describe  the  design  of  a  traveling- 
wave  field  with  the  following  two  major  properties: 

1 .  The  radius  of  radial  stability  of  the  inductive  potential,  lies 

in  the  annular  accelerating  region  of  the  field. 

2.  The  field  shape  is  correct  to  oppose  the  tendancy  for  radial  blow¬ 
out  of  a  plasma  torus  discussed  at  the  end  of  Section  3. 

Many  field  configurations  resulting  from  a  variety  of  coil-and-ferrite 
combinations  were  calculated.  Only  the  result  of  those  trials  will  be 
given. 

4.  1.  1  The  Magnetic  Field  of  the  Mark  II 

The  magnetic  field  of  the  Mark  II  is  derived  assuming  complete  cylin¬ 
drical  symmetry  and  a  current  system  that  is  infinite  in  the  cylindrical- 
coordinate  z -direction. 

We  write  the  current  density,  j  :  I 

j  =  0  j(r)  sin  (ojt - z)  .  (4.  1) 

'"f 

This  represents  a  wave  traveling  in  the  +z-diroction  with  a  speed,  v£. 
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With  this  current  the  magnetic  field  components  will  be  Bj.  and  bjj, 
and  there  is  an  induced  electric  field  E^.  These  are  derivable  from  a 
vector  potential  A  given  by: 

A  =  0  R(r)  sin  {wt  -  ^  z)  (4.  2) 


since 


B 


curl  A;  and  E  = 


8A 

at 


(4.  3) 


This  form  for  A  is  justified  later  by  showing  that  the  fields  derived 
from  it  satisfy  all  relevant  boundary  conditions. 

From  Eq.  (4.  2)  and  (4.  3)  one  obtains 

B  =  —  R(r)  cos  w  (t  -  — )  (4.4) 

r  v^  Vj 

B  =  7  (*■  R(r))  ain  w  (t  -  — )  (4,  5) 

z  r  or  v^ 

E  =  -  uj  R(r)  cos  u»  (t  -  — )  =  -  V  B  (4.  6) 

B  V,  1  r 


The  fields  must  also  staisfy: 

curl^=r+‘|r  (4.7) 

where  we  assume  only  homogeneous  media  of  permeability,  p,  and  dielectric 
constant,  < . 

Substituting  Eq.  (4.  4),  (4.  5)  and  (4.  6)  into  Eq.  (4.  7)  one  finds 

-^7^(rR)  +  {^)  R +  pj(r)  -  R  =  0  (4.8) 
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and  collecting  terms 


Now 


a^R  2  £R 


(l"fi«v^^)  +  -y  R  =  ^lj(^) 


(4.  9) 


o  o 


where  c  is  the  speed  of  light. 

If  we  let  p  be  as  high  as  1  000  p^,  and  let  «  -  t  ^  and  S  5  X  1  o'* 
meters/sec,  then 


o 


€ 

O 


3X10 


so  this  "radiation"  term  can  always  be  neglected  in  our  case  (where 
Vf/C  «  1). 


Finally: 


a^R  ,  1  aR 

„  2  r  a  r 
a  r 


Pj(‘) 


(4.  10) 


The  situations  of  interest  are  ones  for  which  the  driving  currents  can 
be  considered  as  sheet  currents,  so  j{r)  is  a  series  of  6-functions. 

Eq.  (4.  10)  will  be  solved  using  the  homogeneous  equation  and  introducing 
j(r)  as  a  boundary  condition. 

With  this  the  solution  of  the  homogeneous  form  of  Eq.  (4.  10)  is: 

R(r)  =  AI^(p)  +  B  Kj{p)  (4.  11) 


where 


P 


CJ 

—  r 


(4.  12) 
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and  Ij  and  Kj  are  hyperbolic  Bessel  functions  of  order  one.  The  follow¬ 
ing  properties  are  of  interest*. 


^  p  i,(p)  =  p  yp) 

-i  p  K,(p)  =  -  p  KJp) 

and 

I  (p)  K  (p)  +  I  (p)  K  (p)  =  ^ 

1  o  o  1  p  j 

where  1^  and  Kq  are  hyperbolic  Bessel  functions  of  order  zero 
4-1  is  a  plot  of  these  four  functions. 

We  now  write  the  fields  in  terms  of  the  solution  Eq.  (4  1 1), 
Eq.  (4.13) 

B  =  —  I  AI,  +  BK,  1  cos  w  (t  -  -^) 

r  I  1  1 J  Vj 

~  ( AI  -  BK  I  sin  w  (t  -  -^) 

Vf  I  o  oj  Vj 

-w  I  AIj  4  BKj  I  cos  w  (t  -  ■^) 

The  magnetic  flux  t  defined  by: 

r 

♦(r,  z,  t)  =  Zs  J  r'B  (rj  z,  t)  dr' 

0  * 

is  given  by 

#  =  2»r  |aIj  +  BKjj  sin  w  (t  -  ~) 

*See  References  4  and  5  of  Appendix  N. 
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B  = 

z 


(4.  1  3) 


Figure 

using 


(4.14) 


(4.15) 


(4.16) 

I 


} 


Figure  4-1.  Plot  of  Zeroth-  and  First-  Order  Hyperbolic  Bessel  Functions 


We  now  specialize  to  a  particular  geometry.  It  will  be  convenient  to 
solve  the  problem  for  two  different  geometries  and  then  to  superimpose 
the  separate  solutions  to  obtain  the  final  solution. 


Figure  4-2  shows  the  first  geometry  to  which  Eq.  (4.  14)  is  applied. 


In  region  (2) 


r 


B 


1 

1 


COS  V 


sin  V 


(4.17) 


where  i/  s  <j  (t  -  ^)  and  the  superscript  refers  to  region  (2).  At 
p  =  ^  r^  =  Pj,  is  zero  because  of  the  assumption  p  =  •*>. 

Therefore; 


lo(Pj)  =  Ko(Pi)  (4.18) 

In  region  (3)  one  must  discard  the  1^  and  I^  parts  of  the  solution  as 
they  become  infinitely  large  as  r  becomes  large. 

Then,  in  region  (3) 


B 


B 


(3) 

(3) 


z 


(3) 


K 


B 


(3) 


J  cos  V 


K  cos  u 
o 


(4.19) 


At  the  boundary  between  regions  (2)  and  (3) 


and 


B 


(2) 


z 


z 


=  p  J  sin  V  I 
o  o 


(4.  20) 
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REGION  (3) 
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REGION  (2)  M  =  Mo 
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r  =  r, 
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Figure  4-2. 


Geometry  A 
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Using  these  boundary  conditions  and  Eq.  (4.  1  6)  one  arrives  finally  at 
the  flux  in  region  (2) 


2>r  ^  J 


"TTT  1^0  ^^1^  *^1  ^2^  ^2)  ^  ^ 


where 


I  (p)  K,(p> 

"  W 


(4.  22) 


We  now  consider  the  second  geometry  shown  in  Figure  4'-3. 

By  the  methods  used  in  solving  Eq.  (4.  10)  for  geometry  A,  one  arrives 
at  the  flux  in  region  (2)  for  geometry  B. 


(2)  ^o  -^i  *^1^^  ■  ^ 

#  =  p  sxn  M  -  ~  z  - 


(4.23) 


Note  that  the  current,  Jj^,  may  be  phase>shifted  with  respect  to  by 
an  amount,  f . 

We  now  superimpose  the  solutions  of  geometries  A  and  B;  and  the 
flux  in  region  (2),  which  is  to  be  the  plasma-accelerating  region,  is  given 
by: 


2s  p  J 


f"o  i  I  I 

J  J-  |p  y(p)  sin  (i/  -  f)  +  Xp  o(p)  sin  i/j  (4.24) 


where  a(p)  is  defined  by  Eq.  (4.  22) .  and 

Kip) 


(4.  25a) 
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Figure  4-3  Geometry  B 
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At  this  point  in  the  analyeis  it  ie  Apropos  to  list  some  of  the  values 
chosen  for  the  field  parameters. 

4 

1.  Field  velocity:  ~  ®  ^  meters /sec 

2.  Frequency:  ^  ~  ^  "  250,  000  cycles/sec 

There  is  a  certain  arbitrariness  about  both  choices  (1)  and  (2). 
The  field  velocity  is  quite  arbitrary  but  is  in  the  range  of  interest 
for  certain  applications.  The  frequency  is  not  quite  as  arbitrary. 
Frequencies  in  the  megacycle  range  offer  numerous  practical 
difficulties  when  operating  sensitive  diagnostic  instruments  in 
the  vicinity  of  high-frequency  fields.  Frequencies  below  50  kc 
demand  rather  bulky  electrical  equipment.  Choices  (1)  and  (2) 
taken  together  yield  a  wavelength  that  is  quite  reasonable  (0.  2 
meter).  In  practice  it  was  more  convenient  to  choose  a  wave¬ 
length  of  0.  225  meter  and  a  frequency  of  240  kc.  Therefore, 
the  field  elocity  in  the  device  is  5.  4  X  10  meters/sec. 

3.  The  Outer  Current  Radius,  -  0.  084  meter 

Since  the  region  between  the  two  currents  is  a  vacuum  channel, 
this  choice  allows  the  use  of  the  largest  standard  tubing  for  the 
outer  channel  wall  with  sufficient  space  for  cooling  purposes. 

4.  The  Inner  Current  Radius,  r^  r^  =  0.035  meter 

This  is  small  enough  to  give  a  reasonably  wide  channel  and 
large  enough  for  coil  winding  purposes. 

The  parameter,  X,  in  Eq.  (4.  24)  is  a  field-shaping  term,  and  it  is 
found  by  trial  that  a  value  of  1 . 32  yields  a  good  shape  for  the  field.  In 
addition  Eq.  (4.  25)  yields 


(4.26) 
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Putting  these  numbers  into  Eq.  (4.24)  we  get 

»  =  2,  0  X  lO’"^  [p  y(p)  sin  (i/  -  ^)  +  1.  32  p  Q(p)  sin  i/j  (4.  27) 

The  field-shaping  parameter  is  still  left  undetermined  as  is  the  phase 
shift  between  the  two  currents.  Computer  analysis  of  the  trajectory  of 
particles  in  magnetic  fields  led  to  the  conclusion  that  particles  are 
turned,  in  a  manner  described  closely  by  specular  reflection,  by  a 
critical  contour  of  the  inductive  potential,  V^.  That  is,  if  a  particle 
of  a  given  kinetic  energy  is  sent  into  a  stationary  field,  its  subsequent 
turn-around  and  ejection  can  be  described  by  saying  that  it  specularly 
reflected  off  the  potential  line  corresponding  to  its  initial  energy.  The 
value  of  0  was  chosen  as  40°,  since  the  field  shape  that  resulted  indi¬ 
cated  that  much  more  or  much  less  shift  would  lead  to  forces  driving 
the  plasma  toward  the  inner  wall  or  the  outer  wall,  respectively. 

With  this  choice  the  field  shape  in  the  channel  is  determined,  and  the 
field  is  as  shown  in  Figure  4-4, 

Except  for  the  zero  flux  line,  the  labeling  of  the  flux  lines  is  arbitrary, 
their  actual  values  depending  on  the  coil  current. 

Figure  4-5  is  a  plot  of  the  single  particle  inductive  potentials  corres¬ 
ponding  to  the  flux  plot  of  Figure  4-4.  The  potential  is  in  arbitrary  units. 
The  parameter  that  varies  from  one  plot  to  another  is  the  "trapped  flux" 
parameter,  K(see  Section  3). 

Figure  4-6  is  a  flux  plot  done  on  the  analog  computer  (see  Appendix  C). 
The  flux  units  are  on  an  arbitrary  scale.  The  real-space  ordinate  is  in 
centimeters.  The  auxiliary  ordinate  is  connected  with  the  operation  of  the 
computer.  This  figure  illustrates  the  fringing  field  of  the  accelerator. 

(The  fringing  field  is  not  described  by  the  equations  that  have  been  pre¬ 
sented  already. ) 

In  the  analytical  derivation  of  the  flux,  certain  ideal  conditions  were 
assum  ed. 

1.  Fields  extending  radially  to  infinity 

2.  Ferrite  of  p  = 

3.  Ferrite  region  extending  to  the  axis  of  symmetry. 
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Figxire  4-4.  Calcul&ted  Magnetic  Field  Pattern  of  Accelerator 


Figure  4-5.  Plot  of  Inductive  Potentials  for  Various  Values  of  K 
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Figure  4-6  Analog  Flux  Plot,  Mark  11 


In  the  device  itself  these  assumptions  are  not  met.  (See  Appendix  H 
for  detailed  description.  ) 

1.  The  fields  are  cutoff  in  the  radial  direction  by  a  metal  enclosure. 

2.  The  ferrite  has  a  finite p. 

3.  There  is  a  hole  down  the  center  of  the  ferrite  to  provide  a  cooling 
channel. 


To  estimate  the  extent  of  these  conditions  we  consider  the  following 
geometry,  geometry  C  (Figure  4-7). 


Proceeding  exactly  as  before  one  arrives  at  the  radial  function  for 
this  geometry.  In  region  (2)  we  have 


=  p  J  r 
0  0  2 


I  (p  )  K  (p  )  r  I  (p)  K  (p)i 


where 


w  ■  I|(Pj) 


(4.29) 


4  =  1- 


P  -  1  Pj  I,(p,)  (p,) 


Il(Po»  ]■' 

■  'l  «=l' 


(4.  30) 


(4.  3  I) 


The  effect  of  the  outer  metal  shield  is  given  by  and  the  effect  of 

the  finite  permeability  and  the  void  of  the  ferrite  is  given  by  6  and  Cj^. 

These  various  corrections  are  discussed  below. 

1.  C  (The  Outer  Wall  Correction)  — plotted  against  t-^It2 
for  various  of  interest  (see  Figure  4-8).  It  can  be  seen  that 
values  of  between  2  and  3  are  needed  in  order  that  be 

within  a  percent  of  unity.  Notice  that  in  the  expression  for  the 
radial  function  that  the  role  of  is  a  scaling  factor,  i.  e.  ,  it  has 
the  effect  of  reducing  the  field  strength  everywhere  without  changing 
the  shape  of  the  field. 
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2. 


3. 


Cjj  (The  Hole  Correction)  —  is  plotted  against  r^/r^in  Figure 
4«9.  From  the  expression  for  t  it  can  be  seen  that  the  effect  of 
is  to  degenerate  the  permeability  of  the  ferrite,  and  thus  the 
effect  of  the  hole  can  be  compensated  for  by  using  a  ferrite  of 
slightly  higher  permeability.  The  expression  for  shows  that 
it  depends  not  only  on  the  hole  size  but  also  on  the  outer  radius  of 
the  ferrite.  However  it  is  found  that  over  the  range  =  0.  6  to 
Pj  =  0.9,  depends  mostly  on  r^/r^.  It  is  felt  that  rg/r^should 

be  kept  smaller  that  about  0.  4  in  order  to  minimize  its  effect  on 
the  ferrite. 


6  (The  Ferrite  Correction)  —  In  Figure  4-  10,  ~ — ^ 

plotted  against  pj.  Notice  that  in  the  expression  for  The  radial 
function,  ^  affects  only  the  second  term  and  thus  is  not  a  simple 
scaling  factor  but  tends  to  distort  the  function.  Since  the  properties 
of  the  ferrites  are  temperature-sensitive,  the  value  of  5  must  be 
close  to  unity  to  minimize  this  distortion. 


It  has  been  found  possible  to  design  the  Mark  II  so  as  to  avoid  the 
above-cited  effects  to  a  good  approximation.  In  what  follows  we  assume 
all  three  corrections  are  negligible. 

4.  1 . 2  Acceleration  Process 


There  are  still  several  parameters  of  the  device  that  have  not  been 
discussed,  namely 

1 .  Type  of  gas 

2.  Number  of  wavelengths  along  the  accelerator 

3.  Mass  flow  rate 

4.  Power  level 

5.  Coil  currents. 


These  choices  are  intimately  connected  with  the  expected  behavior  of 
the  plasma  in  the  field. 

Consider  the  neutral  gas  introduced  at  some  point  in  the  traveling 
field.  The  field  sweeps  through  the  gas,  and, in  the  laboratory  frame* 
there  is  an  induced  electric  field,  Any  electrons  present  will  be 

accelerated,  and  the  ionization  of  the  gas  will  increase;  the  rate  depending 
onE^,  the  density,  recombination,  etc.  The  heavy  positive  ions  will  lag. 
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and,  as  the  gas  will  tend  to  be  neutral,  there  will  be  a  local  buildup  of 
electron  current  and  positive  ion  density. 

This  current  will  tend  to  be  destroyed  by  Joule  heating,  but  the  Coulomb 
cross  section  falls  rapidly  with  increasing  energy;  so  if  the  electron  energy 
builds  up  fast  enough,  the  current  will  be  increased.  At  a  certain  point  in 
the  current  buildup,  the  pinch  forces  will  develop  enough  to  form  a  plasma 
torus.  In  Section  3  it  is  shown  that,  over  a  period  of  time  less  than  the 
current  decay  time  due  to  heating,  the  motion  of  this  torus  can  be  described 
by  the  inductive  potential,  V  ,  and  we  are  interested  in  the  acceleration 
process  during  this  time  only.  In  order  to  discuss  the  subsequent  motion 
of  the  torus,  one  moves  into  the  frame  of  reference  of  the  field  so  that 
the  magnetic  field  appears  stationary,  and  the  motion  of  the  torus  is 
governed  by  energy  conservation;  i.  e. ,  the  sum  of  the  kinetic  energy 
of  the  torus  at  a  point  and  the  value  of  the  potential  at  that  point  is  a 
constant. 

With  this  picture  in  mind  the  initial  speed  of  the  torus  is  -V£;  i.  e.  ,  it 
appears  from  the  field  as  if  it  were  moving  backward  with  the  field  speed. 
Suppose,  for  simplicity,  that  the  torus  was  formed  near  the  zero  flux 
line  of  the  field  with  K  =  0.  Then  it  is  at  the  minimum  of  the  potential. 
Moving  backward,  it  loses  kinetic  energy  and,  provided  the  potential  is 
high  enough,  reaches  a  turning  point  and  reverses  its  motion.  When  it 
reaches  the  minimum  potential  again,it  will  have  its  initial  speed  but 
in  the  opposite  direction.  If  now  the  field  terminates, the  torus  will  exit 
at  this  speed,  which,  in  the  laboratory  frame,  is  twice  the  field  speed. 

This  effect  is  called  the  slingshot. 

This  type  of  process  is  clearly  transient  and  cannot  be  described  by 
the  slow-flow  analysis  of  Section  3.  It  is  recognized  that  the  picture  above 
is  highly  idealized,  and  the  rate  of  collisions  cannot  be  ignored.  Indeed 
the  slingshot  starts  with  a  collision-dominated  process.  Still  it  is  felt  that 
this  picture  provides  reasonable  criteria  for  choosing  the  parameters 
mentioned  at  the  beginning  of  this  discussion.  The  choices  that  were 
made  are: 

1.  Mercury  is  chosen  because  of  its  mass,  low  ionization  energy, 
and  ease  of  condensation.  This  latter  property  is  not  trivial  in 
view  of  the  mass  flow  rate  used. 

2.  One  wavelength  was  chosen,  because  more  would  not  be  of  any 
use  if  the  motion  is  as  pictured. 
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3.  The  mail*  flow  rate  is  calculated  as  follows: 

f  =  field  frequency  =  2.  4  X  10^  cycles/sec  (chosen) 

i  -25 

M  =  mass  of  the  ion  =  3.  2  X  10  kg  (mercury) 

N  =  number  of  ions/toroid  =  4.  6  X  10^^  (chosen) 


Then 

M  =  mass  flow  rate  =  N  2f  =  7  X  10  ^  kg/sec  S  0.  4  gm/min 

The  factor  of  2  is  used  because  a  toroid  should  be  formed  every 
time  a  potential  minimum  appears,  and  this  occurs  twice  every 
cycle  of  the  field.  The  number  of  atoms  per  toroid,  N,  was 
chosen  by  calculating  the  critical  ntunber  of  ions  in  the  torus 
(see  Section  3)  which  is  a  lower  limit  for  inductive  behavior  of 
the  plasma  ('^  2,  5  X  10^^  ions)  and  multiplying  this  by  a  factor 
roughly  estimated  at  two. 

4.  The  power  level  is  now  determined  by  calculating  the  energy  per 
second  carried  off  by  the  plasma,  assuming  that  the  slingshot 
works.  This  is  2M  Vf  S  35  kw. 

3.  The  necessary  coil  current  is  estimated  by  setting  equal  to  the 
ion  energy  at  the  field  speed  (to  effect  the  turning  motion).  The 
ion  energy  is  2.  5  kev.  Since  is  related  to  the  flux  and  the 
inductance  of  the  toroid,  the  dimensions  of  the  toroid  must  be  estimated. 
Eq.  (4.27)  relates  f  to  J^.  In  the  particular  coil  design  chosen 
=  222  Iq,  where  is  the  current  in  the  coil  (J^  is  in  units  of 
amps /meter).  The  peak  value  of  is  70  amperes. 


4. 1. 3  Field  Measurements 


The  theory  of  the  measurement  of  the  magnetic  field  is  developed  in 
Appendix  F.  The  search  coil  used  in  the  Mark  II  is  shown  in  Figure  4-11. 
It  is  comprised  of  a  set  of  twelve  fixed,  coaxial,  coplanar  single -strand 
copper  wires  embedded  in  plexiglass,  the  wires  being  spaced  one  milli¬ 
meter  apart.  The  wires  span  almost  the  entire  radial  width  of  the  channel. 
The  second  ring  fixed  to  the  search  coil  acts  as  an  aligning  guide.  The 
ruler  is  marked  off  in  steps  of  0.  5  centimeter,  and  a  fiducial  mark  is 
fixed  to  the  channel  to  allow  known  steps  along  the  direction  of  the 
channel  (z -direction). 


144 


Figure  4-11 


Search  Coil 


To  make  a  field  map,  the  outer  coil  currents  are  set  to  have  equal 
amplitudes  {±5  percent)  and  correct  i^se  (±  three  electrical  degrees). 
The  inner  coil  currents  are  then  automatically  correct  (see  Section  4.  2.  3) 
The  search  coil  is  positioned  in  the  channel  at  a  given  s  coordinate,  and 
a  wire  is  chosen.  (This  determines  the  r-coordinate.  )  The  induced 
voltage  in  the  wire  is  determined  on  an  oscillogram,  the  oscilloscope 
being  triggered  from  the  master  oscillator  which  controls  the  main  coil 
currents.  Time  is  measured  from  the  start  of  the  trace,  so  the  oscillo¬ 
gram  shows  the  induced  voltage  at  a  particular  point  from  time,  t  =  0, 
to  the  end  of  the  trace  (usually  one  full  cycle  of  the  field).  Particular 
care  must  be  taken  that  the  oscilloscope  trigger,  sweep,  and  gain  con¬ 
trols  remain  the  r/ame  throughout  the  entire  run.  A  field  plot  for  two 
different  times  it  shown  in  Figure  4>12.  To  make  this  plot,  a  set  of  8o 
oscillograms  wa.i  taken.  We  chose  a  particular  time  and  measured 
voltages,  markit  g  these  down  as  a  field  of  numbers  on  an  r-z  diagram. 
£lqual  voltage  coi  tours  were  then  traced  out,  interpolating  between 
measured  points.  Some  of  the  excursions  of  the  contour  lines  are 
undoubtedly  due  to  a  combination  of  measuring  errors  and  the  use  of 
linear  interpolation. 

The  main  features  of  the  field  can  be  seen  in  Figure  4-12.  The  r 
scale  is  considerably  stretched;  the  correct  extent  in  real  space  is  noted 
on  the  left.  The  general  field  shape  is  what  would  be  expected,  but  the 
field  lines  do  not  have  the  correct  forward  tilt.  Further  tests  have 
shown  that  no  errors  were  made  in  wiring.  There  is  no  explanation 
for  this  effect  at  the  time  of  writing,  and  more  investigation  is  planned. 

4.  2  ELECTRICAL  DESIGN  OF  THE  MARK  U 

In  this  section  we  deal  with  the  circuit  problems  involved  in  the  pro¬ 
duction  of  the  traveling  wave  field  of  the  Mark  H. 

We  start  with  the  assumption  that  five  power  sources  are  available 
which  are  capable  of  polyphase  voltage  output  (see  Appendices  I  and  J 
for  details). 

4.2.1  The  Field  Coils 

The  ideal  polyphase  field  coil  has  an  infinite  number  of  phases.  The 
real  system  is  finite  in  axial  extent,  and  only  a  finite  number  of  electri¬ 
cal  phases  are  available.  A  block  diagram  of  the  coil  configuration  is 
shown  in  Figure  4-13. 
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Figure  4-12.  Flux  Plots 


Each  of  the  blocks  represents  one  coil  group  (see  Appendix  H  for 
details).  The  primed  and  unprimed  coil  groups  are  identical,  the  only 
effective  difference  being  that  they  are  connected  in  such  a  way  that  the 
magnetic  fields  are  180"  out  of  phase  but  have  the  same  amplitude. 

To  find  how  to  connect  the  coils  to  the  power  sources  one  writes  a 
coil  current  wave  moving  uniformly  in  the  +z  direction  (from  the  injec¬ 
tion  end  to  the  exit  end).  If  I  is  the  current  then 
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(4.  32) 


where  w  is  the  angular  frequency  of  excitation  and  X.  is  the  wavelength. 
The  speed  of  the  wave,  v^,  is  given  by 


The  speed  is  determined  solely  by  the  coil  geometry,  and  if  the 
coils  are  equally  spaced  the  speed  is  uniform  (neglecting  end  effects). 

To  avoid  any  confusion  the  point  is  made  here  that  this  has  no  relation 
to  a  delay  line.  The  speed  of  the  wave  if  forced  upon  the  system  and 
has  nothing  to  do  with  pulses  propagating  naturally  along  the  line  of  coils. 
The  current  is  to  be  thought  of  as  rising  simultaneously  in  all  the  turns  of 
a  given  coil  group. 

The  coils  are  located  at  axial  distances,  z„  =  ^  ;  n  =  0,  1,  .  .  10. 

The  current  wave  form  for  this  finite  array  is  given  by: 


(4.  33) 


This  is  the  desired  current  distribution,  and  we  may  write  it  in  vector 
notation  where  degrees  rather  than  radians  are  used: 
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The  second  equivalent  vector  has  been  written  because  it  is  expressed 
in  terms  of  phases  that  are  available.  This  vector  gives  the  prescribed 
hook-up  of  the  coils.  These  connections  are  shown  on  Figure  4-13.  For 
completeness,  the  connections  for  a  backward  traveling  wave  are  noted. 
Such  a  backward  traveling  wave  is  useful  in  certain  experiemental  tests. 


4.  2.  2  The  Coupling  Circuits 

Since  the  power  sources  are  Class-C-operated  amplifiers,  it  was 
clear  early  in  the  design  stage  that  the  coils  would  have  to  be  part  of 
fairly  high-Q  resonant  circuits.  This  is  the  usual  load  for  amplifiers 
operating  in  this  mode.  The  unusual  feature  is  the  polyphase  operation 
into  a  load  which  is  complicated  by  the  existence  of  mutual  inductances. 

It  is  implicit  in  the  meaning  of  a  smoothly  traveling  wave  produced  by 
a  polyphase  coil  system  that  the  coils  are  coupled  one  to  another  by  the 
field.  If  this  were  not  so,  and  the  coils  were  somehow  uncoupled,  the 
resulting  field  would  only  be  a  succession  of  separate  pulses.  The  in¬ 
herent  mutual  inductance  is  what  makes  tuning  of  the  resonant  coupling 
circuits  difficult.  The  tuning  problems  become  more  difficult  when  one 
considers  that  the  introduction  of  plasma,  considered  as  a  conducting 
medivun,  into  the  coil  system  will  tend  to  lower  the  circuit  inductances. 
This  latter  effect  has  been  mitigated  to  some  extent  in  the  circuit  network. 

4.  2.  3  Inner  Coil  Drive 


The  theoretical  design  of  the  accelerator  calls  for  two  sets  of  field 
coils:  an  outer  and  an  inner  set.  The  current  ratio  outer  to  inner  is 
5,  and  the  inner  coil  at  a  given  axial  position  is  phase -lagged  40*  with 
respect  to  the  outer  coil  at  the  same  axial  position.  As  will  be  shown. 
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it  is  easy  to  get  a  phase  lag  of  36*  electrically,  so  the  additional  lag  is 
obtained  by  mechanically  shifting  the  outei  coils  along  the  axis  of  sym¬ 
metry.  The  inner  coil  drive  is  obtained  from  the  outer  coils  by  trans¬ 
former  drive  as  shown  in  Figure  4-14.  The  transformers  are  discussed 
in  Appendix  K. 

The  notation  of  Figure  4-14  means,  for  example,  that  the  fourth  outer 
coil  (counted  from  the  injection  end)  drives  the'  third  inner  coil.  Five  of 
these  transformers  were  built. 

4.  2.  4  Electrical  Measurements 

With  this  coupling  method  for  the  inner  coils  the  accelerator  is  effec¬ 
tively  a  black  box  with  five  terminals  connected  to  five  power  sources, 
the  network  chosen  to  connect  the  accelerator  to  the  sunplies  is  in 
Appendix  L.  In  addition  large  inductances  (called  pad  inductances)  were 
connected  in  series  with  the  outer  coils.  It  is  these  pads  that  tend  to 
isolate  the  power  sources  from  the  effects  of  the  plasma,  since  fractional 
inductance  changes  of  the  circuits  due  to  the  plasma  are  minimized. 
Figure  4-15  shows  the  circuit  used. 

Figure  4-15  is  one  node  of  the  five-phase  version  of  the  circuit  an¬ 
alyzed  in  Appendix  L. 

The  inductance  matrix  of  this  network  was  measured  as  follows: 

1.  All  ring  capacitors  were  disconnected 

2.  All  the  resonating  capacitor  branches  were  opened  with  the 
exception  of  the  driver  circuit 

3.  The  driver  branch  was  excited  at  250  kc,  and  all  open-circuit 
voltages  at  the  other  nodes  were  measured. 

4.  The  self -inductances  of  all  branches  was  measured  by  resonating 
them  with  a  known  capacity,  C,  at  a  known  frequency,  u>^,  and 
using 

L  =  — ^  (4.  35) 

u>  C 
o 
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Figure  4-14.  Coupling  System  for  Inner  Coils 
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Figure  4>15.  Schematic  of  One  Node  of  Coupling  Circuit 


5.  Th«  mutual  inductances  were  calculated  from 


M 


(4.  36) 


where  is  the  induced  open>circuit  voltage  and  is  the  driving 
voltage.  M  was  taken  to  be  negative  if  the  two  voltages  were  180* 
out  of  phase. 

The  real  Q's  of  the  system  were  measured  by  using  the  half-voltage 
points  on  the  frequency  response  curve.  The  Q's  looking  into  the  nodes 
were  all  in  the  range  95  -  105.  The  real  resistances  are  derived 
from  the  Q  measurements  by 


The  inductance  matrix  so  derived  is  given  in  Figure  4-16.  The  units 
of  the  matrix  are  microhenrys. 

All  the  elements  of  the  matrix  were  measured,  and  the  matrix  was 
symmetrised  by  averaging  the  corresponding  off-diagonal  elements, 
since,  in  principle,  the  matrix  must  be  symmetrical.  The  larget  de¬ 
viation  from  the  mean  was  about  15  percent. 

As  shown  in  Appendix  L  the  "effective"  inductances,  /•,  and  the 
effective  resistances,  r^,  of  the  inductive  branches  must  be  calculated 
from  the  voltage-current  relation. 

(E)  =  (Ju»CM)  +[R)){I}  (4.38) 

where  {E}  and  {l}  are  the  node  voltage  and  inductive  branch  current 
vectors,  [  M]  is  the  inductance  matrix  and  [  R]  is  the  diagonal  real 
resistance  matrix. 

The  details  of  this  calculation  are  shown  in  Appendix  L. 
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Following  ia  Table  IV-1  which  gives  the  results  of  the  calculation. 


TABLE  IV-1 

VALUES  OF  EFFECTIVE  INDUCTANCE  AND 
EFFECTIVE  RESISTANCE 


Node 

i  (phy) 

r  (ohm) 

1 

96.  0 

0.  35 

2 

103.  0 

0.06 

3 

100.0 

10.8 

4 

100.0 

-7.6 

5 

102.0 

5.2 

Sum  =  8. 8  Ohms 

The  negative  effective  resistance  indicates  that  one  circuit  is 
receiving  energy  from  others  through  the  mutual  coupling.  Of  course 
the  sum  of  the  effective  resistances  is  the  total  real-ohmic  resistance 
of  the  network.  It  is  the  varied  signs  of  these  resistive  elements  that 
prevents  the  tuning  of  the  device  using  simpler  networks  than  the  one 
in  use. 

There  is  another  way  of  correcting  for  these  mutual  effects.  That  is 
to  interconnect  phases  via  transformers  so  that  the  mutually  induced 
voltages  are  just  canceled  by  the  voltages  introduced  by  the  transformers. 
Since  all  phases  interact  with  all  other  phases,  this  implies  the  use  of 
ten  transformers.  This  system  would  have  the  advantage  of  making  all 
phases  independent  of  the  other  phases  but  physically  it  requires  con¬ 
siderably  more  electrical  equipment. 

Figure  4-17  is  a  photograph  of  the  external  circuitry. 
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Following  it  Table  IV-l  which  gives  the  results  of  the  calculation. 


TABLE  iV-1 

VALUES  OF  EFFECTIVE  INDUCTANCE  AND 
EFFECTIVE  RESISTANCE 


Node 

i  (|ihy) 

r  (ohm) 

1 

96.  0 

0.35 

2 

103.  0 

0.06 

3 

100.  0 

10.8 

4 

100.  0 

-7.6 

5 

102.  0 

5.2 

Sum  =  8.8  ohms 

The  negative  effective  resistance  indicates  that  one  circuit  is 
receiving  energy  from  others  through  the  mutual  coupling.  Of  course 
the  sum  of  the  effective  resistances  is  the  total  real>ohmic  resistance 
of  the  network.  It  is  the  varied  signs  of  these  resistive  elements  that 
prevents  the  tuning  of  the  device  using  simpler  networks  than  the  one 
in  use. 

There  is  another  way  of  correcting  for  these  mutual  effects.  That  is 
to  interconnect  phases  via  transformers  so  that  the  mutually  induced 
voltages  are  just  canceled  by  the  voltages  introduced  by  the  transformers. 
Since  all  phases  interact  with  all  other  phases,  this  implies  the  use  of 
ten  transformers.  This  system  would  have  the  advantage  of  making  all 
phases  independent  of  the  other  phases  but  physically  it  requires  con¬ 
siderably  more  electrical  equipment. 

Figure  4-17  is  a  photograph  of  the  external  circuitry. 
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ELECTRICAL  TIMING  OF  THE  MARK  I  ACCELERATOR 


APPENDIX  A 

ELECTRICAL  TIMING  OF  THE  MARK  I  ACCELERATOR 


1.  INTRODUCTORY  REMARKS 

The  magnetic  field  of  the  Mark  I  accelerator  was  produced  by 
electrical  currents  in  a  series  of  one -turn  coils  which  surrounded  an 
evacuated  pyrex  tube.  The  plasma  was  formed  and  accelerated  in  the 
tube. 

Each  coil  was  connected,  through  a  spark-gap  switch,  to  a  high- 
voltage  energy-storage  capacitor.  Six  of  the  coil-capacitor  assemblies 
are  shown  in  Figure  A-1.  The  various  components  are: 

A.  Metal  hoop  surrounding  the  epoxy-  encapsulated  one -turn  coil. 
One  end  of  the  coil  is  connected  to  A.  The  hoop  carries  a  cop¬ 
per  tube  on  its  exterior  surface  through  which  a  cooling  fluid 
could  be  passed.  The  metal  hoops  were  designed  to  nest  into 
each  other  when  the  assemblies  were  mounted  on  the  accelera¬ 
tor  frame 

B.  Upper  section  of  a  7 -ohm  coaxial  transmission  line.  The  space 
between  the  inner  conductor  of  this  line  and  the  outer  conductor 
(B)  was  filled  with  epoxy 

C.  Flange  joining  the  upper  and  lower  parts  of  the  transmission 
line.  This  flange  allowed  the  assembly  to  be  separated  into 
two  parts 

D.  Hole  that  allowed  a  pulse  transformer  (not  shown)  to  be  connec¬ 
ted  to  the  center  electrode  of  the  three -element  spark-gap  switch 
located  in  the  center  conductor  of  the  transmission  line 

E.  Lower  section  of  the  7 -ohm  transmission  line  (also  epoxy 
insulated) 
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F.  Insulr^ted  bushing  surrr  undir.g  a  rod  that  connects  to  the  center 
nnauctor  of  the  transn- is sion  line.  This  rod  provides  the  means 
to*  charging  the  energy  storage  capacitor 

F.  Fncrgy  storage  capacitor.  T'Uc  brackets  on  the  capacitor  case 
allow  the  unit  to  be  solidly  attached  to  the  accelerator  fra’^ne. 

The  entire  outer  surface  of  ea'  h  assembly  was  connected  to  ground 
when  in  operation.  When  the  ^park-gap  switch  was  actuated  the  current 
passed  •rom  the  capacitor  to  the  c^-nter  conductor  of  E,  up  the  center 
conductor  tc  the  vicinity  of  the  flange  C,  across  the  spark  gap  to  the 
center  conductor  of  B,  through  the  narrow  neck  at  the  top  of  B  to  one 
end  of  the  coil,  through  the  coil  to  the  metal  hoop  A,  through  the  outer 
conductor  of  B  and  E  to  the  case  of  the  capacitor  G. 

A  detailed  account  of  the  current  flow  has  been  given  to  illustrate  the 
fact  that  the  system  is  as  well  shielded  as  possible  in  order  to  minimize 
radiation  of  energy.  In  spite  of  these  precau^^ions  the  interference  with 
electrical  instruments  was  severe. 

The  capacitors  were  discharged  in  a  carefully  selected  timing  sequence. 
The  entire  current  flow  sequence  was  concluded  in  about  14  microseconds. 
The  energy  stored  in  the  system  was  about  4800  joules,  so  the  peak  power 
level  during  the  discharge  exceeded  340  megawatts,  and  the  peak  flow  of 
current  in  some  of  the  coils  exceeded  120,000  amperes. 

The  spark-gap  firing  sequence  that  was  in  use  at  the  end  of  the  Mark  I 
experiments  is  shown  in  Table  A-1. 

The  first  column  shows  the  capacitor  numbers:  numbers  that  corre¬ 
sponded  to  position  in  the  sequence  and  also  to  the  physical  position  of 
the  corresponding  coils.  The  coil-to-coil  separation  was  one  inch,  so 
a  one-to-one  cc  'respondence  exists  between  capacitor  number  and  the 
position  of  that  coil.  The  second  column  gives  the  capacity  as  measured 
on  a  bridge  operating  at  one  kilocycle.  The  third  column  gives  the  time 
at  which  the  spark-gap  switches  were  fired.  The  fourth  column  gives 
the  measured  ringing  frequency  of  each  coil-capacitor  assembly.  The 
firing  sequence  was  determined  in  a  manner  described  in  the  main  text. 

2.  TIMING  PROBLEMS 

Satisfactory  operation  of  the  accelerator  was  not  achieved  until  the 
timing  of  the  coil  currents  was  determined  and  controlled  to  an  accuracy 


TABLE  A-l 

SPARK-GAP  FIRING  SEQUENCE 


Capacitor 

No. 

Capacity 

(pi) 

Firing  Time 

(mic  roseconds ) 

Measured  Ring!  .g 
Frequency 
(kc) 

1 

2.99 

0 

178 

2 

2.95 

1.41 

178 

3 

2.57 

2.  91 

192 

4 

2.  51 

3.  91 

194 

5 

1. 78 

4.  82 

220 

6 

1.54 

5.41 

228 

7 

1.47 

6.  09 

250 

8 

1.20 

6.  71 

286 

9 

1.  00 

7.  26 

314 

10 

0.  83 

7.  63 

330 

11 

0.  80 

7.  97 

334 

12 

0.  672 

8.41 

368 

13 

0.659 

8.  62 

370 

14 

0.600 

8.  95 

370 

15 

0,  532 

9.  27 

394 

16 

0.466 

9.  57 

416 

17 

0.451 

9.  84 

440 

18 

0.431 

10.  15 

460 

19 

0.408 

10.  42 

472 

of  about  ±0.  15  microseconc'.  This  accuracy  was  achieved  only  after  a 
rather  tedious  series  of  empirically  determined  improvements.  Serious 
difficulty  was  experienced  in  two  areas: 

1.  The  ti’.aing  circuits  themselves 

2.  The  spark-gap  switches 

These  problems  and  their  solutions  are  discussed  in  detail  in  the 
following  subsections. 

2.  1  THE  TIMING  CIRCUITS 

There  is  no  particular  problem  in  devising  a  circuit  that  will  supply 
a  series  of  sharp  pulses  corresponding  to  the  required  spark-gap  firing 
times:  four  or  five  circuit  schemes  come  quickly  to  mind.  Similarly 
there  is  no  particular  problem  in  constructing  the  circuits  so  that  they 
do  not  mutually  interact. 

However,  when  No.  1  spark  gap  fires  and  coil  current  begins  to  flow 
and  the  power  level  reaches  some  70  megawatts,  the  electrical  noise 
generated  in  any  and  all  electrical  equipment  in  the  vicinity  is  severe. 
This  noise  affects  the  timing  of  the  remaining  capacitors.  When  No,  2 
spark  gap  fires  the  noise  level  is  increased,  and  so  on.  Timing  circuits, 
therefore,  had  to  be  devised  that  were  unaffected  by  this  noise.  A  solu¬ 
tion  was  found  in  the  form  of  LC  ringing  circuits  for  timing,  with  inter¬ 
stage  coupling  elements  consisting  of  thyratrons. 

Hard-vacuum  tubes  were  used  in  the  overall  circuit  but  the  design 
was  such  that  their  functions  were  completed  prior  to  the  firing  of  No.  1 
spark  gap.  Subsequent  to  this  firing  the  only  active  elements  were  the 
LC  ringing  circuits,  the  coupling  thyratrons,  and  the  gap-triggering 
pulse  transformers.  Circuit  details  are  given  later. 

2,2  THE  SPARK  GAPS 

The  spark  gaps  were  cylindrical  aluminum  pieces  shaped  (in  cross 
section)  as  indicated  in  Figure  A-2.  They  were  three-element  gaps 
with  the  center  electrode  biased  to  one-half  the  total  gap  voltage.  The 
gaps  fired  spontaneously  at  about  33  kilovolts.  Normal  operation  of 
the  accelerator  employed  28-30  kilovolts.  The  bias  for  the  center  elec¬ 
trode  was  obtained  from  a  voltage  divider  as  shown  in  Figure  A-2.  The 
method  of  connecting  the  triggering  pulse  transformer  is  also  shown. 
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Figure  A-2.  Croes-Sectional  Sketch  of  One  Coil-Capacitor  Assembly 
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The  capacitors  were  charged  from  a  common  high-voltage  power 
supply,  each  being  connected  to  the  supply  through  a  thermionic  diode 
and  a  current -limiting  resistor  as  shown.  When  No.  1  spark-gap  was 
fired,  the  power  supply  voltage  was  changed.  The  thermionic  diodes 
acted  as  unidirectional  switches  to  prevent  the  other  stages  from  fol¬ 
lowing  this  change. 

No  particular  difficulty  was  experienced  from  the  choice  of  aluminum 
for  the  spark  gaps.  There  was  no  apparent  tendency  for  the  arc  to  seek 
out  a  preferred  spot  on  the  electrodes,  indeed,  the  arc  pits  seemed  to 
distribute  themselves  randomly  over  the  surface  of  the  electrodes. 

Figure  A-3  illustrates  a  problem  that  did  develop.  The  photograph 
shows  a  view  of  one  of  the  assemblies  as  seen  from  above  flange  C 
(refer  to  Figure  A-1)  looking  down  toward  the  center  conductor  of  the 
transmission  line  E.  One  of  the  three  spark-gap  elements  screws  into 
the  threaded  part  D  (refer  now  to  Figure  A-3).  A  ribbed  surface  of 
insulating  epoxy  is  shovim  as  C.  The  hole,  A,  allows  access  to  the 
pvilse  transformer  which  plugs  into  the  middle  electrode  of  the  spark- 
gap  (not  shown).  Flange  B  mates  with  the  coil-carrying  half  of  the 
assembly.  The  dark  colored  spots  in  the  vicinity  of  A  are  arc  pits.  The 
arc  had  jumped  the  gap  between  the  center  electrode  and  the  wall  of  the 
assembly  in  preference  to  jumping  over  its  proper  path;  even  though  the 
former  was  four  or  five  times  the  longer  path. 

After  some  study  the  difficulty  illustrated  in  Figure  A-3  was  explained 
and  corrected.  The  explanation  involved  the  flow  of  cooling  gas  that  was 
passed  over  the  spark-gap  assembly  to  prevent  unwanted  multiple -firing 
of  the  gaps.  Three  small  tubes  (shown  at  E  in  Figure  A-3)  squirted  a 
flow  of  dry  nitrogen  over  the  gap  electrodes.  This  flow  left  the  spark- 
gap  chamber  through  the  hole,  A.  The  pulse  transformer  lead,  which 
projected  through  A,  was  an  epoxy-insulated  cylinder  that  fitted  loosely 
into  A,  allowing  adequate  space  for  outflow  of  the  dry  nitrogen.  Each 
time  the  gap  was  fired  some  aluminam  vapor,  carried  along  by  the  gas 
flow,  was  deposited  on  the  epoxy  ini^ulation  of  the  pulse  transformer. 
After  a  time  the  deposition  (even  though  barely  visible  to  the  critical 
eye)  offered  a  path  of  lower  resistance  than  did  the  spark  gap,  and  the 
arc  traveled  directly  to  the  walls,  by-passing  the  coil.  This  behavior, 
even  if  it  occurred  on  only  one  coil  assembly  per  operation  of  the  sys¬ 
tem,  completely  destroyed  the  ability  of  the  accelerator  to  function 
properly. 
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Figure  A-3.  Interior  of  a  Spark  Gap  Chamber  Showing  Arc  Pits  on  the  Wall 
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Once  assembled  and  mounted  on  the  accelerator  frame,  the  spark- 
gap  chamber  was  not  available  to  visual  inspection.  Hence,  the  diffi¬ 
culty  was  not  discovered  at  an  early  time  and  it  seriously  affected  the 
experimental  progress.  It  was  finally  rectified  by  changing  the  direc¬ 
tion  and  outflow  path  of  the  cooling  gas. 

The  firing  of  the  gaps  can  be  monitored  by  a  simple,  insulated,  wire 
probe  hooked  over  the  pulse  transformer  lead  marked  P  (refer  to  Fig¬ 
ure  A-2).  Typical  oscillograms  of  the  signal  from  this  probe  are  shown 
in  Figure  A-4.  The  linear  ramp  is  the  output  of  the  pulse  transformer. 
The  sudden  end  of  the  ramp  indicates  that  the  gap  fired.  In  one  of  the 
three  traces  the  gap  is  seen  to  fire  earlier  than  in  the  others.  These 
variations  were  never  fully  explained,  but  they  were  observed  to  occur 
frequently  when  the  electrodes  were  new,  clean,  and  polished  but  only 
infrequently  after  the  electrodes  had  experienced  several  hundred  op¬ 
erations  with  the  full  capacitor  voltage  applied.  No  capacitor  voltage 
was  applied  in  Figure  A-4. 

Figure  A-5  shows  the  same  spark-gap  with  high  voltage  applied  to 
the  associated  energy-storage  capacitor  (and  with  the  oscilloscope 
polarity  reversed).  Each  trace  is  actually  a  superposition  of  three 
traces  in  order  to  measure  the  jitter  of  the  firing  time.  The  oscillo¬ 
grams  show  No.  2  spark  gap  with  No.  1  already  operating.  The  jitter 
is  seen  to  be  about  ±0.  1  microsecond,  and  the  time  of  actual  firing  is 
seen  to  be  quite  difficult  to  determine.  Nevertheless,  such  oscillo¬ 
grams,  taken  for  each  gap  of  the  machine,  had  to  be  used  to  determine 
whether  the  timing  was  correct. 

Tests  were  made  to  determine  whether  irradiation  with  ultraviolet 
light  could  stabilize  the  spark  gaps  and  reduce  the  firing  jitter.  A  sig¬ 
nificant  improvement  was  not  found. 

Toward  the  end  of  the  Mark  I  experiments  the  timing  jitter  seemed 
to  be  consistently  less  than  j;0.  07  microsecond  and  frequently  less  than 
±0.  03  microsecond. 

The  maximum  repetition  rate  of  the  firing  was  less  than  one  per 
minute. 

3.  THE  TIMING  AND  CONTROL  CIRCUITS 

A  schematic  diagram  of  the  major  timing  and  control  circuit  is 
shown  in  Figure  A-6.  The  circuit  uses  2D21  thyratrons.  The 
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Figure  A-4«  Oscillograms  Showing  Firing  of  Spark  Gaps 
(Ip  sec  per  Division,  20,  000  Volts  per  Division) 
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Figure  A>5.  Oscillograms  Showing  Firing  of  Spark  Gaps 
(With  Capacitor  High  Voltage  Applied) 
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adjustable  delay  generators  are  modified  multivibrators.  The  fixed 
delay  generators  are  LC  ringing  circuits.  The  action  of  the  circuit  is 
as  follows: 

1.  When  the  start  button  is  pushed  all  mechanical  camera  shutters 
are  opened,  the  upper  coincidence  circuit  is  armed,  and  the 
lower  one  is  partially  armed. 

2.  The  photodiode  signal  occurs  when  a  rotating  shutter  in  the  gas 
injector  is  aligned  with  certain  gas -conducting  channels.  This 
occurs  every  17  milliseconds.  Upon  receipt  of  the  first  photo¬ 
diode  signal  after  being  armed,  the  upper  coincidence  circuit 
actuates  a  sequence  of  events  leading  to  loading  of  the  gas  in¬ 
jector  of  the  accelerator.  This  sequence  takes  several  milli¬ 
seconds  and  when  completed,  a  second  arming  signal  is  passed 
to  the  lower  coincidence  circuit  to  complete  the  arming  of  the 
latter. 

3.  The  next  photodiode  signal  coincides  with  injection  of  gas  into 
the  accelerator  and  causes  the  lower  coincidence  circuit  to 
begin  the  coil-timing  sequence  and  also  causes  actuation  of  the 
timing  circuit  for  a  Kerr  cell  camera  shutter, 

4.  When  the  first  coil  fires  the  timing  circuit  for  the  second  is 
actuated  and  so  on. 

5.  The  firing  of  the  whole  set  of  coils  is  variable  with  respect  to  the 
Kerr  cell,  the  timing  of  the  latter  being  fixed. 

The  section  of  the  circuit  down  to  the  point  marked  (Figure  A-6) 
is  shown  in  detail  in  Figure  A-7.  The  section  between  and  ©  is 

shown  in  detail  in  Figure  .^-8  and  the  remainder  in  Figu?e  A-9. 

In  connection  with  Figure  A-9  it  is  to  be  noted  that  the  2D21  thyra- 
trons  in  the  coil-timing  series  draw  some  50  amperes  apiece  when  they 
operate.  This  is  five  times  larger  than  the  conventional  rating  of  these 
tubes,  but  they  nevertheless  operate  satisfactorily.  No  failure  ever 
occurred. 
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Figure  A-9,  Schematic  of  Trigger  Circuits 
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APPENDIX  B 

epoay  encapsulation  technique 


1.  DESCRIPTION  OF  THE  PROBLEM 

The  design  of  the  spark  gap  and  its  associated  pulse  transformer 
(Figure  B-1)  called  for  these  parts  to  be  encapsulated  in  an  epoxy  resin. 

In  order  to  maintain  proper  spacing  and  alignment  of  the  components 
and  to  achieve  the  desired  electrical  insulation,  it  was  necessary  to  use 
an  epoxy  having  the  fallowing  properties: 

1.  Low  shrinkage  without  internal  stress 

2.  Good  impact  resistance 

3.  No  breakdown  despite  100^  voltage  reversal 

After  some  investigation  of  commercial  epoxies,  a  product  (Scotchcast 
#235,  Minneapolis  Mining  and  Manufacturing)  was  found  that,  according 
to  the  manufacturers  claims,  had  the  desired  properties  and  also  had 
long  pot  life  and  low  viscosity  at  pouring  temperatures.  The  only  un¬ 
desirable  property  found  was  the  toxicity  of  the  fumes.  A  well-ventilated 
fume  cupboard  overcame  this  difficulty. 

This  epoxy  (Scotchcast  #235)  was  tested  by  potting  six  0.  025-inch 
spark  gaps  and  subjecting  them  to  sudden  voltage  changes  of  about  60  kv 
through  the  use  of  one  of  the  accelerator  stages.  All  six  gaps  passed 
these  tests  successfully. 

2.  THE  SOLUTION 

The  use  of  epoxy  required  special  techniques  to  avoid  the  presence 
of  trapped  gas  bubbles  that  seriously  affected  the  mechanical  and  elec¬ 
trical  properties.  A  technique  for  outgassing  the  epoxy  was  developed 
after  considerable  effort.  This  technique  involved  the  following  steps. 

1.  Mix  the  two-component  epoxy;  pump,  while  stirring,  to  a  hard 
vacuum  (about  10  microns)  for  a  period  of  at  least  one  hour. 


Figure  B>1.  Coil- Capacitor  Assembly 


During  the  pumping  period  the  temperature  of  the  epoxy  is  held  to 
about  80  C. 

2.  Preheat  the  mold  to  80  C. 

3.  Allow  the  epoxy  to  enter  the  mold  only  after  it  has  flowed  over  a 
large  area  that  exposes  as  much  surface  as  possible  to  the  vacuum. 

4.  Pour  into  the  mold  under  vacuum,  injecting  the  epoxy  from  the 
bottom  of  the  mold. 

The  following  components  were  potted  separately  by  the  above-cited 
procedure. 

1 .  Coils  (1 9  in  all) 

2.  One-half  of  each  transmission  line  (19  in  all) 

3.  One-half  of  the  transmission  line  potted  and  joined  with  epoxy  to 
the  storage  capacitor  (19  in  all) 

4.  Pulse  transformer  required  for  each  spark  gap  (19  in  all) 

The  apparatus  and  procedure  for  encapsulation  is  described  with  the 
aid  of  Figure  B-2,  which  shows  the  equipment  used.  Referring  to 
Figure  B-2,  the  epoxy  enters  through  the  preheated  copper  tube.  A, 
runs  into  the  baffled  trough,  B,  and  finally  into  the  plastic  tube,  C,  to 
the  bottom  of  the  mold.  The  lamp,  E,  provides  a  heat  source  to  maintain 
the  epoxy  temperature  as  it  runs  over  the  baffled  trough.  The  lamp,  E, 
is  an  extremely  important  part  of  the  apparatus  and  should  not  be  omitted. 
The  bell  jar,  F,  which  encloses  the  entire  assembly,  is  pumped  to  the 
best  vacuum  that  a  mechanical  pump  can  obtain.  When  the  mold  is  full, 
the  vacuum  is  broken  and  the  plastic  tube,  C,  is  tied  and  cut.  It  re¬ 
mains  on  the  mold  until  curing  is  complete.  The  coil  molds  proved  to 
present  the  most  serious  problems  because  of  the  narrow  neck  between 
the  coil  and  the  transmission  line  cylinder.  This  was  also  the  most 
critical  section  because  of  the  high  impact  loading  when  the  capacitor 
was  discharged  through  the  spark  gap  and  coil. 

Once  the  epoxy  technique  had  been  perfected  there  were  no  more 
failures  due  to  bubbles  in  the  molded  material. 
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This  technical  memorandum  presents  a  study  by  Alan  S.  Penfold,  made 
under  contract  AF  49(638)-759  for  the  Air  Force  Office  of  Scientific 
Research.  Its  distribution  provoked  an  extensive  interest,  as  reflected 
in  the  numerous  requests  received  for  the  document  or  for  information 
from  the  document;  therefore,  it  has  been  reprinted  in  technical  mem¬ 
orandum  form. 
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ABSTRACT 


A  description  of  the  motion  of  charged  particles  in  an  electromagnetic 
field  is  given.  The  method  can  be  applied  whenever  the  field  possesses 
a  certain  type  of  rotational  symmetry  about  one  axis.  A  cylindrical  co¬ 
ordinate  system  is  employed  and  the  radial,  axial,  and  circumferential 
motions  of  a  particle  are  shown  to  be  completely  describable  in  terms  of 
a  scalar  potential  of  position  and  time.  The  potential  also  depends  on 
the  initial  angular  momentum  of  the  particle  with  respect  to  the  axis  of 
symmetry.  One  of  the  advantages  of  the  description  is  that  it  allows  an 
easy  visualization  of  the  primary  features  of  the  motion.  When  applied 
to  a  magnetic  dipole  field,  the  method  is  found  to  yield  a  potential  which 
is  very  closely  related  to  one  which  has  already  been  used  by  Stormer. 
The  application  of  the  method  to  the  initial  phases  of  the  ionization  of  a 
tenuous  gas  is  discussed. 


I  INTRODUCTION 


It  will  be  shown  that  the  motion  of  a  charged  particle  in  an  electromag¬ 
netic  field  is,  under  certain  circumstances,  completely  described  by  a 
scalar  potential  which  depends  on  position  and  time,  and  also  on  the 
'launch”  conditions  of  the  particle.  This  potential  gives  rise  to  a  type  of 
electric  field  which  couples  directly  to  the  charge  of  the  particle.  The 
potential  applies  equally  well  to  static  or  to  time-dependent  fields  and 
the  latter  may  be  either  stationary  or  moving. 

Through  the  use  of  the  method  a  very  considerable  insight  into  the  be¬ 
havior  of  charged  particles  in  an  electromagnetic  field  can  be  achieved. 
Exact  solutions  to  the  equations  of  motion  are,  however,  no  easier  to 
obtain  by  this  method  than  by  other  methods. 

The  method  is  first  developed  and  certain  immediate  results  are  dis¬ 
cussed.  The  method  is  then  applied  to  motion  in  a  static  magnetic  field 
and  some  illustrative  examples  are  given.  Next,  the  method  is  applied 
to  motion  in  time -dependent  magnetic  fields  and  particular  attention  is 
paid  to  the  question  of  energy  transfer  from  simple  coil  arrays  to  a 
particle  moving  near  the  coils.  The  application  of  the  method  to  a  de¬ 
termination  of  the  initial  phases  in  the  electrical  breakdown  of  a  tenuous 
gas  is  discussed. 

The  MKS  system  of  units  is  employed  throughout. 

The  work  to  be  discussed  is  actually  a  generalization  of  some  results 
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which  have  already  been  obtained  by  Stormer  ’ 
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II  PRELIMINARY  CONSIDERATIONS 


Consider  a  cylindrical  co-ordinate  system  with  unit  vectors  r,  $,  z  and 
take  the  z-axis  as  an  axis  of  symmetry.  Suppose  an  electromagnetic 
field  pattern  which  is  described  by  a  vector  potential.  A,  and  a  scalar 
potential,  X.  These  potentials  are  assumed  to  have  the  following  form: 


A  =  9 A  (r,  z,  t) 

(la) 

X  =  X(r,  z,  t) 

(lb) 

From  these  potentials  and  the  equations  B  =  Curl  A, 

E  =  -  dA/at  -  7  X 

one  obtains  the  field  components 

(2a) 

(2b) 

E,(r,z,t)  = 

(2c) 

(2d) 

Eg(r,z,t)  =  - 

(2e) 

Equation  (2b)  can  be  integrated  from  r  =  0  to  r  =  r. 
B  (r  s  0)  is  finite,  is: 

The  result,  if 
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(3) 


The  above  equations  describe  the  field  which  will  be  employed  throughout. 
Aside  from  a  factor  of  2Jr  ,  the  quantity  ^  is  the  flux  which  passes  through 
a  circle  of  radius  r  at  position  z  and  time  t.  It  is  also  to  be  noted  that 
the  relationship, Div  A  =  O.holds. 
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Ill  PARTICLE  EQUA'riONS  OF  MOTION 


For  a  particle  of  charge  q  and  relativistic  mass  M, 


dP 

dt 


q 


V  X  B  + 


and  momentum  P 

(5) 


and  one  obtains  from  this  equation  the  component  equations  of  the  motion, 
which  are; 


dP 


P.B  +  rrT-  +  qE 
dt  M  0  z  Mr  ^  : 


•dT  =  ■  M  ^®r  + 

1  r-  •  1 

7-dr  = 


The  last  equation  was  derived  from  the  fact  that  rl^  = 
Substitution  of  equations  {Z)  into  equation  (6c)  results  in: 


(6a) 


(6b) 

(6c) 


dt 


(■7) 


The  quantity  in  the  square  brackets  in  equation  (7)  is  the  total  derivative 
of  rA  with  respect  to  time,  and  hence  the  equation  can  be  easily  integrated. 
Before  doing  this,  however,  use  is  made  of  equation  (3)  by  letting  <j>  =  rA; 
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then,  on  integrating  with  r^,  2^,  t^  as  the  initial  conditions,  one  obtains: 


P.  = 

e  r 


r  1^(0) 

♦  -  *(0)  -  — 


(8) 


In  the  above  equation  (r^,  *0*^0^  been  denoted  by  Pg(o);  and  similar 
meaning  is  implied  by  the  notation  4(c):  because  of  the  assumed  symmetry, 
the  initial  value  of  $  does  not  appear  ex^. licitly. 


Aside  from  a  factor  of  23r  ,  4  (r,  i, t )  is  the  flux  which  the  particle  "encloses" 
to  the  axis  of  symmetry.  Hence,  equation  (8)  gives  the  result  that  the 
change  in  the  angular  momentum  of  a  particle  is  proportional  to  the  change 
in  the  amount  of  flux  which  the  particle  "encloses.  "  Such  a  relationship 
for  static  fields  is  well-known  in  the  field  of  electron  optics  where  it  is 
sometimes  called  Busche'  s  theorem.  Equation  (8)  is  a  generalization  of 
this  theorem  to  include  time -dependent  fields. 


There  are  two  types  of  electric  fields  present:  an  "inductive"  field  arising 
from  the  vector  potential.  A;  and  a  "capacitive"  field  arising  from  the  scalar 
potential,  X.  It  is  interesting  that  neither  field  appears  explicitly  in  the 
equation  for  It  should  also  be  noted  that  the  equation  is  relativistically 
correct. 


Equation  (8)  is  applicable  to  measuring  the  operating  energy  of  a  betatron. 
In  such  an  application  the  momenta  in  the  r  and  z  directions  are  usually 
completely  negligible  and  so  P^io)  would  equal  the  momentum  of  the  <.'iec- 
trons  at  injection  and  Pg,  the  momentum  as  they  strike  the  X-ray  target. 
By  integrating  the  voltage  induced  in  two  turns  of  wire  4  a.nd  4(o)  can  be 
obtained;  one  having  the  same  radius  as  the  injector  filament,  and  the 
other  having  the  same  radius  as  the  tip  of  the  X-ray  target. 
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Equations  for  the  r  and  z  motions  of  the  particle  can  be  determined  by 
substituting  equation  (8)  into  equations  (6a)  and  (6b).  Before  presenting 
the  results,  a  scalar  potential,  V,  will  be  defined  because  with  this 


definition,  the  results  can  be  expressed  in  a  compact  and  useful  form, 


V  H 


2  M  r‘ 


—  U  -  ^(0)  -  -2-i - 


1  2 


(9) 


The  unit  of  V  is  the  volt  since  the  MKS  system  is  being  employed.  V  is 
unlike  the  usual  type  of  scalar  potential  in  that  it  depends  explicitly  on 
the  initial  angular  momentum  of  the  particle.  In  spite  of  this,  it  can  be 
regarded  as  a  real  potential  and  not  just  a  quantity  having  meaning  only 
at  the  coordinates  r,  z,  t  of  the  particle.  For  example,  it  will  be  seen 
that  -grad  V  is  a  type  of  electric  field  which  couples  to  the  particle 
through  its  charge,  q,  to  produce  motion  in  the  r  and  z  directions.  The 
equations  for  this  motion  are  derived  by  substituting  equation  (8)  into 
equations  (6a)  and  (6b)  to  obtain: 


dP  a  1 

_ r  _  _ 

dt  “  3r  1 

V  +  x) 

(10a) 

dP  a 

z  9 

dt  ”  9  92 

[v  +  x] 

(10b) 

Inasmuch  as  V  arises  from  the  interaction  of  a  charge  with  a  magnetic 
field  it  can  be  called  an  "inductive  potential.  "  Because  V  is  a  potential 
it  combines  additively  with  the  "capacitive  potential"  X. 


Consider  now  an  r  -  z  plane  on  which  is  drawn  a  Cartesian  coordinate 
system  with  unit  vectors  a^  and  a^.  The  momentum  of  the  particle  in 
this  system  is  denoted  by 

Q=aP+aP  (11) 

r  r  z  z 

This  r  -  z  plane  is  taken  to  coincide  exactly  with  the  plane  0  =  0  of  the 
original  cylindrical  coordinate  system,  and  it  will  be  called  tie  "plane 
of  projected  motion.  "  If  the  coordinates  of  a  particle  in  the  o-iginal 
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system  are  r,  d,  z  then  it  has  coordinates  r,  z  in  the  projected  system. 
Figure  1  shows  these  relations. 

Equations  (10)  can  be  combined  into  a  single  vector  equation  in  the  pro¬ 
jected  system. 


-^  =  -q  grad(V  +  X)  (12) 

The  momentum  perpendicular  to  Q  has  already  been  given  by  equation 
(8),  but  it  can  be  re -expressed  in  terms  of  V. 

|P0j=[2MqV]  (13) 

The  sign  of  can  be  determined  by  reference  to  equation  (8). 

A  relativistically  correct  equation  for  the  rate  of  change  of  the  total 
energy,  T,  can  easily  be  obtained.  If  c  is  the  velocity  of  light,  then; 

Through  the  use  of  equations  (12)  and  (13)  one  finds; 

...dT  ..  2f  1  8(VM)  .  8X  dX  ] 

T -gr  =  M,c  1 + -JT  - -ar )  (“) 

The  equations  just  presented  give  a  complete  description  for  the  motion 
of  a  charged  particle  in  the  electromagnetic  field.  In  order  to  get  a 
solution  for  the  motion  one  must  solve  equation  (12)  and  this  is  usually 
a  difficult  task.  However,  a  knowledge  of  V  and  X  allows  one  to  draw 
contours  of  constant  V  ‘f  X  on  a  projected  coordinate  system,  and  a  study 
of  these  contours  usually  gives  a  good  qualitative  picture  of  the  motion. 
Furthermore,  it  may  also  happen,  that  a  study  of  these  contours 
will  suggest  a  suitable  approximate  method  for  obtaining  a  quantitative 
knowledge  of  the  motion. 
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Figure  1.  Diagram  to  Define  the  Plane  of  Projected  Motion 


In  equation  (9),  which  defines  V,  the  sign  of  V  is  always  the  same  as  that  of 
the  charge  of  the  particle.  However,  in  equation  (12),  V  is  multiplied  by  q; 
thus  the  direction  of  the  force  which  V  exerts  on  a  particle  is  independent 
of  the  sign  of  q.  This  is  not  true  for  motion  in  the  d -direction,  however,  as 
can  be  seen  from  equation  (8). 

In  the  original  coordinate  system,  the  minimum  value  for  r  is  r  =  0,  which 
corresponds  with  the  axis  of  symmetry  of  the  fields.  In  the  newly -defined, 
projected  coordinate  system  r  can  assume  negative  values  as  well  as  pos¬ 
itive  ones.  This  situation  can  be  handled  in  a  very  simple  fashion  by  the 
definition 


V  (r,  z,t)  =  V(-r,  z,t) 


(16) 


which  will  be  true  if  the  defining  equation  for  ^  (equation  (3) )  is  changed  to: 

Ir| 

dr  r  (17) 

In  all  situations  of  practical  importance  the  magnetic  field,  B  is  finite 
on  the  axis  of  symmetry  and  so  <6/r“*0  as  r-*0.  The  net  result  of  this 
for  the  inductive  potential  is  either 


or 


V— 0  as  r  — 0 


(18) 


V— as  r-*-0 


(19) 


As  can  be  seen  from  equation  (9)  the  former  value  at  r  =  0  is  obtained 
only  if  |q^(o)  +  r^Pg(o)J  =  0  which  is  a  very  special  case.  It  is  only  for 
this  case,  furthermore,  that  the  definition  of  V  for  negative  values  of  r 
has  any  significance.  In  all  other  cases  the  pa^'ticle  can  never  pass 
through  r  a:  0  because,  for  it  to  do  so,  it  would  have  to  have  an  infinite 
energy. 
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The  capacitive  potential,  X,  has  been  included  in  the  formalism  largely 
for  reasons  of  completeness.  In  the  discussions  to  follow  X  will  frequently 
be  set  equal  to  zero  and  the  discussions  will  concern  the  inductive  potential 
only. 

The  relation  between  the  inductive  potential  and  the  vector  field  potential, 

A,  is  given  through  equations  (3)  and  (9). 
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IV  MOTION  IN  A  STATIC  FIELD 


In  the  following  discussions  X  is  set  equal  to  zero.  If,  in  addition,  A 
does  not  depend  on  time  {therefore  B  does  not  depend  on  time)  then  equa¬ 
tion  (15)  gives: 


dt 


0 


This  equation  expresses  the  well-known  result  that  the  energy  of  a  parti¬ 
cle  cannot  be  changed  by  a  static  magnetic  field. 


For  convenience  equation  (9)  defining  V  is  given  again: 


V  3 


2  Mr 


0  -  ^{o) 


^0^5 


(9) 


One  of  the  interesting  features  of  V  occurs  when  V  =  0;  this  happens  at 
all  values  of  r  and  z  for  which: 


^  =  constant  =  0(o)  + 


^o  ^9 

q 


The  zero  of  V  is  also  a  minimum  value  and  hence  V  has  the  form  of  a 
valley  and  the  floor  of  this  valley  (V  =  0)  exactly  follows  a  magnetic - 
field  line. 


The  maximum  value  of  V  that  can  be  reached  by  the  particle  occurs  when 
Q  is  zero  and  all  the  motion  is  in  the  0 -direction.  From  equation  (1  3), 
one  finds  V  max  to  be: 
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(20a) 


V 

max 


-  M 

Tf 


'c"  1 


o 


where  c  ie  the  velocity  of  light.  is  the  rest  mass  of  the  particle,  and 
T  is  the  total  energy.  If  the  energies  are  given  in  electron  volts  then 
the  factor  q  ^  can  be  dropped  and  is  given  in  volts.  If,  during  its 

motion  in  the  potential  valley,  the  particle  ever  reaches  such  a  value  of 
r  and  z  that  V  s  ^max  r  =  z  =  0  and  so  the  particle  is  at  a  turning 
point.  From  (13),  (14),  and  (20)  it  can  be  shown  that 

,  1/2 


2Mq(V 


max 


-  V) 


(20b) 


Since  the  contour  V  =  0  is  a  field  line,  and  since  div  B  =  0,  it  follov-s 
the  contour  closes  on  itself.  This  beha\'ior  is  illustrated  in  Figure  2. 


Figure  2  shows  a  sketch  of  V-contours  at.  they  appear  around  a  solenoid 
for  the  case  that  V  s  0  within  the  field  jsattern.  As  discussed  above,  the 
V  =  0  contour  closes  on  itself.  Somewhere  outside  the  coil  there  is  a 
contour.  V  *  V^,  which  has  a  shape  like  that  shown  in  Figure  2.  A 
particle  which  begins  its  motion  within  the  solenoid  will,  in  general, 
eventually  find  its  way  to  the  outside  region.  It  can  then  escape  from 
the  field  if  by  equation  (20) 


V  >  V 
max  o 


but  it  is  indefinitely  trapped  in  the  field  if: 


V  <  V 
max  o 


(21) 


(22) 


The  point  where  the  contour  V  s  crosses  itself  is  a  saddle  point. 
These  facts  are  made  clearer  by  a  study  of  Figure  3  which  shows  two 
cross  sections  of  the  potential  pattern.  Figure  3a  shows  the  cross 


14 


section  taken  along  the  line  BB'in  Figure  2.  Figure  3b  shows  a  cross 
section  taken  along  the  line  z  =  0  in  Figure  2, 

Beside  the  type  of  potential  pattern  shown  in  yi;,ure  2,  there  is  another 
which  can  be  obtained.  This  type  occurs  if  V  hc>.s  i  stationary  value  bu" 
no  zero.  A  stationary  value  of  V  occurs  if  there  is  a  point  in  the  field 
at  which  the  following  conditions  hold: 

,  ^  P/i 

r  B  =  0  -  ^(o) - - -  (23a) 

z  q  ' 

=  0  (23b) 

Figure  4  shows  a  sketch  of  a  potential  pattern  for  the  same  solenoid  as 
in  Figure  2,  but  for  the  condition  that  V  has  a  stationary  value  for  which 
V  ^  0.  The  stationary  point  is  seen  to  be  a  saddle  point,  and  also  it  is 
seen  that  particles  cannot  now  be  trapped  in  the  field. 

When  there  is  no  place  within  the  field  at  which  V  =  0  then,  by  equation 
(13),  there  is  no  place  at  which  Pg  =  0;  hence,  Pg  never  changes  sign. 

This  in  turn  means  that  the  particle  can  gyrate  about  the  axis  of  symmetry, 
but  it  can  never  gyrate  about  an  off-axis  field  line. 

The  various  types  of  potential  patterns  which  can  occur  for  the  solenoid 
of  Figure  2  are  listed  in  Table  I.  Although  there  are  only  two  basic  types, 
these  can  become  modified  by  the  presence  of  the  solenoid. 

The  potential  patterns  shown  in  Figures  2  and  4  resemble,  in  many  respects, 
the  patterns  which  obtain  for  the  field  of  a  magnetic  dipole  (e.  g.  the  earth' s 
field).  The  major  difference  is  that,  for  a  dipole,  there  is  no  "inside" 
region  -  that  is,  no  region  where  r<  There  is,  however,  the  possibi¬ 

lity  of  having  a  saddle  point  as  in  the  example  of  Figure  2  and,  hence,  there 
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it  the  poaeibility  of  having  particles  trapped  in  the  earth'  a  field.  In  such 
a  case  particles  can  hit  the  earth*  a  surface  at  positions  near  the  magnetic 

poles. 


For  a  dipole  of  strength  "a"  (i.  e.  the  magnetic  potential,  A^,  is 
ar/(r^  +  the  inductive  potential  is: 


V  = 


2  Mr' 


_ ar 

7  2  .  2.3/i 

(r  +  2  ) 


TT  TTTl 

(r  +  z  ) 

'  o  o' 


i2 


(24) 


It  is  easily  shown  that  this  potential  is  very  closely  related  to  that  which 
has  been  used  by  Stormer  and  others  ^  to  illustrate  the  orbits  of 
cosmic -ray  particles. 


The  inductive  potential,  drawn  for  the  earth' s  field,  makes  very  clear 
the  various  allowed  and  forbidden  regions  discussed  by  cosmic -ray 
physicists. 


As  another  example  of  particle  motion  in  a  static  magnetic  field,  a  uniform 
field  is  considered  in  the  z-direction  (B^  =  0)  with  z  =  0.  The  inductive 
potential  can  have  any  of  three  forms.  These  three  forms  along  with  the 
corresponding  particle  motions  are  shown  in  Figure  5.  The  three 
potential  forms  are  equivalent  to  the  three  major  divisions  shown  in 
Table  I.  In  each  of  Figures  5(a)  to  5(c)  the  radius  of  curvature  is  de¬ 
noted  by  the  symbol  P.  The  maximum  value  of  V  which  the  particle  can 
reach,  V  ,  is  given  by  equation  (20a).  The  magnetic  field  is  perpen- 
dicular  to  the  plane  of  the  paper  in  each  of  the  three  diagrams  of  the 
motion.  It  is  evident  from  Figure  5(a)  that  a  circle  drawn  about  r  =  0, 
whose  radius  is  equal  to  the  value  of  r  for  which  V  =  0,  does  not  pass 
through  the  center  of  curvature  of  the  motion. 

It  should  be  noted  that  there  was  nothing  in  the  development  leading  to 
the  inductive  potential  which  stated  that  ^(o)  could  not  be  equal  to  zero. 
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Figure  5.  Parti*,  le  Motion  in  a  Uniform  Magnetic  Field 


If  it  i«  so,  it  means  that  the  particle  is  outside  the  field  pattern  at  t  =  t^. 
Thus  the  inductive  potential  patterns  may  be  used  to  investigate  the 
focussing  properties  of  magnetic  fields. 

The  infinity  which  V  possesses  at  r  =  0  (except  under  special  circum¬ 
stances)  gives  rise  to  some  conceptual  difficulties.  The  infinity  arises 
in  part  from  the  basic  nature  of  cylindrical  coordinate  systems  since  V 
contains  the  quantity  that  is  sometimes  called  a  centrifugal  potential. 

For  example,  if  #  *0  everywhere  then  the  motion  is  a  straight  line. 
However,  even  in  this  case,  V  has  an  infinity  at  r  =  0  provided  that 
^  <<>)•*  0. 

So  far  the  capacitive  potential,  X,  has  been  neglected.  Its  inclusion  will 
not  basically  change  the  potential  patterns,  however,  since  X  is  unde¬ 
termined  to  within  an  arbitary  constant. 
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V  MOTION  IN  A  TIME-DEPENDENT  FIELD 


5.  1  INTRODUCTION 


The  concept  of  the  inductive  potential  that  has  been  discussed  for  static 
fields  can  be  applied,  without  change,  to  time -dependent  fields.  These 
can  be  either  of  two  types:  stationary  fields,  for  which  the  time  depend¬ 
ence  is  everywhere  the  same;  or  moving  fields,  for  which  the  time 
dependence  depends  on  position. 

As  before,  the  motion  in  the  r  and  z  directions  is  described  by  an  in¬ 
ductive  potential,  V,  which  now  depends  explicitly  on  time.  The  induced 
electric  field,  E  ~ tsken  into  account  by  the  fact  that  the 
whole  potential  pattern  translates.  The  particles  are  accelerated  in 
much  the  same  way  as  a  marble,  placed  in  the  bottom  of  a  bowl,  is 
accelerated  if  the  bowl  is  moved.  Also,  as  before,  there  are  two  basic 
types  of  potential  patterns  -  those  for  which  zeros  can  exist,  and  those 
for  which  zeros  cannot  exist.  The  two  examples  which  have  been  given 
(Figures  2  and  4)  are  valid  for  time-dependent  fields  and  each  can  be 
regarded  as  a  "snapshot"  of  a  potential  pattern  taken  at  a  given  instant 
of  time. 


The  velocity  of  the  potential  contour  V  will  be  denoted  by  Vy  and  will  be 
taken  to  be,  at  all  points,  perpendicular  to  the  contour.  The  velocity 
is  easily  derived  and  it  is  found  to  be: 


'"v  ^ 


dV/dt 
L  I  grad  V 


j  grad  V 


(31) 
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The  equation  above  gives  the  result  that,  when  the  field  is  increasing  with 
time,  the  contour  lines  emerge  from  the  field-producing  elements  and 
proceed  away  from  them.  The  action  is  reversed  when  the  field  is  de¬ 
creasing  with  time. 


An  examination  of  equation  (  5)  shows  that,  for  time -dependent  fields, 
the  energy  of  a  particle  can  change  and  hence  its  mass  does  not  remain 
constant.  This  introduces  a  considerable  complication  because  V  now 
depends  on  velocity  as  well  as  position.  In  order  to  proceed  further  it 
will  be  assumed  that  the  motions  are  nonrelativistic.  When  this  assump¬ 
tion  is  made,  the  pertinent  equations  which  describe  the  motion  become: 


V 


2M 


[*■ 


^  (o)  - 


(o) 


(32) 


^  -  q  grad  |v  +  x] 


(33) 


dT  av 

(34) 

V  =  i 

’  max  q 

(35) 

|Pel  = 

(36) 

(37) 

The  above  equations  are,  respectively,  the  nonrelativistic  forms  of 
equations  (9),  (12),  (15),  (20a),  (13),  and  (20b).  The  symbol  denotes 
the  rest  mass  of  the  particle,  and  T  the  kinetic  energy  of  the  particle. 

It  is  noted,  in  passing,  that  a  betatron  operates  in  such  a  manner  that  the 
"stable  orbit"  occurs  at  a  place  where  the  inductive  potential  has  a 
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stationary  value  at  any  given  instant  of  time.  Equations  (23a)  and 
(23b)  give  the  conditions  for  V  to  have  a  stationary  value.  Equation  (23a) 
is  identical  to  the  basic  betatron  eqviation  and  gives,  in  a  generalized 
fashion,  the  condition  that  the  flux  through  the  orbit  should  be  twice  the 
"flxix  at  the  orbit.  ''  Further  examination  shows  that  the  betatron  stability 
conditions 
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guarantee  that  the  stable  orbit  corresponds  to  a  minimum  of  the  inductive 
potential  and  not  to  a  saddle  point  as  in  the  example  of  Figure  4. 


There  is  such  a  variety  of  possibilities  for  particle  motion  that  it  is 
difficult  to  discuss  it  adequately  in  a  few  pages.  For  this  reason,  the 
subsequent  discussion  is  based  on  certain  simplifying  assumptions.  The 
main  features  of  many  of  the  conclusions  that  are  reached  have  a  validity 
that  goes  beyond  the  bounds  set  by  the  assumptions,  however. 

A  problem  of  immediate  interest  is  that  of  the  dynamic  behavior  of 
electron-ion  pairs  in  a  tenuous  gas,  near  the  time  of  electrical  break¬ 
down,  in  a  time-varying  magnetic  field.  In  this  problem,  there  are  two 
major  complicating  factors;  elastic  and  inelastic  collisions  between  the 
gas  constitutents,  and  cooperative  effects  such  as  space-charge  forces. 
The  former  is  discussed  in  a  later  section  of  this  manuscript  whereas 
the  latter  will  be  left  for  another  time. 


Here,  the  discussion  is  kept  to  a  single-particle  point  of  view,  which  is, 
admittedly,  a  gross  simplification  but  which,  nevertheless,  provides  a 


rather  firm  basis  from  which  the  more  complex  picture  can  be  viewed. 
One  of  the  advantages  of  the  single-particle  approach  is  that  the  role 
played  by  the  inertia  of  the  particles  is  clearly  set  forth. 


The  two  simplifications  to  be  made  are  the  following: 

a.  The  capacitive  potential,  X,  is  taken  equal  to  zero. 

b.  The  initial  9 -momentum,  P^(o),  is  taken  equal  to  zero.  This 
condition  immediately  limits  the  discussion  to  those  potential 
patterns  for  which  zeros  can  exist.  It  is  implicitly  assumed  in 
the  discussion  that  such  a  zero  does,  in  fact,  exist  within  the 
pattern. 


Now  returning  to  the  equation  for  Vy  (equation  (31))  and  making  use  of 
the  above  assumptions,  equation  (32),  and  also  equations  (2),  (3),  and  (4) 
it  can  be  shown  that: 


£>  JT 


(40) 


This  equation  gives  the  interesting  result  that  the  contour  V  =  0  (i.e. 

♦  =  ♦  (o)  moves  with  a  speed  .  However,  the  contour  V  =  o  exactly 

•follows  a  magnetic  field  line  (i.e.  -  lies  on  the  surface  of  a  flux  tube)  so 
that  the  magnetic -field  lines  corresponding  to  V  =  o  move  with  this  speed. 
The  choice  of  ^(o)  is  arbitrary,  furthermore,  so  that  all  the  field  lines 
move  with  speed 

This  speed  is  just  exactly  the  magnitude  of  the  quantity  which  is  called 
the  "drift  velocity"  for  particles  in  crossed  E  and  B  fields'*  .  It  is 
apparent  that  it  is  the  zero  of  the  inductive  potential  which  moves  with  the 
drift  velocity  rather  than  the  quantity  which  is  called  the  "guiding  center" 
of  the  motion.  Even  for  motion  in  a  uniform  magnetic  field  the  V  =  o  line 
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docs  not  coincide  with  the  instantaneous  center  of  curvature.  This  can  be 
seen  from  Figure  5a  by  drawing  an  arc  of  radius  r  about  the  point  r  =  o* 
According  to  equation  (40)  the  magnitude  of  the  contour  velocity,  'Vyj, 
exceeds  the  drift  velocity  if  j<|>  |  -  !^.(o)l  and  is  less  than  the  drift  velocity 

otherwise.  This  mes  ns  that  the  potential  valley  around  the  contour 
V  =  0  gets  steeper  and  steeper  as  the  field  strength  increases. 

6.  2  ENERGY  TRANSi  ER 

This  section  considers  the  question:  how  much  energy  can  be  transferred 
from  a  magnetic  field  to  a  charged  particle  ?  The  discussion  will  be 
confined  to  simple  geometries  and  will  remain  within  the  scope  of  the 
simplifying  assumptions  made  in  the  last  section. 

To  begin  with,  consider  equation  (34).  If  one  substitutes  for  SV/9t  the 
values  from  previous  equations  it  is  easily  shown  that,  for  a  particle 
starting  from  rest  at  time  to: 

^  A'  (4.) 

°  'o 

The  integrand  in  equation  (41)  is  identical  with  the  product  of  the  0-velocity 
and  the  electric  field  (i.  e.  -  it  is  identical  with  qr  0E^).  Thus,  as  could 
be  expected,  the  energy  which  a  particle  acquires  is  governed  by  the 
voltage  drop  through  which  it  moves.  The  role  played  by  the  magnetic 
field  is  that  of  a  restrainer. 

There  is  a  considerable  variety  to  the  results  which  can  be  obtained  -  even 
within  the  framework  defined  by  the  simplifying  assumptions  which  have 
been  made.  In  order  to  illustrate  this,  a  number  of  examples  will  be 
given.  In  all  of  these  examples  the  time  dependence  of  the  field  is  taken 
to  be  everywhere  the  same.  Thus,  the  vector  potential  (Equation  (la)) 
can  be  written  as  a  function  of  r,  z  multiplied  by  a  function  of  time: 
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(42) 


A  =  eA  (r.  *)  f(t) 

It  is  also  convenient  to  take  f(t)  to  be  a  ramp  function.  If  T  denotes 
the  rise  time  of  the  ramp,  then: 

f{t)  =  0  for  t  <  0 

=  th  for  O't  <  "Y  (43) 

=  1  for  t 

There  are  two  cases  to  be  considered;  that  for  a  particle  which  is 
present  in  the  field  at  t  =  0;  and  that  for  a  particle  which  is  not  present 
until  some  time  t>0.  The  latter  case  is  represented,  for  example,  by 
either  member  of  an  electron-ion  pair  which  is  created  in  consequence 
of  the  prior  acceleration  of  other  particles. 

b.  3  MOTION  FOR  ^  (o)  =  0 

If  the  particle  is  present  at  t  =  0  then  0(o)  =0  and: 


o 


Thus  the  potential  is  zero  on  the  axis  of  symmetry  and  at  infinity,  and 
the  motion  of  the  particle  is  directed  towards  the  zero.  If  one  takes,  as 
an  example,  a  solenoid  as  in  Figure  Z,  a  particle  that  is  originally  at  a 
distance  less  than  the  radius  of  the  solenoid  from  the  axis  of  symmetry 
will  subsequently  pass  through  the  axis  of  symmetry. 

If  the  field  is  brought  on  suddenly  enough,  the  potential  will  jump  from 
zero  to  a  value  given  by  equation  (44)  before  the  particle  has  had  time  to 
move  significantly  in  either  the  r  or  z  directions.  Hence,  it  will  acquire 
an  energy  (in  electron  volts)  equal  to  the  value  acquired  by  the  potential. 
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For  example:  take  an  electron  initially  at  0, 1  meter  and  a  uniform 
magnetic  field  in  the  z-direction  of  1  weber /meter^.  Since  the  final 
radius  of  curvature  is  0.  05  meter,  the  electron  will  acquire  an  energy 
of  14.  5  Mev.  However,  in  order  to  transfer  this  amount  of  energy  the 
field  must  be  brought  on  in  a  time  that  is  short  compared  to  the  cyclotron 
period  for  an  electron  in  a  field  of  1  weber /meter^;  this  time  is 
3.  6  X  sec. 


From  equation  (44),  the  energy  which  is  acquired  by  the  sudden  applica¬ 
tion  of  a  field  depends  inversely  on  the  mass  of  the  particle.  In  other 
words,  a  suddenly  applied  field  imparts  a  fixed  velocity  to  a  particle- 
independent  of  its  mass.  This  result  is  radically  altered  if  the  field  is 
brought  on  slowly  compared  to  a  cyclotron  period  as  will  be  shown  next. 


Consider, as  above,  a  uniform  field  in  the  z-direction;  let  a  particle  be  at 

r  =  r  at  time  t  =  0, and  let  a  field  be  turned  on  in  accord  with  equations  (43). 

o  ' 

The  radial  position  of  the  electron  at  time  t  is  found  to  be: 


r 


r 


o 


r  (3/4) 


J.1/4  (W) 


(45a) 


where 


W 


q  B 
^  z 

4M^y 


{45b) 


In  equation  (45a)  J  is  the  Bessel  Function  of  order  -1/4.  The 

following  remarks  on  energy  transfer  are  limited  to  the  interval  of  time 
between  t  =  o  and  the  time  when  the  particle  first  reaches  r  =  0. 


The  particle  remains  at  its  starting  radius  for  a  considerable  period  of 
time  and  then  heads  inwards.  The  changeover  from  circumferential 
motion  to  radial  motion  takes  place  when  the  time  is  approximately 
equal  to  one  half  the  instantaneous  value  of  the  cyclotron  period  at  the 
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position  of  the  particle. 


The  kinetic  energy  can  be  computed  by  using  equations  (32)  and  (34)  and 
integrating  graphically.  It  is  found  that  all  the  energy  has  been  acquired 
by  the  time 


W  =  2 


(46) 


and  that  the  energy  acquired  is: 

T  =  0.98  E0(r^)  r^  q  (47) 

This  last  result  is  seen  to  be  independent  of  the  mass  of  the  particle. 

This  rather  surprising  result  is  obtained  as  long  as  equation  (46)  holds  at 
sometime  tii'y.  Since,  for  a  given  geometry,  Eq{t)  is  directly  pro¬ 
portional  to  the  voltage  applied  to  the  field-producing  coils  it  follows 
that  the  energy  transfer  is  directly  proportional  to  applied  voltage. 

The  above  calculation  for  the  position  as  a  function  of  time  was  done  again 
with  the  use  of  a  first  order  approximation  for  V.  The  result  was; 

r  =  r  (  1 - ^  T-  (grad  V)  t"^)  (48) 

°  12M  7"  ® 

o 

The  subscript  on  (grad  V)  means  to  evaluate  the  quantity  at  r  =  r^,  t 
Equation  (48)  is  assumed  to  hold  until  (r^  -  r)  =  (V /grad  V)^  —  a  distance 
which,  in  the  approximation,  is  the  total  distance  over  which  acceleration 
takes  place  since  V  is  taken  to  be  zero  for  larger  values  of  (r^  -  r). 

The  following  result  is  found  for  the  total  energy  transferred. 
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(49) 


» 


r 

For  a  uniform  field  (V/grad  V)^  =  and  a  comparison  of  equations  (47) 
and  (49)  shows  agreement  to  20%.  Thus,  the  approximate  method  gives 
very  good  results.  Figure  6  shows  how  the  energy  is  accumulated  as  a 
a  function  of  distance  traveled.  In  that  figure  (r^  -  r)  is  denoted  by  S, 
and  (V/grad  V)^  by  S^.  The  reason  for  the  excellence  of  the  approxima¬ 
tion  is  that  most  of  the  energy  is  accumulated  before  the  particle  has 
moved  very  far. 

Equation  (49)  can  be  applied  to  fields  which  are  not  uniform  provided  the 
field  gradients  are  not  too  severe.  Figure  7  shows  an  example  of  a 
situation  to  which  it  is  applicable.  The  data  on  Figure  7  were  calculated 
from  experimental  measurements  made  with  axially  symmetric  search 
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coils  .  The  contours  of  constant  ^(normalized  to  1  at  the  outermost 
coil)  are  shown  as  solid  lines.  The  contours  of  constant  V  (for  <^(o)  =  0) 
are  shown  as  dotted  lines.  The  V-contours  are  normalized  to  1  at  the 
outermost  coil.  The  field  was  produced  by  ’’in  phase"  currents  flowing 
in  the  coils.  The  cross-hatched  object  is  a  small,metal  disc.  Figure  7 
constitutes  a  "snapshot"  of  the  ^  and  V  contours  at  one  instant  of  time. 

The  V-contours  have  the  same  shape  as  contours  of  constant  Eq  would 
have. 

For  most  positions  on  Figure  7,  the  quantity  (V/grad  V)^  has  values 
between  ^^d  r^.  Hence,  the  energy  which  can  be  transferred  is 
not  significantly  different  from  the  corresponding  positions  for  a  uniform 
axial  field  (i.  e. ,  positions  having  the  same  value  of  £  ). 

5.4  MOTION  FOR  ^  (o)  ^  0 

The  motion  previously  discussed  was  for  the  case  ^(o)  =  (o)  =  0  and,  for 

this  situation  the  zero  contour  of  V  does  not  move.  Particle  acceleration 
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%  OF  FINAL  ENERGY 


Figure  6.  Accumulation  of  Kinetic  Energy  Versus  Distance  Traveled 
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is  obtained  because  tho  slope  of  V  increases  &s  the  field  strength  in¬ 
creases  and  vice  versa. 

When  the  restriction  #(o)  =  0  is  removed  a  completely  different  acceler¬ 
ating  mechanism  appears.  The  particle  always  begins  its  motion  from 
a  point  on  the  V  =  0  contour  (by  virtue  of  the  definition  of  ^(o) ).  As  the 
field  strength  increases  the  V  s  Q  contour  moves  (as  previously  discussed) 
and  so  a  particle  that  is  initially  at  rest  at  a  point  where  V  =  0  soon  ex¬ 
periences  a  value  of  V  different  from  zero  and  so  is  accelerated. 

In  terms  of  the  concept  of  a  potential  valley,  the  accelerating  mecha¬ 
nism  are  of  two  types: 

a.  The  whole  valley  translates  with  respect  to  the  particle. 

b.  The  steepness  of  the  valley  changes  with  time. 

In  order  to  see  the  essential  characteristics  of  these  two  acceleration 
mechanisms  one  can  consider  them  separately  even  though  they  are,  in 
fact,  very  strongly  coupled. 

In  order  to  get  a  rough  idea  of  the  phenomena  to  be  expected, we  assume: 

1.  The  potential  valley  has  the  form  of  a  parabolic  cylinder 
which  oscillates  in  position,  and  without  change  of  shape. 

2.  The  potential  valley  has  the  form  of  a  parabolic  cylinder 
whose  shape  varies  sinusoidally,  but  without  change  of 
position. 

Assumption  (1)  leads  to  an  equation  of  motion  of  the  form: 

X  +  K^x  s  K  sinuit  (50) 

o 
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whereas  assumption  {i)  leads  to; 


X  +  [  sin^wt  ]  X  =  0  (51) 

Equation  (50)  is  a  driven  harmonic  oscillator  which  resonates  at  u  =  K. 
Equation  (51)  is  a  Mathieu'  s  equation. 

In  actual  fact  the  two  types  of  motion  just  described  are  coupled  to  each 
other  and  so  the  situation  is  very  complicated  indeed. 

Equations  like  Mathieu*  s  equation  typically  give  rise  to  both  stable  and 
8  9 

unstable  motions  '  .  An  essential  feature  to  the  instabilities  is  that 
there  are  not  just  discrete  values  of  driving  frequency  at  which  in* 
stabilities  can  occur  but  there  are  whole  bands  of  frequencies  which 
lead  to  unstable  motions. 

In  regard  to  unstable  motions,  the  question  of  stability  versus  instability 
involves  very  intimate  connections  between  the  exciting  frequency  of  the 
field  and  the  maximum  field  strength  at  any  point.  Therefore,  for  a  field 
pattern  which  is  very  nonuniform,  one  might  expect  to  find  quite  localized 
spots  where  the  energy  transfer  can  become  large.  This  can  lead,  in  the 
case  of  a  gaseous  discharge  to  quite  localized  rings  of  light. 

It  follows  from  the  above  argument  that  distinctive  phenomena,  such  as 
rings  of  light,  should  be  grossly  affected  by  changes  in  the  frequency  of 
excitation  of  a  field.  Startling  changes  in  the  position  of  luminous  rings 
found  in  electrodeless  discharges  have,  in  fact,  been  observed  experi¬ 
mentally. 

An  example  of  a  moving  potential  valley  is  given  in  Figure  8.  The  field - 
producing  geometry  is  the  same  as  for  Figure  7,  but  in  Figure  8,0(0)  ^  0. 
The  potential  valley  shown  by  the  solid  contours  was  computed  from  the 
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Fifur*  8.  An  Inductive  Potential  Pattern  for  a  Set  of  Coils 
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^-contours  given  on  Figure  7  with  ^(o)  assumed  to  be  0.  4;  this  potential 
valley  corresponds  to  current  flowing  in  the  coils.  By  the  time  the 
current  has  risen  to  a  value  2.  5  I^,  the  potential  valley  has  evolved  to 
the  position  and  shape  shown  by  the  dashed  contours.  At  I  =  201^  the 
contours  are  given  by  the  dotted  lines.  The  numbers  attached  to  the 
contours  are  relative  values  of  V. 

Figu  re  8  illustrates  how  the  potential  valley  steepens  as  it  evolves  in 
time.  If  I  decreases  from  the  value  201^  then  the  potential  valley 
simply  retraces  its  path  and  the  V  =  0  contour  is  eventually  swallowed 
up  by  the  outermost  coil  (since  it  encloses  the  most  flux).  At  I  =  0  the 
potential  has  the  form 

I ^(o)/r I 

In  order  to  illustrate  the  crucial  role  played  by  the  mass  of  a  particle, 
one  can  examine  the  extreme  case  of  a  particle  of  vanishingly  small  mass. 
Such  a  particle  is  capable  of  immediately  responding  to  a  force  and  so 
the  motion  consists  of  a  translation  at  the  field  drift  velocity  plus  a 
rotation  around  a  field  line  (at  V  *  0)  with  a  circumferential  speed  equal 
to  the  drift  velocity.  Hence,  the  velocity  never  exceeds  twice  the  drift 
velocity  at  the  position  of  the  particle.  If  the  particle  mass  is  increased 
it  becomes  more  and  more  able  to  depart  from  the  contour  and  the 
motion  becomes  less  and  less  that  of  a  translation  plus  a  rotation. 

Because  the  mass,  field  strength,  and  field  rise  time  are  all  determining 
factors  to  the  motion  of  a  particle,  it  is  very  difficult  to  make  many 
generalized  statements.  Furthermore,  the  discussion  has  so  far  ignored 
the  effects  of  particle  collisions  and  cooperative  phenomena.  The  next 
section  discusses  particle  collisions. 
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VI  PARTICLE  COLLISIONS 


It  is  expected  that  the  description  for  the  motion  of  isolated  charged  par¬ 
ticles  which  has  been  given  also  has  validity  for  the  description  of  phe¬ 
nomena  observed  in  tenuous  gas  discharges.  There  is  an  ever-increasing 
effort  going  into  the  study  of  gas  breakdown  and  acceleration  by  magnetic 
induction,  and  often  the  symmetry  is  right  for  the  present  method. 

One  can  only  expect  the  present  method  to  lead  to  valid  conclusions  for 
situations  where  the  collision  frequency  is  not  large  compared  to  the 
characteristic  times  for  the  motion  of  the  ionized  particles.  Experimental 
observations  seem  to  support  the  view  that  for  gas  pressures  below  about 
10  microns  the  method  may  have  application. 

Suppose  that  a  charged  particle  is  present  in  the  field  geometry  before  the 
field  is  turned  on  (so  0(0)  =  0).  Let  the  field  be  excited  by  current  flow¬ 
ing  in  a  set  of  coils  and  suppose  that  the  current  flow  starts  at  t  =  0  and 
is  sinusoidal  thereafter. 


Initially  the  inductive  potential  for  the  particle  has  the  form: 


(52) 


The  particle  will  move  in  a  manner  prescribed  by  the  potential.  Suppose 
that  a  collision  occurs  at  time  t^.  Equation  (52)  can  be  rewritten  to 
app:  -  o  a  time  «  (i*  t:*  just  prior  to  the  collision); 
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V  = 


2Mort 

c 


Pn(t_  -  «) 


0  (t)  -  0  (t^  -  f)  - 


c 


,2 


(53) 


In  equation  (53),  0(t^  “  €)  = 


This  follows  from  equation  (8).  Now,  consider  the  situation  at  time 

t  +  €  — that  is,  immediately  after  the  collision.  The  collision  does  not 
c 

change  the  position  of  the  particle  but  only  its  direction  of  motion  and 
its  kinetic  energy  and  possibly  its  charge.  In  particular  the  collision 
does  not  change  the  "enclosed"  flvix,  0(t  -  f).  Hence,  for  times  t>t 

C  0 

the  potential  has  the  form: 


V(t>t  )  = 
c 


2M„r 


0  (t)  -  0(t  "  €)  • 

c 


(54), 


A  collision  therefore  corresponds  to  a  sudden  displacement  of  the  in¬ 
ductive  potential.  The  basic  character  of  the  motion  after  collision  may 
be  different  from  that  of  the  motion  before  collision.  In  the  example 
given,  the  motion  is  changed  from  one  that  does  not  have  entrapped  flux 
to  one  that  does.  A  collision  may  change  the  potential  pattern  from  one 
that  does  possess  a  zero  contour  to  one  that  does  not.  A  really  radical 
change  in  V  can  only  be  caused  by  large-angle  deflections  of  the  particle 
or  by  highly  inelastic  collisions. 
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it  13  r.onvonient  tc  separate  possible  collective  affects  into  two  classes; 
those  wnich  are  capacitive  in  nature,  such  as  space  charge;  and  those 
which  are  inductive  in  nature  such  as  the  fields  produced  by  the  currents 
of  particle  motion.  Since  the  magnetic  field  pattern  produced  by  the 
latter  has  the  same  symmetries  as  the  applied  field  it  may  be  possible 
to  gain  a  qualitative  idea  of  their  effects  by  an  extension  of  the  present 
method.  This  has  not  yet  been  done. 

The  present  approach  does  lead  to  a  rather  simple  model  for  describing 
the  effects  of  strong  space  charges  This  model  is  discussed  in  another 
report  .  It  is  felt  that  if  collisicnw  are  rare,  the  present  method, 
with  space  charge  included,  can  be  very  helpful  in  explaining  the  beha'/ior 
of  a  partially  ionized  gas  as  a  condition  of  electrical  breakdown  is 
approached. 
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FOREWORD 


This  technical  men-iOrandum  presents  a  study  by  Alan  S.  Penfold,  made 
under  contract  AF49(638)-759  for  the  Air  Force  Office  of  Scientific 
Research.  Its  distribution  provoked  an  extensive  interest,  as  reflected 
in  the  numerous  requests  received  for  the  document  or  {r  r  inormation 
from  the  document;  therefore,  it  has  been  reprinted  in  ti'cb^^ic'al  mem¬ 
orandum' form. 
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ABSTRACT 


Equations  of  motion  are  derived  for  the  charged  constituents  of  a  tenuous 
plasma  immersed  in  a  time-dependent«  axially  fynimctric.  magnetic 
field.  An  "ion-pair''  model  is  employed  whi^'h  .assumes  strong  coulomb 
forces.  The  motion  of  the  ion* pair  is  showi  to  je  cloie.l\  related  to 
that  of  an  isolated  positively  cLarger  particle  whose  mass  '•s  equal  to 
the  geometric  mean  of  the  ion  and  et'ctron  masses.  Equations  for  the 
energy  transferred  from  the  fielc  ^he  ion-pair  a;.'e  also  derived. 
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I  INTRODUCTION 


Studii'v  <  f  the  behavior  of  ionized  gases  in  the  presence  of  electromag¬ 
netic  fields  have  shown  many  strange,  and  still  unexplained,  phenomena. 
In  order  to  try  tc  v  e^stand  these  it  is  necessary  to  adopt  a  model 
which  attacks  the  problem  from  a  simplified,  and  often  extreme,  point 
of  view.  One  such  approach  is  the  "circuit  model"  in  which  the  gas  is 
regarded  as  ^ualogous  to  a  simple  electrical  circuit. 

One  then  speaks  of  the  resistivity  of  the  gas,  the  inductance  of  the  gas 
configuration,  the  mass  of  the  configuration  and  so  on.  This  approach 
is  usually  taken  when  one  knows  that  there  are  very  frequent  collisions 
occuring  between  the  constituent  particles  of  the  gas  and  wh.'n  the  self¬ 
fields  of  the  gas  currents  are  expected  to  be  large.  In  fact,  the  very 
use  of  the  concept  of  inductance  is  closely  allied  with  the  idea  that  one 
part  of  a  circuit  can  react  on  the  other  parts  through  the  self-fields 
which  may  be  established. 

There  is  a  fundamental  assumption  implicit  in  the  "circuit  model"  and 
that  is  the  assumption  that  an  infinite  number  of  current  carriers  exist 
in  the  gas.  In  an  ordinary  electrical  circuit  the  currents  which  flow  are 
the  result  of  many  electrons,  each  moving  along  the  wire  very  slowly. 
There  is,  effectively,  an  infinite  supply  of  electrons  and  the  kinetic 
energy  associat-^-c  v'vth  the  current  flow  is  negligibly  small.  This  need 
not  be  true  for  a  gas  that  is  charge  limited;  in  this  case,  high  current? 
are  obtained  only  by  causing  the  charged  constituents  of  the  gas  to  move 
at  high  velocities.  A  significant  amount  of  kinetic  energy  may  be  asso¬ 
ciated  with  large  current-flow  in  a  gas. 


1 


A  second  model  which  can  be  employed  is  a  "single-particle"  model. 

Here  one  works  from  the  behavior  of  isolated,  charged  particles  mov¬ 
ing  in  the  applied  electromagnetic  field.  This  approach  can  be  expected 
to  give  meaningful  results  when  collisions  between  the  constituent  par¬ 
ticles  of  the  gas  are  relatively  infrequent  and  when  the  effects  of  self¬ 
fields  are  small.  The  effect  of  the  inertia  of  the  particles  on  the  buildup 
of  currents  de  automatically  included  in  the  model.  In  a  previous  report^ 
(hereafter  referred  to  as  I)  a  method  for  describing  the  motion  cf  iso¬ 
lated,  charged  particles  in  an  electromagnetic  field  was  developed.  The 
method  applies  to  fields  which  possess  a  certain  kind  of  axial  symmetry. 
It  is  the  intent  of  the  present  report  to  extend  the  work  of  I  to  include 
the  coupling  of  electrons  to  ions  caused  by  coulomb  forces. 

Collective  effects  in  a  gas  can  be  divided  into  two  classes:  those  due  to 
the  accumulation  of  a  net  charge  at  points  within  the  gas;  those  due  to 
the  fields  produced  as  a  consequence  of  current  flow  in  the  gas.  The 
present  report  deals  with  the  former  effects.  It  is  not  yet  known  whether 
the  method  can  be  further  extended  so  as  to  include  the  latter  effects 
as  well. 

The  results  which  are  obtained  when  coulomb  forces  are  inevudrd  still 

require  that  the  mean  free  path  for  collisions  between  the  gas  particles 

be  large.  It  is  therefore  necessary  to  ask  whether  conditions  can  be 

realized  where  collisions  are  relatively  unimportant  and  yet  coulomb 

r'f^ects  are  very  important.  Most  discussions  of  plasma  physics  empha- 

aiz'-  '*  basic  property  of  a  plasma  —  its  ier  Icncy  toward  macroscopic 

2  3  4 

electi  -*'1  neutrality  '  *  .  An  examinati-tn  ri  h'S  question  is  unde:  * 
taken  in  Section  III  of  this  report  and  it  is  concluded  that  coulomb  forces 
can  be  very  important  even  though  collisions  are  not. 

The  MKS  system  of  units  is  used  throughout  this  report. 
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II  MOTION  WITHOUT  COULOMB  FORCES 


The  particle  motions  will  be  described  with  respect  to  a  cylindrical 

A  A 

co-ordinate  systerr  i’7i\h  unit  vectors  r,  d,  z.  The  z-axis  is  ta^'ali  to  be 
an  axis  of  symmetry  <'Jr  the  electromagnetic  fields  which  are  present. 
The  field  comp  vue  its  are: 


z,t) 


Eg(r,  z,t) 

The  required  symmetry  is  defined  by  the  form  of  the  field  components 
given  ohove.  It  will  be  assumed  that  the  electric  field,  E^,  arises  by 
indue  ivjn  The  magn'.<ic  flux  (c  .viCt  d  by  )  which  the  circle  (r,  z) 
encloses  about  the  axis,  symmetry  is  denoted  by  0,  and  is  given  by: 


0  =  /■ 


dr  r  B 


The  following  relations  also  hold: 


rB 

dr  z 


-rB 


— 

r—  =  -r  E, 


-* 


Suppose  that  a  particle  of  charge  q  and  mass  is  at  position  r^,  6^, 
at  time  t^  and  has  angular  momentum  J(o)  with  respect  to  the  axis 
of  symmetry.  The  value  of  ^  corresponding  to  the  initial  position  and 
time  is  denoted  by  ^(o).  (The  motion  of  the  particle  is  assumed  to  be 
non- relativistic  at  all  times. )  At  some  later  time,  t,  the  particle  will 
have  a  linear  momentum  whose  components  are  P^,  and  P^. 

The  "plane  of  projected  motion"  is  defined  to  be  a  plane  passing  through 
the  line  0  =  a  =  0  and  the  z-axis  and  containing  a  two-dimensional 
Cartesian  coordinate  system  with  unit  vectors  d  and  d  ,  The  position 

A  Z 

and  momentum  of  the  particle,  at  time  t,  in  this  new  coordinate  system 
is: 


S  =  r  + 

3”  =  a  P  +  a  P  (5) 

r  r  z  z 

It  was  shown  in  I  that  the  motion  of  the  particle  subsequent  to  time  t^  is 
completely  determined  by  a  scalar  potential,  V,  which  was  called  an 
inductive  potential.  The  equations  of  motion  are  the  following: 


^  =  -q  grad  V  (6a) 

|Pgl  =  [zM^qv)"^  (6b) 

where 

V  =  — H  ,  [  ^-^(o)  -  ^  (6c) 

o 

The  unit  of  V  is  the  volt  and,  as  is  evident  from  (6c),  the  minimum  value 
which  V  can  have  is  zero  (for  positive  q). 
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The  following  relations  for  the  kinetic  energy,  T ,  also  hold; 


dT  ,  ay 

dt  ^  9t 


(7a) 


T 


q  V 

^  max 


(7b) 


The  last  equation  can  be  taken  to  be  the  defining  equation  for  the 

maximum  value  of  V  which  can  be  reached  by  the  particle.  It  follows 
from  equations  (6a)  and  (7b)  that  the  kinetic  energy,  T'  ,  in  the  plane  of 
projected  motion  is: 

It  was  demonstrated  in  I  that  the  contours  of  constant  V  are  stationary 
if  the  magnetic  field  is  independent  of  time,  and  move  if  the  field  depends 
on  time.  The  contour  V  =  O  (if  it  exists)  moves  with  velocity 

^  -4 

E  XB 

|b1^  j 

P^/q  is  negative  if  ^>f^(o)  +  1  positive  if  the  reverse  is  true. 


Ill  THE  INCLUSION  OF  COULOMB  FORCES 

3.  1  PRELIMINARY  REMARKS 

The  equations  of  motion  that  are  given  in  the  last  section  describe  the 
behavior  of  isolated  particles.  They  can  be  applied  to  the  constituent 
particles  of  a  plasma  only  if  the  plasma  is  extremely  tenuous  so  that  the 
neutralizing  effect  of  coulomb  forces  can  be  neglected. 

A  rough  idea  of  the  importance  of  coulomb  forces  can  be  obtained  in  the 
following  way.  Imagine  a  sphere  of  radius  R  that  contains  an  unbal¬ 
anced  charge  4jrnqR^/3  due  to  the  presence  of  n  particles  per  unit  vol¬ 
ume,  each  particle  with  charge  q.  The  potential  at  the  surface  of  this 
sphere  is: 


where  permittivity  of  empty  space.  In  a  plasma,  charge  accu¬ 

mulation  can  occur  only  if  the  kinetic  energy  which  the  constituent  par¬ 
ticles  can  obtain  is  large  enough  to  overcome  the  coulomb  potential; 

g*  >  equation  (8),  An  approximate  measure  of  the  distance  over  which 
charge  separation  can  occur  can  be  obtained  from  equation  (8),  if  is 
interpreted  as  the  kinetic  energy  (in  electron  volts)  tending  to  separate 
electrons  from  ions  in  the  plasma.  It  is  important  to  remember  that 
transient  conditions  are  being  considered  and  that  the  plasma  is  not  nec¬ 
essarily  in  a  state  of  thermal  equilibrium. 
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As  an 


Figure  1  gives  a  plot  of  R  versus  n  for  various  values  of 
example,  consider  a  gas  at  20* C  and  1 -micron  pressure,  which  is  sud¬ 
denly  ionised  to  the  extent  of  .  Then,  the  electron  density  is  about 
4  X  10^^.  If  R  =  0.  5  cm  is  small  compared  to  the  dimensions  of  the 
magnetic-field-producing  system  then  Figure  1  shows  that  charge  sep¬ 
aration  will  not  be  important  unless  separation  energies  higher  than  75 
Kev  can  be  transferred  to  the  charged  particles  by  the  field. 

From  a  study  of  Figure  1  it  can  be  seen  that  there  exist  conditions  for 
which  the  influence  of  coulomb  forces  is  very  great  while  collisions  are 
still  relatively  unimportant.  Hence,  it  is  useful  to  extend  the  methods 
of  I  to  include  coulomb  forces  even  though  particle  collisions  are  net 
taken  into  account. 


3.  2  THE  ION- PAIR  MODEL 

The  effects  of  coulomb  forces  on  a  particle  moving  in  a  magnetic  field 
are  included  by  adding  a  term  to  the  basic  equation  of  motion  as  follows: 

I?  =  q[rx  B  +  e]  +  F^  (9) 

If  equation  (9)  is  written  for  an  ion  then  is  the  total  force  acting  on 
the  ion  because  of  charge  separations  in  the  plasma.  The  important 
characteristics  of  this  force  are  completely  determined  by  the  assumed 
symmetry  of  the  magnetic  and  electric  fields. 

The  fields  have  axial  symmetry  and  if  the  plasma  density  is  initially 

axially  symmetric  it  will  remain  so  for  all  time.  Thus  7  has  no  com- 
A 

ponent  in  the  d  direction  and  coulomb  forces  can  aiffect  only  the  r  and  z 
motions.  The  flow  of  charged  particles  in  the  0  direction  is  unimpeded. 
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Referred  to  the  plane  of  projected  motion  ^  for  which  equations  (6)  are 
valid,  the  coulomb  force  has  the  following  form; 

*  qT  =  q(  o^fy(r.*.t)  +  a^f^(r,  z.t)]  (10) 

For  simplicity  it  w-'ll  be  assumed  that  the  plasma  consists  of:  singly > 

charged  ions  of  mass  and  charge  e;  electrons  of  mass  m^  and 

charge  oesand  a  tenuous  un-ionized  gas  which  affects  the  motion  of  the 

charges  not  at  all.  Macroscopic  neutrality  is  assumed  to  exist  at  time 

t^,  and  the  charged  particles  are  assumed  to  have  negligible  angular 

momentum  at  time  t  . 

o 

The  motion  of  an  ion  in  the  projected  coordinate  system,  subsequent  to 
time  t^.  under  the  influence  of  a  time>dependent  magnetic  field  plus 
coloumb  forces  is: 


dt 


•  (M^^)  =  -e  grad  V.  +  eT 


(llT* 

where  V.  =  —  *  -u  [d~d(oVl  ^  '  \  (lib) 

'  2M  r^  ^ 
o 

Equations  (11)  were  obtained  from  equations  (4).  (6a),  (6c),  and  (10). 


A  similar  pair  of  equations  holds  for  an  electron: 


^  (m^S^)  =  e  grad  -  O' 

(12a) 

where 

(1 2b) 

If  charge  neutrality  is  preserved  there  will  be  in  the  vici.iiiy  of  each 
ion.  at  every  instant  of  time,  an  electron.  The  electron  is.  however, 
not  bound  to  a  particular  ion  but  is  free  to  exchange  with  other  ions. 
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X 

» 


In  the  present  case  of  axial  symmetry  such  exchanges  will  be  continually 
taking  place  in  the  6  direction  and  give  rise  to  circulating  currents  as 
will  be  seen. 

In  order  to  describe  the  motion  of  the  charged  particles  in  the  projected 
coordinate  system  an  "ion  pair"  model  will  be  employed.  According  to 
this  model  the  plasma  is  assumed  to  consist  entirely  of  neutral  gas  plus 
ion-electron  pairs.  Each  ion  is  taken  to  be  intimately  bound  to  a  "neu¬ 
tralizing  electron"  which  moves  with  it  at  all  times.  In  distinct  contrast, 
in  the  direction  perpendicular  to  the  projected  coordinate  system  (i.  e. 
the  6  direction)  the  ions  and  electrons  are  assumed  to  be  completely 
unbound  and  free  to  move  as  the  applied  field  dictates. 

The  proposed  model  assumes  rigid  coupling  between  ions  and  electrons 

in  all  but  the  d*direction.  In  reality  the  coupling  is  not  rigid  and  elec- 

2 

tron-ion  oscillations  will  occur  at  the  so-called  plasma  frequency  . 

These  motio  will  not  be  considered  in  this  report. 


In  accord  with  the  ion-p-^>.‘  model  introduced  above  one  definer.  the 
position  vector  (i%  tne  projected  coordinate  system)  of  an  ion-pair 
as  follows. 


M  S.  +  m  S 


(13) 


An  equation  for  the  acceleration  of  S^is  obtained  by  adding  equations 
(11a)  and  (12a)  and  dividing  by  (M^  r  ^^en  this  is  done  the  cou¬ 

lomb  force  term  cancels  out.  In  order  to  compare  the  result  wi*^h  that 
for  an  uncoupled  rQ.i  and  clectron,it  is  desirable  to  have  the  result  in 
the  same  form  as  equations  (11)  and  (12).  For  this  purpose  we  define 
an  effective  mass  for  the  ion  pair  as  follows: 


(14) 
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The  resulting  equation  of  motion  for  the  ion  pair  is: 


^[VpI  = 


where 


(1  ,Vr) 


The  last  equations  show  that  the  r-z  motion  of  the  ion  pair  is  exactly 


the  same  as  it  wculC  be  for  an  isolated  particle  of  charge  e  and  mass  M 
(the  geometric  nr.ean  it  the  masses  of  the  ion  and  the  electron). 


The  momentum  in  the  6- direction  can  be  found  on'.e  S  is  known  by  solv- 

P 

ing  equations  (15).  The  ion  and  electron  ar>'  not  coupled  in  the  d-direc- 
tion.  The  equations  corresponding  to  (6b)  are  found  to  be: 

(PQ(.on)|  =  |pg(electron)|=  [zMpeVpP^^  (15c) 

Hence  each  particle  acquires  the  same  d^momentum  as  that  acquired 

by  an  isolated  particle  of  mass  M  .  The  net  momentum  in  the  0-direc- 

P  - 

tion  is  always  zero,  however,  since  P  (*nn)  and  P  Jele“tvcn)  have 

if  u 

opposite  sign. 


3,  3  ENERGY  TRANSFER 


/he  time  rate  of  change  of  the  kinetic  energy  T,  of  the  ion  plus  electron  is 


d[T(ion)  +  T  (elect)] 


f  i  (eieci;j  _  o  t  o 


The  corresponding  equation  for  a  single,  isolated  particle  of  mass 
Mp  =  I  j  and  charge  e  does  not  have  the  mass  ratio  factor. 


U 


hi  rate  of  energy  accu- 

cA 


This  is  shown  by  equation  (7a).  For  M  »  m 
f  1 1/2  °  ° 

mulation  is  —  [^o^*^oj  times  faster  than  for  a  particle  of  mass  ^ 
Since  r,  z,  and  6  motions  are,  according  to  the  ion-pair  model,  idca- 
tical  to  those  of  a  particle  of  mass  it  can  be  concluded  that,  net  only 


the  rate  of  change  of  energy,  but  the  energy  is  ~ 
larper. 


times 


The  mass  ratio  factor  in  equation  (16)  can  be  written  as  the  sum  of  two 
terms: 


It  can  be  shown  that  the  first  on  the  r^i^ht  hand  side  of  equation 

(17)  arises  from  the  sum  of: 

a.  The  rotational  kinetic  energy  of  the  electrons  about  the  axis  of 
symmetry  of  the  ma£netic  field. 

b.  The  translational  kinetic  energy  (i.  e.  due  to  the  r  and  z  motions) 
of  the  ions. 

The  second  term  o.  cq  lation  (17)  comes  from  the  rotational  energy  of 
the  ion'^  and  translational  energy  of  the  electrons.  The  ratio  of  the  first 
term  to  tlie  second  term  is  >  1800  for  all  gases  and  sc,  the  motions  (&) 
and  (b/are  overwhelmingly  domin  ir^t.  Energy  exchange  between  (a)  and 
(b)  can  take  place  through  the  action  of  the  coulomb  forces. 

The  electrons  are  held  back  by  the  ions  and  are  thereby  forced  to  remain 
in  high-field  regions  longer  than  t 'ey  otherwise  would.  Thus  there  is 
time  for  considerable  betatren  ccoceleration  (i.  e.  induction  accelera- 
tijr)  to  occur.  Subsequ>'jnti  r,  this  rotational  energy  can  be  transferred 
to  lianslational  energy  of  i.ne  ions.  This  two-step  process  accounts  for 


13 


the  fact  that  the  energy  transferred  to  a  tenuous  plasma  can  be  much 
larger  than  that  which  could  be  transferred  if  coulomb  forces  were  absent. 


3.  4  MOTION  IN  A  UNIFORM  FIELD 


As  an  example  of  the  use  of  the  equations  which  have  been  derived, con¬ 
sider  the  case  of  a  uniform  field  which  rises  linearly  in  time. 


B 

r 


=  0 


(18a) 


B 

z 


O  T 


(OSt  i  t) 


(18b) 


Let  ^(o)  =  J(o)  =  0  and  consider  an  ion  pair  of  hydrogen.  If  Z  =  0 
for  all  times  then  the  eqviation  of  motion  for  r^  is: 


(19) 


The  solution  of  this  equation  must  be  subject  to  the  conditions  r^  =  r^{o) 

at  t  =  0  and  r  (o)  =  0  at  t  =  0. 

P 

5 

The  solution  is  found  to  be  : 


where: 


r  /r  (o) 
P  P 


(20a) 

(20b) 


and  J  is  the  Bessel  Function  of  order  -  1/4.  Equation  (20a)  gives 
the  motion  in  the  projected  coordinate  system.  The  motion  in  the  ori¬ 
ginal  cylindrical  coordinate  system  is  given  by  |  i'p|<  0-motions 

are  found  from  equations  (1  5c)  and  the  results  are: 
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9  (ion)  = 


(20c) 


From  equation  (16)  the  kinetic  energy  is  found  to  be: 

2  W 

M  +m  /uB  r  (o)  \  .  /  r  \2 

T  (ion) +  T  (electron)  =  j  J  (21) 

For  a  hydrogen  ion  pair  in  a  field,  B  ,  of  1  Weber/meter^  with  a  rise 

-  6  ^15  2 

time,  T,  of  1 0  sec  one  finds  that  W  =  10  t  . 


Figure  2  shows  the  radial  motion  of  the  ion  on  an  r/$  plot.  The  motion 

is  shown  by  the  solid  line.  During  the  time  that  the  ion  makes  three 

passes  through  the  axis  of  symmetry  and  rotates  11®  the  electron  will 

have  rotated  19,  500®.  The  electron's  path  is  not  shown  in  Figure  2. 

The  dotted  line  in  Figure  2  shows  the  path  which  would  be  traveled  by 

an  isolated  hydrogen  ion  (i.  e.  -  no  coulomb  forces)  in  the  same  time 

•  8 

interval  as  that  encompassed  by  the  solid  line  (8.  7x10  sec). 


Equations  (20a)  and  (20b)  give  the  result  that  the  time  at  which  the  ion 

pair  reaches  the  axis  of  symmetry  is  independent  of  the  starting  radius. 

This  means  that  ionized  material  in  the  gas  is  swept  up  by  the  field  into 

an  ionized  cylindrical  shell  of  ever  increasing  density  — which  converges 

on  the  axis  of  symmetry.  This  is  a  collisionless  "snow  plow"  effect. 

-8 

This  action  takes  place  in  4.  3  x  1  0  sec. 
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IV  CONCLUDING  REMARKS 


It  is  concluded  that  the  important  results  of  coulomb  forces  are  three  in 

number.  First,  the  translation  of  the  massive  ions  in  the  field  is  much 

more  rapid  than  for  no  coulomb  forces  (=  more  rapid). 

Second,  the  energy  which  can  be  transferred  to  the  particles  is  much 

larger  (M  /m  )  ^  larger)  Third,  the  circulation  of  electrons 
V  o  o  ®  /  1/4 

about  the  axis  of  symmetry  is  much  increased  (-  larger). 

The  latter  result  is  very  significant  since  it  can  lead  to  the  relatively 
easy  establishment  of  pinch  effects.  The  tendency  to  pinch  is  propor¬ 
tional  to  the  square  of  the  gas  current  and  hence  it  is  increased  by  a 
/  \1  /2 

factor  of  about  (M^/m  ) 
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I  INTRODUCTION 


The  problems  of  plasma  physics  are  sufficiently  complex 
that  one  must  approach  them  from  a  simplified,  and  often  ex¬ 
treme,  point  of  view;  in  brief,  one  must  adopt  a  model.  On 
the  basis  of  the  model  certain  behavior  characteristics  of 
plasmas  can  be  predicted;  the  approach  is  fruitful  if  a  suffi¬ 
cient  number  of  these  characteristics  are  manifest  in  the 
behavior  of  a  real  plasma. 

One  such  approach  is  the  "circuit  model"  in  which  it  is 
assumed  that  an  infinite  number  of  current  carriers  exists  in 
the  gas,  and  so  the  kinetic  energy  associated  with  current  flow 
is  negligibly  small.  Current  flow  can  be  stopped  and  started 
with  no  inertial  lag.  In  accord  with  this  model  one  deals  with 
quantities  like  resistivity,  inductance,  total  mass,  viscosity, 
and  so  on. 

A  second  model  that  can  be  employed  is  a  "single  particle" 
model.  Here  one  works  from  the  behavior  of  isolated,  charged 
particles  moving  in  the  applied  electromagnetic  field,  and  the 
effects  of  the  inertia  of  the  particles  on  current  build-up  is 
automatically  included.  The  single  particle  approach  is  ex¬ 
pected  to  be  valid  in  the  limit  of  no  collision  — that  is,  in  the 
limit  of  a  rarified  plasma. 

The  present  paper  uses  a  single  particle  model,  and  com¬ 
plete  absence  of  close  collisions  is  assumed.  The  model  does 
not  neglect  the  powerful  neutralizing  effects  of  coulomb  forces, 
however.  On  the  contrary,  the  coulomb  forces  are  assumed  to 
be  so  powerful  that  the  plasma  is  macroscopically  neutral  at  all 
times. 

In  addition  to  coulomb  forces,  the  charged  constituents  of 
a  plasma  are  affected  by  the  magnetic  fields  produced  as  a 
consequence  of  current  flow  in  the  plasma.  In  a  real  plasma 
these  self  fields  are  often  extremely  important  since  they  lead, 
for  example,  to  the  pinch  effect.  To  the  extent  that  the  two- 
fluid  model  is  developed  in  this  paper,  the  effects  of  self  fields 
will  be  neglected.  However,  it  should  be  kept  in  mind  that 
their  effects  can  be  included  by  a  direct  extension  of  the  present 
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results.  This  is  an  area  for  future  work.  The  present  results 
do  demonstrate  how  the  condition  of  self-field  dominance  is 
approached,  and  also  show  that  the  role  of  self-fields  is  larger 
than  might  be  suspected.  This  latter  conclusion  follows  from 
the  fact  that,  as  will  be  shown,  strong  coulomb  forces  lead  to 
a  strong  enhancement  of  the  gas  currents. 

The  present  results  are  valid  fc^r  fields  having  a  certain 
kind  of  axial  symmetry,  and  this  sy.nmetry  will  be  defined  in 
the  following  section  of  the  paper.  i  an  introduction  to  the 
problem  one  must  first  consider  par  vide  motion  in  the  absence 
of  coulomb  forces.  This  is  also  done  in  the  next  section. 


n  MOTION  WITHOUT  COULOMB  FORCES 


When  coulomb  forces  are  not  Included*  the  motion  of  each  'ion 
and  electron  in  the  plasma  is  governed  solely  by  its  interaction 
with  the  applied  electromagnetic  field.  All  of  the  results  that  are 
presently  desired  can  be  obtained  by  assuming  the  applied  field  to 
consist  only  of  a  time -dependent  magnetic  field.  In  terms  ^  a 
cylindrical  coordinate  system  with  unit  vectors  r  *  s  *  and  9*  the 
required  symmetry  is  obtained  by  restricting  the  field  to  an  r- 
component*  and  a  a -component*  but  no  6-component.  In  Edition* 
since  the  field  is  varying  with  time*  an  induced  electrical  field 
exists  which  has  only  a  6 -component.  All  motiono  are  assumed 
to  be  nonrelativistic.  The  MKS  system  of  units  is  used. 


When  the  applied  field  has  the  symmetry  that  has  been  de¬ 
scribed,  the  equations  of  motion  for  a  particle  of  mass  m  and 
charge  q  can  be  writt  en  in  a  particularly  simple  and  compact 
form.  The  development  leading  to  this  particular  form  is  given 
in  the  appendix,  of  this  Technical  Memorandum.  The  r  and  z 
motions  are  given  by: 

••  av 

mr  =  -  ‘ITT 


where: 


and: 
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Th«  quantity^  which  i«  dafinad  by  £q.  (4)  is  (aside 
from  a  factor  of  2r)  the  magnetic  flux  enclosed  to  the  axis  of 
symmetry  by  a  circle  of  ra^us  r,  located  at  position  (r,  s)  at 
time  t«  The  notation  MO)  is  used  to  denote  the  value  of  i  at 
the  po'sition  of  the  particle  at  time  sero.  The  notation  J(0)  is 
used  to  denote  the  angular  momentum  of  the  particle  with  re¬ 
spect  to  the  axis  of  symmetry  at  time  sero. 


V  is  a  scalar  potential  whose  gradient  describes  a  vector 
field  that  acts  in  every  way  like  an  electric  field.  That  is, 

V  couples  to  the  particle  through  the  charge  of  the  latter  in 
the  same  way  as  a  potential  that  describe*  *n  irrotational 
electric  field.  V  differs  from  the  usual  type  of  scalar  pot¬ 
ential  in  that  it  depends  explicitly  on  the  Initial  state  of  the 
particle. 


ing: 


The  equation  that  describes  the  d -motion  is  the  follow 


s  mrd 


(5) 


Equations  for  the  energy  of  the  particle  at  any  time  can 
be  derived  from  (1)  through  (5).  If  E  denotes  the  kinetic 
energy  in  electron  volts,  then: 

E  -  ^(r*  V  (6) 


dE  .  ev 


(7) 


From  (7)  it  is  seen  that  the  energy  of  a  particle  can 
change  only  if  V  is  explicitly  time  dependent. 

In  order  to  get  a  qualitative  idea  about  the  motion  of  the 
particle,  one  can  plot  V  for  various  instants  of  time.  V  can 
be  regarded  as  a  landscape  over  which  the  particle  slides 
without  friction  -  much  like  a  small  marble  rolling  about  in 
a  bowl  of  perhaps  intricate  shape. 
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It  (teems  rather  appropriate  to  give  V  the  name  "inductive 
potential"  since  it  arises  through  the  action  of  magnetic  fields, 
and  is  the  magnetic  analogue  of  the  "capacitive  potential"  due 
to  the  accumulation  of  charges.  Stormer  has  already  devel¬ 
oped  a  formalism  similar  to  that  presented  here  for  studying 
the  orbits  of  charged  particles  moving  in  the  earth's  magnetic 
field*.  This  is  a  special  case  however,  whereas  the  equations 
given  here  apply  in  general. 

The  quantity  ^o)  +  ,  which  appears  in  (3), 

is  a  constant  for  any  give",  problem.  It  determines  the  nature 
and  the  scale  of  variati  ..  of  V.  It  should  be  noted  that  if 


Ho)  +  ^  •  0  then  V  usually  approaches  zero  as  r  approaches 

^  q 

zero.  If  ^o)  •¥  m 

is  not  equal  to  zero  then  V  approaches 

q 

infinity  as  r  approaches  zero  •  meaning  that  the  particle  can 
never  pass  through  the  axis  of  symmetry. 


Ill  MOTION  WITH  COULOMB  FORCES 


The  tendency  of  a  plasma  toward  macroscopic  neutrality  ^ 
is  taken  into  account  in  the  limit  of  strong  neutralizing  forces. 
Hence  it  is  necessary  to  write  two  sets  of  equations  like 
(1)  through  (7).  In  the  first  set  all  quantities  are  subscribed 
"i"  -for  ion:  in  the  second  all  quantities  are  subscribed  "e"  - 
for  electron.  For  simplicity,  singly  charged  ions  are  assumed. 
The  ion  charge  will  be  denoted  by  He,  the  electron  charge  by  -e. 

The  electrons  are  prevented  from  separating  from  the  ions 
by  an  electric  field  (which  arises  from  the  slight  charge  separ¬ 
ation  that  must  occur  in  order  to  establish  the  field).  The  cou¬ 
lomb  forces  are  described  by  this  field.  Since  the  equations  of 
motion  do  not  depend  on  d  -  that  is,  there  is  axial  symmetry  - 
the  coulomb  electric  field  will  have  an  r -component  and  a 
z- component,  but  no  ^-component  (provided  there  is  axial  sym¬ 
metry  at  time  zero).  The  plasma  may  be  thought  of  as  being 
composed  of  two  interpenetrating,  charged  fluids  with  strong 
interactions  in  the  r  and  z  directions  and  no  interactions  in  the 
S-direction. 


Equations  analogous  to  Eq.  (1 )  are  written  below  -  one  for 
an  electron,  and  one  for  an  ion  -  with  the  coulomb  field  added. 


•  • 

m  r^ 
e  s 


®  +  oE 


(8) 

(9) 


Since  the  plasma  is  to  be  macroscopically  neutral,  the  ion 
and  the  electron  densities  are  taken  to  be  everywhere  the  same. 
This  means,  that  in  the  vicinity  of  every  ion,  at  every  instant 
of  time,  there  will  be  an  electron.  It  will  not  be  the  same 
electron  from  time  to  time  since  free  exchange  can  take  place 
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In  th«  ^'direction.  Aa  far  as  tha  radial  and  axial  motiona  are 
concarned,  however,  the  reault  ia  the  aame  aa  though  thia  free 
exchange  were  not  taking  place  and  one  can  think  of  an  ion>elec< 
tron  pair.  If  the  motiona  are  deacribed  in  terms  of  such  pairs 
tha  requirement  of  macroscopic  neutrality  will  be  met,  and  at 
the  aame  time  no  false  restraints  on  the  6-motion  will  be 
imposed. 

The  center  of  gravity  of  a  typical  ion-electron  pair  can  be 
defined  aa  follows: 


3-^  [■»,»,♦  "HI  J 


The  equations  of  motion  for  r  and  a  can  be  obtained  through 
the  use  of  Kqe,  (10)  and  (11)  along  with  equations  like  (8) 
and  (9).  Since  the  members  of  the  pair  are  at  nearly  the  same 
axial  and  radial  posit^n  at  all  instants  of  time  (though  not  nec¬ 
essarily  at  the  same  aaimuthal  position)  they  each  experience 
the  same  applied  field.  This  fact  is  used  in  evaluating  and 


’e* 

made' 


.  The  simplifying  assvimption  Ji  (0)  m  (o) 
ide*.  The  resulting  equations  of  motion  are: 


«  0  is  also 


•  • 

mpr 

8V 

■  -  •tt 

(12) 

•• 

mps 

8V 

*■  '  e^ 

(13) 

where 

r 

(14) 

m  ■ 

p 

I^m^mjj 

and,  the  inductive  potential,  V,  is: 


A  comparison  of  these  equations  with  Eqs.  (1),  (2),  and 
(3)  shows  the  two  sets  to  be  identical  in  form.  Thus  the  r-  and 
a-  motions  of  a  plasma  pair  are  exactly  the  same  as  those  of 
an  isolated,  positively  charged  particle  of  mass  mp  **  the 

eQuite  similar  results  are  obtained  if  it  is  assumed  that  there  is 
no  initial  net  momentum  in  the  aaimuthal  direction.  This  is  ex¬ 
pressed  by  J|(0)  4’  J  (0)  s  0. 


geometric  mean  of  the  ion  and  electron  masses.  This  fictitious 
particlf*  can  be  called  a  "plasma  particle.  " 

The  6- equations  of  motion  can  be  obtained  directly  from 

Eq.  (5): 

P^(ion)  =  -  Pg  (electron)  *=  -  ©  I  ^  1  (16) 

A  comparison  cf  Eq.  (16)  with  Eq.  (15)  shows  that  one  may  also 
write  the  equations  in  the  following  way: 

ZmpevJ 

It  is  immediately  seen  from  Eq.  (16)  that  there  is  never  any  net 
momentum  in  the  0-direction,  because  Pq  (electron)  +  Pg  (ion) 

=  0. 


P^(electron)  |  »  |  Pg(ion)  |  s 


A  consideration  of  the  electric  currents  that  can  flow  shows 
that  there  is  never  any  current  in  the  radial  and  axial  direc¬ 
tions,  because  the  electrons  and  the  ions  move  together  at  all 
times.  However,  in  the  0-direction  the  electrons  and  ions 
move  in  opposite  directions,  so  azimuthal  currents  will  flow. 
However,  since  there  is  no  net  momentum  in  the  azimuthal 
direction,  and  since  the  electron  is  much  less  massive  than  the 
ion,  the  ion  current  will  always  be  negligibly  small  compared 
to  the  electron  current. 


The  energy  equations  for  an  electron-ion  pair  can  be  found 
from  Eqs.  (12)  through  (17).  The  results  are: 


m.  +  m 


m  (r*  +  z*) 
P 

2e 


+  V 


dt 


m.  +  m 
1  e 


9V 


(18) 

(19) 


In  the  expressions  stated  above  the  energy  is  given  in  electron 
volts.  A  comparison  of  these  equations  to  the  equations  for  a 
single  isolated  particle  (Eqs.  (6)  and  (7)  )  shows  that  the 
plasma  equations  are  the  same  except  for  a  factor,=><y..^i, 
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which  appears  in  each.  Since  this  factor  is  always  large  (it has 
a  minimum  value  of  43).  the  ion-electron  pair  acquires  much 
more  energy  than  a  single  particle  of  mass  mp  does. 

During  the  motion  of  an  ion-electron  pair  the  energy  is 
sometimes  predominantly  with  the  ion  and  sometimes  predom¬ 
inantly  with  the  electron.  There  is  a  continuing  exchange  of 
energy  between  the  electron  and  the  ion  through  the  action  of 
the  coulomb  forces  that  couple  the  two.  When  the  motion  is 
mostly  axial  or  radial,  the  energy  is  with  the  ion;  when  the 
motion  is  mostly  aeimuthal,  the  energy  is  with  the  electron. 

The  energy  acquired  is  higher  than  that  for  a  single  par¬ 
ticle  with  mass  mp  because  of  the  impeding  effect  that  the  ions 
exert  on  the  electrons.  A  betatron-like  acceleration  of  the 
electrons  results,  and  this  energy  is  subsequently  transferred 
to  the  ions. 

According  to  the  model  that  has  been  developed  here,  the 
coulomb  effects  are  represented  by  an  electric  field.  This 
field  acts  in  a  similar  manner  on  both  members  of  a  pair,  and 
the  field  arises  predominantly  from  the  presence  of  many  other 
ions  and  electrons  in  the  plasma.  In  a  real  plasma  this  field 
is  not  a  "smooth"  quantity  but  will  have  a  rather  "lumpy"  nature 
-  both  with  respect  to  the  space  variables  and  with  respect  to 
time.  This  is  just  another  way  of  expressing  the  fact  that 
there  are  collisions  occurring  between  the  plasma  constituents. 
Such  effects  are  not  taken  into  account  in  the  present  treatment. 

In  order  to  map  the  inductive  potential.  V,  for  any  given 
situation  it  is  necessary  to  know  the  quantity  This  quantity 
was  defined  by  £q.  (4)  where  it  was  noted  that  it  is  closely 
related  to  the  flux  enclosed  by  a  circle  centered  on  the  axis  of 
symmetry.  A  map  of  contours  of  constant  ^  is  also  a  map  of 
the  magnetic  field  lines  It  is  relatively  easy  to  make  such  a 
map  for  any  given  experimental  situation’  . 

A  more  detailed  discussion  of  the  present  work  may  be 
found  elsewhere*'*  . 


In  the  following  section  some  specific  examples  of  results 
obtained  for  the  present  model  are  presented.  These  exam¬ 
ples  are  for  the  particularly  simple  case  of  a  uniform,  axially- 
directed,  magnetic  field  with  a  sinusoidal  time  variation.  Even 
for  this  simple  case  a  rather  complicated  variety  of  results  is 
possible. 
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IV  MOTION  IN  A  UNIFORM  F-ELD 


In  this  section  a  number  of  examples  are  given  for  the  case 
of  a  uniform  field  in  the  z-direction.  The  strength  of  this  field 
is  taken  to  be: 

B  =  B  sin  cut  (20) 

z  o 


The  equations  of  motion  for  an  ion-electron  pair  that  starts 
at  radius  r^  at  time  t^  can  be  written  from  the  results  that 
have  been  given.  The  equations  can  be  put  into  a  dimension¬ 
less  form.  The  equation  for  the  radial  motion  becomes: 


d^  tt 


o  sin*  X  T  + 


sin*  (ut^ 


(21) 


The  various  quantities  that  appear  in  Eq.  (21)  are  defined  as 
follows : 


a 

=  ^/^o 

(22) 

(U 

c 

=  eBo/2mp 

(2.3) 

T 

=  w^t 

(24) 

X 

=  w/w^ 

(25) 

E 

=  iruB  r* 

(26) 

m  o  o 


The  quantity  cu^.  is  the  cyclotron  angular  frequency  for  a 
particle  of  mass  mp  and  charge  e  gyrating  in  a  field  of 
strength  (Note;  the  factor  of  2  arises  because  the  azi¬ 

muth  angle  is  measured  from  the  axis  of  symmetry  of  the 
field  rather  than  from  the  center  of  curvature  of  the  particle 
gyration.  )  The  quantity  Ej„  is  the  peak  voltage  that  would 
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appear  on  a  one -turn  loop  of  wire,  of  radius  r^.  placed  about 
the  axis  of  symmetry.  The  equation  for  the  total  kinetic  energy 
of  the  pair  is: 


Solutions  to  (21)  and  (27)  have  been  obtained  for  var¬ 
ious  values  of  the  parameters  X.  and  t^  with  the  aid  of  a  digital 
differential  analyser.  These  solutions  are  discussed  below. 

Case  1:  t^  ■  0: 


When  to  equals  zero  there  is  no  field  present  at  the  time 
the  particle  motion  begins.  The  inductive  potential  for  this 
case  has  a  simple  parabolic  form; 

V  =  tt»  sin*  XT  <28) 

Equation  (21)  reduces  to  a  Mathieu's  equation,  and  standard 
theory  predicts  solutions  that  have  three  forms:  periodic; 
nonperiodic  and  exponentially  damped;  or  nonperiodic  and 
exponentially  undamped. 

Figure  1  shows  the  solution  obtained  ior  the  case  X  ■  1/16 
over  the  time  range  encompassing  the  first  full  cycle  of  the 
applied  field.  It  is  seen  that  the  pair  passes  repeatedly  through 
the  axis  of  symmetry  and  finally  travels  outward  to  large  radial 
distances. 

Since  the  solution  depends  only  on  r/r^.  all  pairs  in  the 
plasma  (no  matter  what  particular  value  of  might  apply) 
converge  on  the  axis  of  symmetry  at  one  time.  For  a  real  gas 
this  convergence  would  lead  to  many  particle  collisions  that 
would  disrupt  the  motion  shown  in  Figure  1.  However,  it  is 
experimentally  observed  that  the  general  features  of  the  motion 
persist  in  spite  of  the  influence  of  collisions. 

Figure  2  shows  the  energy  of  the  pair  for  the  first  half¬ 
cycle  of  the  applied  field.  The  curve  for  the  total  kinetic 
energy  is  smooth.  Shown  aa  a  dotted  line  is  the  kinetic  energy 
of  the  electron  only,  and  it  is  seen  that  its  energy  oscillates 
from  the  full  amount  to  alm'^st  aero  during  the  action.  Ther<? 


Figure  2.  Motion  in  e  Uniform  Field,  X  e  1/16,  ^(o)  s  0  (Energy  Plot) 
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is  a  continuing  exchange  of  energy  between  the  electron  and  the 
ion.  At  the  end  of  the  first  half-cycle  of  the  applied  field  most 
of  the  energy  has  been  taken  back  by  the  field,  and  only  a  small 
amount  remains  with  the  pair.  This  follows  from  the  fact  that 
the  induced  electric  field  reverses  its  direction  after  the  first 
quarter -cycle  of  the  applied  field. 

Figure  3  shows  the  radial  solution  obtained  for  X.  =  1/4,  and 
Figure  4  shows  the  corresponding  energy  plot.  The  behavior 
is  similar  to  that  for  X  *  1/16  except  tiiat  the  pair  never  reaches 
large  radial  displacements.  The  solution  was  actually  obtained 
to  4-1/2  full  cycles  of  the  applied  field  with  results  similar 
to  those  shown. 

The  two  graphs  for  energy  were  evaluated  for  the  particu¬ 
lar  case  of  nitrogen. 

Figure  5  summarizes  the  results  of  a  number  of  computer 
runs  for  values  of  X  in  the  range  1/128  to  4.  In  all  cases  the 
maximum  energy  acquired  by  the  pair  during  the  first  half 
cycle  of  the  applied  field  occurred  near  phase  z/2.  These 
energies  are  shown  in  Figure  5  plotted  against  X.  The  results 
apply  to  nitrogen  gas.  It  is  seen  that  the  energy  transfer  can 
become  large,  because  it  is  not  too  difficult  to  make  a  field  for 
which  the  maximum  volts  per  turn  is  several  thousand.  If  the 
energy  transfer  gets  larger  than  about  200,  000  volts,  it  is  no 
longer  valid  to  consider  the  motion  as  nonrelativistic,  since 
the  electron  mass  will  not  remain  constant.  If  the  electron 
mass  increases,  the  effective  value  of  X  increases,  and  a  lim¬ 
iting  process  sets  in. 

In  order  to  apply  the  results  of  Figure  3  to  deuterium  gas, 
one  must  divide  the  ordinate  scale  by  2.  64.  It  is  still  possible 
to  be  able  to  transfer  energies  in  excess  of  100,  000  volts  to  the 
gas  with  typical  laboratory  fields.  These  energies  are  above 
the  (D,  D)  fusion  threshold,  and  one  would  expect  to  observe 
neutrons  coming  from  the  gas. 

Case  2:  t^  >  0: 

This  case  arises  if  the  pair  is  not  created  until  the  applied 
field  has  existed  for  a  time,  or  if  the  pair  has  experienced  a 
collision  which  causes  flux  to  be  "entrapped  within  its  orbit". 
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Figure  3.  Motion  In  a  Uniform  Field,  K  s  1/4^  f(o)  &  0 
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Figure  4.  Motion  in  a  Uniform  Field,  \  =  1/4,  ^(o)  =  0  (Energy  Plot) 
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Figure  5.  Summary  of  Computer  Rune  for  Various  Value  of  \ 


The  right  hand  side  of  £q.  (21)  then  possesses  a  singularity  on 
the  axis  of  symmetry,  so  the  particles  never  pass  through  the 
axis  of  symmetry.  The  inductive  potential  now  has  the  follow¬ 
ing  form: 


V 


sin  ut^ 
a 


r 


(29) 


Two  cases  must  be  distinguished:  1)  during  the  first  half  cycle 
of  the  applied  field  the  potential  has  a  zero  whose  position 
depends  on  time:  2)  during  the  second  half-cycle  of  the  applied 
field  the  potential  has  no  zero.  It  is  easily  shown  that  for  this 
latter  case  the  potential  has  a  minimum  value  whose  position 
as  a  function  of  time  is  described  by  the  same  equation  as  for 
the  potential  zero  during  the  first  half-cycle. 


Figure  6  shows  the  radial  motion  for  two  values  of  X  for 
the  case  sin  ut^  =  1/4,  i.e. ,  the  initial  field  strength  equals 
one -fourth  of  the  maximum  field  strength.  If  the  results  of 
Figure  6  are  interpreted  for  a  single,  isolated  particle,  the 
small  oscillations  would  represent  local  gyrations  around  mag¬ 
netic  field  lines,  and  these  gyrations  would  take  the  form  of 
almost  circular  paths  in  the  r  and  6  directions.  When  the 
results  are  interpreted  for  an  ion-electron  pair,  however,  the 
motions  are  quite  different.  One  must  combine  the  results  of 
Figure  6  (which  represent  the  r  motions)  with  the  appropriate 
expressions  for  the  azimuthal  motions.  These  latter  expres¬ 
sions  are: 


de 

d  (ut) 


for  the  electron,  and 


for  the  ion. 


de  _  _l  [ 

d  (« t)  "  X Y  * 


sin  ut  — 


sin 


(30) 


(31) 


It  is  now  found  (for  typical  values  of  the  parameters)  that 
the  electron  motion  consists  of  a  rapid  circulation  which 
encloses  the  axis  of  symmetry.  On  the  other  hand,  the  motion 
of  the  ions  is  almost  completely  radial  with  little  circulation 
at  all. 
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The  dotted  lines  in  Figure  6  indicate  the  position  of  the 
potential  zero  as  a  function  of  time.  Each  time  the  path  crosses 
a  dotted  line,  the  electron  currents  reverse  their  direction. 

Figure  7  shows  the  radial  motion  for  the  case  X  ~  1/4, 
sin  wt^  s  1/2.  In  this  case  the  solution  was  extended  into  the 
time  range  encompassed  by  the  second  half-cycle  of  the  applied 
field.  The  dotted  line  represents  the  position  of  the  potential 
zero  (during  the  first  half -cycle)  or  the  potential  minimum 
(during  the  second  half-cycle).  The  plot  at  the  bottom  of  the 
figure  shows  the  energy  of  the  pair  as  a  function  of  time.  It  is 
seen  that  the  energy  gets  larger  during  the  second  half-cycle 
than  during  the  first.  This  requires  some  explanation.  If  one 
examines  the  field  conditions  that  must  hold  at  a  minimum  of 
the  inductive  potential,  one  finds  the  following  relation: 

B  r^  =  ^  ^  (o)  (32) 

s 


Recalling  that  ^  represents  the  amount  of  flux  enclosed  to 
the  axis  of  symmetry  (aside  from  a  factor  of  2jr ),  it  is  seen 
that  (32)  is  identical  to  the  equation  that  defines  the  loca¬ 
tion  of  the  "stable  orbit"  for  a  betatron  accelerator.  Thus, 
during  the  second  half-cycle  of  the  applied  field,  a  betatron 
type  of  acceleration  prevails.  Initially  the  energy  is  acquired 
by  the  electron,  but  it  is  subsequently  shared  with  the  ion. 

The  energy  graph  of  Figure  6  applies  to  nitrogen  gas. 

By  the  end  of  the  second  half-cycle  of  the  applied  field, 
the  energy  is  largely  taken  back  by  the  field,  and  the  motion 
during  the  third  half-cycle  is  essentially  like  that  during  the 
first. 
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APPENDIX 


It  i«  the  purpose  of  this  appendix  to  sketch  the  develop¬ 
ment  leading  to  Cqs,  (1)  through  <4)  in  the  text.  A  cylindrical 
coordinate  system  is  considered  with  the  z-axis  taken  as  an 
axis  of  symmetry  for  the  magnetic  field.  The  field  is  described 
by  a  time -dependent  vector  potential  X.  which  has  the  following 
form: 

A  =  e  Ag  (r,  a,  t)  (1) 

From  this  potential  and  the  equations  ^  =  curl  X.  t  r  —  gn 

the  field  components  are  obtained.  The  only  components  that 

are  different  from  zero  are  the  components  B  .  B  ,  and  £^. 

r  z 

A  quantity  ^  can  be  defined.  The  defining  equation  plus  its 
relationship  to  the  vector  potential  is  given  below: 

i  s  fdr  rB  (r,  z,t)  =  rA  (2) 

The  basic  equation  of  motion  for  a  particle  of  mass  m. 
charge  q.  and  momentum  P  is: 

^  =  q[rx  B  +  ST]  (3) 


The  6-component  of  this  equation  can  be  reduced  to  the 
following: 

d  (m  r^  9)  _  _  ^ 


dt 


at 


This  can  be  immediately  integrated  to  yield: 


e 


■  mr  6  =  —  q  —  *  1 


(4) 


(5) 
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In  (5)  tb«  quantities  0(0)  and  J{0)  are  constants  of  integration,  and  the 
latter  represents  the  angular  momentum  of  the  particle  with  respect 
to  the  axis  of  symmetry  at  time  sero. 

If  the  r  and  s  components  of  (3)  are  now  written,  and  use  is 
made  of-(5},  it  is  found  that  they  can  be  expressed  in  the  form  shown 
by  Eqs.  (1)  and  (2)  in  the  text. 

A  more  detailed  development  may  be  found  in  references  4  and  5 
of  the  text. 
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ABSTRACT 


A  simple  method  for  the  determination  of  some  of  the  properties  of  a 
magnetic  field  is  described.  The  method  is  applicable  provided  the  field 
has  a  certain  symmetry  about  one  axis.  The  required  symmetry  is  not 
seriously  restricting  and  many  field  configurations  of  practical  importance 
are  amenable  to  this  technique. 
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INTRODUCTION 


A  simple  method  for  the  determination  of  some  of  the  properties  of  a 
magnetic  field  is  described.  The  method  is  applicable  provided  the  field 
has  a  certain  symmetry  about  one  axis.  Although  the  method  is  undoubt¬ 
edly  not  a  new  one,  it  is  certainly  not  generally  recognized  and  this 
justified  the  present  report. 

The  restriction  to  situations  with  a  special  symmetry  does  not  se¬ 
verely  limit  the  method  since  many  situations  of  practical  importance 
have  this  property.  In  many  other  cases  (e-  g. ,  helical  coils  with  a 
small  pitch  angle)  there  is  near  symmetry  and  the  method  will  give 
satisfactory  results. 

The  method  is  d/rectly  applicable  to  determining  time -dependent 
fields  which  are  produced  by  in-phase  currents  flowing  in  an  array  of 
coils.  Application  to  other  situations  is  discussed. 
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DESCRIPTION  OF  THE  METHOD 


^  Coniider  a  cylindrical  coordinate  system  with  unit  vectors  r,  d,  and 
z.  Suppose  that  the  z-axis  is  the  axis  of  symmetry  and  that  the  magnetic 
field  has  the  following  general  form: 

B  =  r  B  (r,  z,  t)  +  z  B  (r,  z,  t)  (Ja) 

a  Z 


The  corresponding  induced  electric  field  will  have  the  form: 

E  =  ^  Eg  (r,  z,  t) 


(lb) 


The  above  two  equations  define  the  required  symmetry.  The  E  and  B 
fields  are  related  to  each  other  through  the  Maxwell  equation  for  curl  E; 


(2a) 


(2b) 


If  a  single-turn  coil  of  wire  is  placed  with  its  center  on  the  z-axis, 
its  plane  perpendicular  to  the  z-axis  then  the  voltage  induced  in  it  will 
be: 


V  (r,  z,  t)  =  2r  r  Eg 


(3) 


A  second  coil,  with  radius  r  +  dr,  placed  at  position  z  +  dz  will  have 
an  induced  voltage  V'  .  For  V'  =  V  the  following  relationship  must  hold: 


8V 


dr  + 


8V 

FT 


dz 


0 


(4) 
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Substituting  (Zb),  and  (Zb),  and  (3)  into  H)  gives 

dB  dB 

^  dr  =  dz  (5) 

In  the  simplest  case  the  time  dependence  of  Bj.  and  is  everywhere 
the  same.  This  situation  is  true  if  the  field  is  produced  by  a  set  of  in- 
phase  currents  flowing  in  an  array  of  coils.  £q.  (S)  can  then  be  sim¬ 
plified  to  read  as  follows: 


dz  B  (6) 

z 

The  last  equation  gives  the  result  that  the  direction  of  a  line  joining 
the  periphery  of  a  series  of  coils  having  the  same  induced  voltage  is  the 
same  as  the  direction  of  the  magnetic  field  at  that  point. 

A  magnetic  field  can  thus  be  mapped  with  a  series  of  coils  which  are 
all  concentric  with  the  axis  of  symmetry  of  the  field.  The  various  in¬ 
duced  voltages  are  plotted  on  an  r  -  z  diagram  and  the  constant  voltage 
contours  are  identical  with  the  magnetic  field  lines. 

If  the  above  measurements  are  each  divided  by  the  appropriate  value 
of  Zirr  and  plotted  again,  then  the  constant -value  contours  are  (by  Eq.  (3)) 
contours  of  constant  Eg. 

The  magnitude  of  B  at  each  point  can  be  found,  if  desired,  by  applying 
Eq.  (2a)  and  (Zb). 

So  far  the  discussion  has  dealt  with  the  special  case  of  a  time-dependent 
field  produced  by  an  array  of  coils  carrying  in-phase  currents.  The  use 
of  the  method  to  measure  dc  fields  and  fields  produced  by  currents  having 
more  complex  time  dependences  is  discussed  briefly  in  the  next  two  sections. 
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in  THE  USE  or  SUPERPOSITION 


If  the  time  dependence  of  B  is  everywhere  the  same  then  it  is  sufficient 
to  measure  only  the  peak  induced  voltages  in  the  survey  coils.  The  B- 
field  plot  and  the  constant  Eg  contours  can  be  obtained  from  these  data. 

When  the  time  dependence  is  not  everywhere  the  same  then  the  field 
pattern  is  moving  and  measurements  at  a  whole  series  of  times  are  re¬ 
quired.  This  problem  can  be  avoided  by  exciting  the  various  parts  of 
the  system  separately  (e.  g. ,  sinsusoidal  excitation)  and  measuring  the 
induced  voltages  from  each  part  separately.  A  suitable  linear  combina¬ 
tion  of  the  several  sets  of  measurements  can  then  be  made  to  yield  the 
net  field  pattern  at  any  desired  instant  of  time.  If  this  is  done,  one 
must  take  into  consideration  the  electrical  loading  which  the  various  parts 
of  the  system  may  have  on  each  other.  If  there  is  ferromagnetic  material 
present  the  technique  of  superposition  can  be  applied  only  if  this  material 
is  not  operated  in  the  region  of  magnetic  saturation. 
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W  DC  FIELDS 


The  methr:d  is  applicable  to  dc  fields  provided  a  suitable  ac  analog  can 
bs  constructed.  If  the  dc  lyatem  ccntains  ferrous  materials  it  seems 
difficult  to  apply  the  method,  but  otherwise  one  need  only  replace  all 
metal  surfaces  with  insuh.ting  zTiateriale. 
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V  AN  EXAMPLE 


Figure  1  shows  the  results  obtained  from  an  application  of  the  method 
to  a  specific  situation.  The  field-producing  elements  were  a  series- 
connected  array  of  one-turn  coils  of  diameters  2,  3,  4,  5,  6,  7  and  8 
inches  arranged  as  shown.  In  addition,  a  1 -inch-diameter  metal  disc 
was  placed  on  the  axis  of  symmetry.  The  coils  were  excited  at  a  fre¬ 
quency  of  1  Me.  Figure  2  is  a  photograph  of  the  physical  test  setup 
which  was  used  for  making  the  measurements.  At  the  left  of  the  picture 
can  be  seen  the  seven-turn  pancake  exciting  coil.  At  the  right  of  the 
picture  are  the  concentric  and  independent  probe  or  search  coils.  These 
have  been  mounted  on  a  lucite  plate  (1/2  inch  thick  by  20-inch  diameter). 
The  coil  spacing  is  J/4  inch  between  adjacent  wires.  Thirty-nine  coils 
have  been  mounted  between  diameters  of  1  / 4  inch  and  20  inches.  The 
lucite  plate  was  mounted  on  a  board,  as  shown,  and  the  whole  structure 
on  an  optical  bench  so  that  the  distance  between  the  exciting  coils  and 
probing  coils  could  be  varied. 

The  solid  lines  in  Figure  I  show  the  resulting  B-field  pattern.  The 
corresponding  numbers  give  the  B-flux  subtended  to  the  axis  of  symmetry 
by  each  line  (normalized  to  1  for  the  flux  subtended,  or  .enclosed  by 
the  outermost  coil). 

The  dotted  lines  in  Figure  1  show  the  contours  of  equal  field.  The 
corresponding  numbers  give  the  value  of  Eg  (normalized  to  unity  for  the 
outermost  coil). 

One -quarter  of  the  applied  voltage  appeared  on  the  outermost  coil 
and  one-twentieth  appeared  on  the  innermost  coil. 


The  shielding  effect  of  the  metal  disc  is  clearly  evident  in  Figure  I . 


Figure  F«l,  Field  Petterue  from  an  Array  of  Coila  Excited  at  1  Me 


Figure  F-2.  Physical  Test  Setup  Used  for  Making  Measurements 
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APPENDIX  G 

A  RESISTOR-MESH  ANALOG  BOARD 


The  analog  board  is  a  computer  designed  to  study  a  variety  of  cylin- 
drically  symmetric  magnetic  field  problems  that  are  not  amenable  to 
exact  solution.  For  example,  the  board  has  been  used  to  study  fringing 
fields  of  a  poly-phase  current  system,  the  fields  in  the  region  around 
metals  and  ferrites  of  various  shapes,  and  certain  problems  involving 
the  presence  of  simple  plasmas  in  the  vicinity  of  field-producing  coils. 
The  topics  treated  in  this  appendix  are  listed  below. 

1.  Mathematical  development  of  the  basic  analog 

2.  Modifications  of  the  basic  analog 

3.  Plasma  analog 

4.  Construction  of  the  analog  board  and  associated  components. 

1.  MATHEMATICAL  DEVELOPMENT  OF  THE  BASIC  ANALOG 

The  assumptions  used  in  this  development  are  as  follows: 

1.  All  applied  currents  and  all  fields  are  axially  symmetric 

2.  All  physical  objects  have  axial  symmetry 

3.  Displacement  currents  are  negligible. 

The  MKS  System  of  units  is  used  throughout. 

Maxwell's  equations  for  an  isotropic,  homogeneous  medium  yield; 


dHz 

9z 

+  ^  (r  H  )  =  0 

r  or  r 

(G.  1) 

9Hr 

0Hz 

(G,2) 

9z 

•  TT  =  J 

G-1 

wliere  j  (r,  x)  i*  th«  xaiznuthal  current  density. 


Cq.  (G.  1)  ie  setiefied  identically  if  there  exists  a  function, 


He 


i, 

r  2r 


(G.  3) 


Mr 


_1  B4» 
r 


Substituting  these  into  Cq.  (G.  2)  yields: 


-L  (1  + 1  ^ 

8r\r8r;  r  3^2 


-  j  (*■,  *) 


(G.  5) 


The  prece^ng  equations  could  have  been  derived  using  the  magnetic 
induction,  B,  where: 


(G.6) 


in  a  simple  medium.  The  magnetic  flux,  #,  is  defined  by: 

r 

#  (r,  z)  s  2w  f  r'  Bx  (r',  z)  dr' 

0 


and  it  can  easily  be  shown  that: 

«  (r,  z)  =  2wy.  4;  (r,  s) 

We  may  re-write  the  current  density,  j  (r,  z),  as  follows: 


Xf  we  integrate  Eq. 


>  /  %  8  I  (r.  s) 

> •'  =  -y,  l‘,  ' 


(G.  8)  over  the  rectangle  given  by: 


c  B  X  K  d 


(G.7) 


(G.8) 


(G.  9) 
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i 


and  we  obtain: 


I 


b  d 

=  /  dr  /  dz  j  (r,  z)  (G.  10) 

a  c 


and  we  see  that  is  just  the  total  current  flowing  into  the  rectangle. 
Then  Eq.  (G.  5)  becomes: 

a  J.  34-  Jl.  0^  .  8^1 

Br  r  Br  ^  r  »  ^  8r8z 


The  analog  is  constructed  in  order  to  solve  Eq.  {G.  11).  To  do  this  we 
make  a  transformation  from  the  (r,  z)  coordinate  system  to  an  (n,  m) 
coordinate  system.  The  motivation  for  this  tranformation  will  become 
clear  shortly.  The  transformation  equations  are  the  following: 

;  0  i  n  S  n^  (G. 12) 

^  =  r^  exp  J  >  "o 

z  =  z  m  ;  for  all  m.  (G.  14) 

o  ’ 


It  is  convenient  to  define 


K  s 


4n 

o 


(G.  15) 


Using  the  transformation  equations  one  can  derive  two  differential 
equations  from  Eq.  (G.  11).  These  new  equations  hold  in  the  (n,  m) 
system. 


1  +  i  8^  4>* 

K  a  2  n  „  2 


8n" 


8m 


a2  » 

8  I 
8m  8n 


:  0  S  n  S 


(G.16) 
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where  we  denote  a  function  in  the  (n,  m)  eyetem  by  an  asterisk  {*).  In 
Eq.  <C.  15)  and  (G.  16); 


17) 


I  (n,  m)  =  I  (r  (n),  b  (m)  ) 

4,*  („,  f  »  <■">  J 


(G.  18) 
(G.  19) 


We  Introduce  the  operator,  £; 


N+i  M+y 

*-  ■  /  1  /  1 

N.i  M.i 


(G.  20) 


where  N  and  M  are  particular  values  of  n  and  m.  £  integrates  over  the 
rectangle  of  Figure  G*l.  We  write 


N+  ■  N  +  j 


M+  a  M  + 


N-  ■  N  -  j 


M-  a  M  - 


and  by  applying  £  to  E.  (G.  16)  and  (G.  17)  we  obtain: 


I  »♦* 


;  N  >  n 


Ij^(N,  M) 
(G.  22) 


where,  for  example. 
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(G.23) 


♦ 


♦ 

The  anelog  is  developed  by  expending  tp  in  a  power  series  about  four 
points  on  the  boimdary  of  the  rectangle  of  integration.  Figure  G-2  shows 
the  four  points  as  crosses  and  also  shows  the  notation  used. 

The  expansion  notation  is  illustrated  below  for  the  expansion  about  the 
point  (+,  0). 


00  00 


(n,  m)  =  2  C  (+,  0)  (n  -  N  )"  (m  -  M)^ 

i=o  j=o  ^ 


(G.24) 


The  validity  of  the  analog  depends  on  the  choice  of  the  cutoff  of  the 
power  series.  We  neglect  all  terms  higher  than  quadratic. 

When  Eq.  (C.  21)  and  G.  22)  are  evaluated  uoing  these  expansions,  the 
results  are  the  following: 


Cio  (+»  0)  C,,,  (0,  +)  .  (0.  .) 


10 


01 


01 


K 


1/ln 


;  N  S  n 


-  (N,  M) 


(G.25) 


C.n  (+»  0)  -  C,n  0)  (0,  +)  -  C^,  (0,  -) 


10  ^10  ■  *  - 


01 


;  N  >  n 


1^  (N,  M) 


(G.  26) 


In  order  to  get  £q.  (G.  25)  we  have  neglected  the  term: 
C„  (0, +)  -  C„  (0.  .,j|l 
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Th«  second  factor  is  lynall  as  can  be  seen  by  substituting  numbers. 
For  small  values  of  N.  4^  is  mostly  quadratic  in  form,  depending  pri¬ 
marily  on  n^.  (Small  values  of  N  are  close  to  the  axis  of  symmetry). 

The  coefficients  (C^)  can  be  evaluated  from  equations  like  Eq.  (G.  24). 
For  example,  Eq.  (G.  x4)  yields: 


Cio  (+,  0)  =  4^*  (1,  0)  -  4-*  (0,  0)  (G.  27) 

where  ths  notation  4^  (1,0)  means  to  take  the  value  of  4^  (n,  m)  at 

n  =  N  +  1,  m  =  M. 

In  order  to  get  an  electrical  analog,  we  introduce  a  constant,  R^, 
which  has  the  dimensions  of  a  resistance,  and  define  resistor  values 
in  the  following  way: 


R_  (N)  =  K  R  ;  N  ^  n 
"  o  o 


R  (N)  =  K  R  exp 
n  o 


(N)  =  R 
rn  o 


In 


(N)  =  R  n  ;  N  >  n 
m  o  o  o 


(G.  28) 


(G.  29) 


(G.  30) 


(G.  31) 


Since  the  units  of  4*  are  amperes  (See  Eq.  (G.  16),  a  voltage  function 


V  (n,  m)  can  be  defined  by: 


V  (n,  m)  «  R  4^  (n,  m), 


(G.  32) 


and  (from  Eq.  (G.  7))  the  magnetic  flux,  *,  can  be  expressed: 

*  * 

*  [.  '  ),  z  (m)]  =  — ^ -  V  (n,  m) 

o 


(G.  33) 
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Using  the  above-cited  equations,  Eq.  <G.  25)  and  (G.  26)  can  b®  ox* 
r'  ^^ssed  as  one  equation: 


v"*  (0.  0)  -  v"*  (-1.  0)  V*  (0.  0)  -  V*  (+.  0)  V*  (0.  0)  -  V*  (0.  -1) 
Rn  (N)  R^(N  +  1)  R„  (N) 


(G.  34) 


v_(0,.0)  -_V  ..(0,  1)  ,  I 

Rm  (N)  R  '  »  ' 


Eq.  (G.  34)  is  the  basic  analog  equation.  It  is  the  equation  describing 
the  system  of  voltages,  currents,  and  resistors  of  Figure  G-3. 

A  consideration  of  the  equations  for  neighboring  points  yields  additional 
resistors  and  voltages  compatible  with  the  network  of  Figure  G-3. 

Furthermore,  from  a  consideration  of  Eq.  (G.  3)  and  (G.  4),  one  can 
derive  the  following  expressions  for  the  magnetic  field  components: 

a.  ,K.,,  .  <.)j  =  ±  ,0.  ,3, 

M  o  n  J 


/  dn  H  |r  (n),  z  (M  )|  = 

N  ‘  ~  * 

J_  [  2Rm(N)  1^^^  [v*  (0,  0)  .  V*  (0,  -1) 

"  [r„  (N+1)  +  R„  (N)J  I  Rrr,  iN) 

The  average  value  of  is  proportional  to  the  current  in  the  n-direction, 
and  the  average  value  of  Hj.  is  proportional  to  the  current  in  the  m-direction. 

In  some  problems  it  is  more  useful  to  obtain  a  plot  of  the  lines  of  con¬ 
stant  magnetic  fiux,  since  the  slope  of  these  lines  gives  the  direction  of 
the  magnetic  field,  (see  Appendix  F). 

From  Eq.  (G.  33)  it  can  be  seen  that  the  magnetic  flux  is  proportional 
to  the  analog  board  voltage.  Therefore,  a  line  of  constant  V*  on  the 

resistor  mesh  is  a  line  of  constant  i  in  the  (r,  z)  space. 


(G.  36) 
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V  =  V-(+,  0) 


Figure  G-3,  Basic  Analog 
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The  advantages  of  having  transformed  to  the  (n,  m)  system  are: 


I 


1 .  Rn  is  constant  when  N  g  n^ 

2.  Ryyj  is  constant  when  N  >  n^ 

3.  Rn  varies  like  for  N  >  ng  and  this  variation  can  be  made 

to  coincide  with  the  standard  resistor  sizes  which  vary  like 
en/10.41 


The  constants  of  the  analog  board  were  chosen  as  follows: 

n  =  5.  2 
o 

R  =  1 9.  2  ohms 
o 


:G.  37) 
(G.  38) 


r 

o 

z 

o 


5.  775 


{G.  39) 


Using  these  numbers  the  transformation  equations  become: 

r  =  2.  53  z  ’J~~n ;  n  =  5.2 
o 

r  =  5.775  exp  ;  n  >  5.  2 

z  =  z  m;  for  all  m 
o 


and  Eq.  (G.  33)  becomes: 

f  =  0. 655  p  z  V 
o 


(G.  40) 

(C.41) 
(G.  42) 


(G.  43) 


On  the  analog  board  the  axis  of  symmetry  coincides  v/ith  zero  flux 
and  so: 


I 


V*  (0,  m)  =  0  (G.  44) 

All  n  =  0  mesh  points  are  joined  by  a  wire  and  all  voltages  are  referred 
to  it. 
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Th«  motivation  for  the  form  of  the  tranaformation  can  be  made  clearer. 
The  exponential  dependence  ia  deaireable  becauae  of  the  resistor  sizes, 
but  this  function  does  not  go  to  aero  as  n  goes  to  zero.  However  it  can 
be  matched  to  one  which  does.  Indeed  both  the  function  and  its  first  deri¬ 
vative  can  be  matched. 

If  we  write; 


r  -  k  n  ;  n  s  n 

o 


(“  *  "o\ 


Then: 


Equating  these  at  n  =  n^  we  find 

o  =  i  and  k  =  ky^  , 

and  this  gives  the  final  form  to  the  transformation. 

An  important  feature  of  the  coordinate  transformation  should  be  noted. 
The  constant  n^,  and  the  relation  between  r^  and  z^,  is  determined  by 
the  construction  of  the  board.  The  onl^  free  parameter  left  is  itself 
and  it  appears  in  both  the  r  and  e  transformations.  Now  is  a  scaling 
factor  to  be  chosen  for  a  particular  problem,  i.  e. ,  some  length  in  the 
problem  is  transformed  into  an  analog  length  (say  in  the  m -direction). 
Since  Bg  appears  in  both  coordinates,  the  problem  automatically  scales 
in  the  n-direction.  For  this  reason  it  is  usually  not  possible  to  perfectly 
map  the  geometry  of  a  given  problem  into  the  analog  space. 
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2.  MODIFICATIONS  OF  THE  BASIC  ANALOG 


Modifications  of  the  basic  analog  are  required  in  order  to  represent 
certain  current-carrying  wires,  metal  structures  and  ferrite  structures. 
The  cases  which  have  been  analyzed  are  listed  below: 

1.  Ferrites  whose  boundaries  are  coincident  with  mesh  points 

2.  Sheet  currents: 

a.  Extending  in  the  axial  direction 

b.  Extending  in  the  radial  direction 

3.  Metallic  objects  (nonferrous) 

Only  some  results  of  the  analysis  will  be  given 
2. 1  Ferrites 

These  results  hold  only  if  the  boundaries  of  the  ferrites  coincide  with 
mesh  points.  The  analog  is  not  accurate  otherwise. 

If  the  ferrites  (p  =  ^2^  immersed  in  a  medium  (p  =  p^),  then: 

1.  In  region  p^  the  resistors  are  the  same  as  the  basic  analog 

2.  In  region  p^  the  values  of  the  resistors  are  increased  by 

3.  The  resistors  on  the  boundary  are 

a.  Increased  by  2p2/(Pi  +  P2)  for  radial  resistors  and  by  the  same 
factor  for  axial  resistors  provided  the  boundary  is  located  at 

n  >  no 

b.  The  values  of  axial  resistors  are  raised  by 


•  if  n  <  n 
'  o 


0-13 


2. 2  t  Cttyr«nt« 

Thm  coac«pt  of  a  fi«ld«producing  sheet  current  can  be  used  provided 
that  the  diameter  of  the  wire  is  email  compared  to  a  mesh  sise,  and  if 
the  coil  turn-spacing  is  small.  The  currents  to  be  fed  into  the  board 
consist  of  two  terms,  I|^  and  is  a  correction  term  which  is  used 

when  the  coil  currmt  is  not  uniform.  Only  one  example  of  1^  will  be 
given. 

1.  For  sheet  currents  extending  in  the  axial  direction; 


.  (M^) 

Ip  «  J  da  j  [  r  (N),  a] 

^  s  (MJ 


(G.45) 


and  a  similar  term  for  1^  if  N  n  . 

G  o 

Notice  we  have  used  the  real  current  density^  not  a  transformed 
current  density. 

This  eiqyressions  for  holds  provided  the  current  passes  through 
the  point  (N,  M)  but  does  not  terminate  there.' 

2.  For  sheet  currents  extending  in  the  radial  direction: 


r  (N+) 

I-  =  J  dr  j  (r,  a  (MH 

r  (N-)  ' 


(G.  47) 


and,  there  are  similar  correction  terms. 

In  both  cases  the  correction  terms  are  different  if  the  currents  ter¬ 
minate  at  a  mesh  point. 
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2.  3  Metal  Objects 


Consider  the  one-turn  metal  strap  of  Figure  G-4  and  supyos^  .".hat  the 
gap,  d,  is  so  narrow  that  the  cylindrical  symmetry  of  the  mavnetic  field 
is  essentially  undisturbed.  The  conductivity  and  permeability  of  the  metal 
will  be  assumed  to  be  uniform  with  values  a  and  where  the  permeability 
is  the  same  as  that  of  free  space. 

The  gap  may  be  connected  to  a  voltage  source,  or  a  current  source, 
and  the  connection  will  always  be  taken  to  be  ideal  in  the  sense  that  it 
forces  no  lack  of  uniformity  of  current  in  the  metal  strap.  Displacement 
currents  will  be  ignored. 

The  distribution  of  current  in  the  strap  may  not  be  uniform,  however, 
due  to  the  effects  of  the  magnetic  field.  Two  extreme  cases  can  be  cited: 

1.  The  rate  of  change  of  the  field  is  so  slow  that  eddy  currents  in 
the  metal  are  negligible.  In  this  case  any  current  that  exists  in 
the  metal  is  due  entirely  to  sources  which  are  connected  across 
the  gap  and  so  the  current  density  in  the  metal  is  uniform.  The 
effect  on  the  metal  of  the  magnetic  field  is  negligible,  and  the 
basic  analog  equation,  (G.  34),  is  valid. 

2.  The  rate  of  change  of  the  .ue.d  is  very  rapid  and  strong  eddy 
currents  flow  in  the  metal.  A  complete  skin  effect  then  exists 
and  the  surface  of  the  metal  is  a  constant-flux  surface-  The 
distribution  of  current  in  the  metal  is  such  as  to  prevent:  any 
of  the  field  from  penetrating. 

The  result  of  this  analysis  is  an  analog  which  includes  in  it  both  cases 
(1)  and  (2). 


The  voltage  drop  in  the  strap  due  to  ohmic  losses  is  2)rrj/a,  and  if  e(t) 
is  the  applied  voltage  on  the  gap  then: 


2ffr 

a 


j 


£(t) 


9*  (r,  z,  t) 

et 


(G.  48) 


where  the  last  term  is  the  "Oltage  of  induction.  As  before  we  let 


$  =  Zjt  p  i)' 
o 


(G.  49) 
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Eq.  (G.  5)  now  becomes: 


9  1  94<  1  ^o  94*  o 

9r  r  9r  ^  r  r  9>-  ~  ~  Zirr 


(G.  50) 


The  above  equation  can  be  transformed  to  the  (n,  m)  coordinate  sv‘«tem 
with  the  aid  of  Eq.  (G.  12)  through  (G.  15).  A  transformed  time  is  '.ilso 
used  as  defined  by 


T  =•  t/a 

>’he  result  of  the  transformation  of  Eq.  (G.  50)  is: 


(G.  51) 


i  +  1  8^  4^’"  ^  ^o  94»* 

^  dn^  "  9m^  ’  " 


for  n  5  n 


n  n 
_ c 

n 

\ 


Mr) 


(G.  52) 


and 


1  A 

K  9n 


exp 


a£_ 

9n 


_i_  »V 

n  -2 
o  om 


where 


9v)j 


for  n  >  n 


L.  z  a 

C  s  ^  ° 

^  n  2  R 
o  o 


(G.  54) 


a  z 


U  5 


4>r  n 


(G.  55) 
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It  is  noted  that  C  is  a  characteristic  capacity  of  the  analog  (farads) 
and  is  a  characteristic  conductance  (mho).  C/fl  is  independent  of  ct 
and  is  a  characteristic  time  constant. 

The  same  procedure  as  before  is  used  to  develop  the  analog  and  the 
result  is  shown  in  Figure  G-5.  Each  node  point  is  seen  to  be  connected 
to  ground  (i.  e.  ,  the  axis  4^'  =  0)  by  a  capacitor.  Thus,  when  the  mag¬ 
netic  field  around  the  strap  varies  very  quickly,  the  field  inside  the  strap 
is  highly  attenuated. 

The  values  for  C  and  Im  (Figure  G-5)  are  found  from 


N  5  n  (G.  56) 

o 


N  >  n  (G.  57) 

o 

The  scale  factor  for  the  time,  a,  can  be  chosen  to  have  any  convenient 
value. 

If  the  analog  is  more  useful  when  expressed  in  terms  of  a  constant- 
voltage  generator  rather  than  a  constant-current  generator,  one  can 
replace  e(T)  by: 


1  '  w 


N.i 

C  In - - 

N.- 


‘n  = 


c  =  c 

N 


I.,  =  «  e(T) 


C  9  V  (T) 

where  ^^{t)  is  defined  by  the  above.  Substitution  of  the  above  into  Eq. 
(G.  50)  yields  the  analog  shown  in  Figure  G-6.  Since  Vg  is  independent 
of  position  the  capacitors  from  all  nodes  can  be  connected  to  the  same 
generator. 


G-18 


v*(l,  0) 


v*(0,- 


V^-1,  0) 


Figure  G-6.  Constant-Voltage  Analog 
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Calculation  shows  that  if  (",  M)  lies  along  an  edge  of  the  metal  then 
the  appropriate  value  for  the  capacitor  is  C^/2  rather  than  CTv^t.  If  it 
lies  on  a  corner,  the  appropriate  value  is  C^j/4.  These  apply  if  N  >  n  . 

The  results  for  N  <  n^  are  tedious  and  will  not  be  given  here. (See  Figure  G-7. 

The  qualitative  behavior  of  the  analog  can  be  discovered  by  considering 
its  response  to  a  voltage  step.  The  step  is  assumed  to  occur  at  t  =  0 
and  to  have  amplitude  Eq.  Then 

V  (t)  =  0;  T  <  0  and  V  (t)  =  ^  e  t;  t  >  0 

g  g  C  o 

In  response  to  this  voltage,  the  voltage  at  the  mesh  points  will  rise 
from  zero  to  some  steady-state  value  with  a  time  constant  proportional 
to  C-  On  the  other  hand,  for  small  values  for  t  one  finds  that 

V“  (N,  M)  =  E  T 
C  o 

This  result  can  be  rewritten  in  terms  of  the  magnetic  flux  through 
the  use  of  Eq.  (G.  49)  and  the  result  is: 

$  (r  (N),  z  (M))  =  E^t  (G.  59) 


this  result  holds  for  small  values  of  time  when  the  inductive  behavior  of 
the  m.etal  dominates.  At  large  values  of  time  the  conductivity  dominates. 
One  then  finds  that  the  current  flowing  int.o  each  mesh  point  is 


I 


C7 


A  z  d  r 
2?rr 


£ 

O 


(G.  60) 


where  Az  Ar  is  the  area  represented  by  one  mesh  point.  This  is  Ohm's 
law. 


G-21 


3074  -S9 


3.  PLASMA  ANALOG 


We  will  consider  the  electrical  analog  lor  a  magnetic  field  in  a  region 
containing  plasma.  Let  the  electron  density  be  N'^.  Cylindrical  sym¬ 
metry  is  assumed  and  N®  is  assumed  independent  of  time.  This  is  very 
restrictive  but  still,  tlie  analog  yields  useful  information. 

The  current  is  due  almost  entirely  to  the  electrons.  If  e  is  the  abso¬ 
lute  magnitude  of  the  electronic  charge  and  if  is  the  average 

azimuthal  electron  speed  then  the  current  density  is 


J  =  '  e 


6 


(G.  61) 


where  all  the  quantities  are  functions  of  r  and  z. 


Let  M®  be  the  electron  mass,  Eg  be  the  electric  field  of  induction, 
and  T  be  the  average  time  for  90°  scattering  of  an  electron.  Then: 


+ 1  =  she  E 


(G.  62) 


If  Eg  is  zero  then  j  dies  away  exponentially  with  time  constant  T. 

Strictly  speaking  T  is  not  a  constant,  but  it  varies  little  over  one  or 
two  collision  times  if  the  mean  electron  speed  is  constant  (constant 
electron  temperature)  over  a  time  on  the  order  of  2T. 

The  situation  is  discussed  in  more  detail  in  Section  3  of  this  report. 

Assuming  a  constant  value  for  T  one  finds: 


j  (t)  =  j  (t  =  0)e‘‘^'^  /  e 

M  o 


Eg(t')  df 


(G.  63) 


If  T  is  very  small  then 


e  N 


(G.  64) 
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which  is  just  Ohm's  law.  If  T  is  very  large  then 


j  =  j  (t  =  0)  -  ~  [  $  (t)  -  ♦  (t  =  0)] 

27rrM 


(G.  65) 


and  the  current  density  is  in  phase  with  the  magnetic  flux.  The  plasma 
is  then  inertially  dominated  as  is  discussed  in  Section  3. 


Eq.  (G.  63)  can  be  transformed  to  the  (n,  m)  coordinate  system  with 
the  result: 


2  a.  R  t 

8  1*  _  _  _o _  r  ^ 

drdz  ~  ~  Rp{n, 


a(T  -  t') 


T  .  8  I*{t  =  0)  -ar/T  ,,, 


where: 


R  =  '  -  ■  —  — - - -  ■  ■  ■  (ohm) 

^  4  ff  R  z  N*  (r  (n),  z  (m)) 

e  o 


(G.  67) 


for  n  an 


R  n 
o  o 

4:rP  -  ^  N®  (r  (n),  z  (m); 
e  o 


(ohm) 


(G.  6R) 


for  n  >  n. 


'  ^  *  2.80X10  meter. 

4irM 


Note  that  R^  is  the  classical  electron  radius.  The  characteristic 
collision  time,  T,  may  vary  from  place  to  place  in  the  plasma.  For 
each  place  a  characteristic  capacity,  Cp  may  be  defined.  It  is: 


c  =  -I- 

p  a 


(G.  69) 
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The  current  density  ,  9  I /3r8z. may  now  be  inserted  into  wq,  (G,  Id) 
andfG.17)  and  the  analog  derived.  The  result  is  shown  in  Figure  G-8. 

The  plasma  is  seen  to  have  the  effect  of  shorting  each  mesh  point  to 
ground  through  a  series  RC  circuit  whose  time  constant  equals  the  mean 
time  for  90°  collisions.  The  node  resistors,  Rp,  give  the  self-field 
effects  which  are  appreciable  if 

e  17  3 

N  >  3  X  10  electrons/meter 

4.  CONSTRUCTION  OF  THE  ANALOG  BOARD 

An  analog  board  was  constructed.  Thirty-six  independent  current 
sources  with  a  range  0-10  ma  are  provided.  The  current  sources 
are  zener -diode  stabilized  pentode  tubes  whose  plate  and  cathodes  are 
made  available  for  connection  to  the  analog  board.  The  complete  unit 
is  shown  in  Figure  G-9  and  a  close-up  of  the  resistor  mesh  is  shown 
in  Figure  G-10.  It  can  be  seen  that  the  node  points  can  be  easily  dis¬ 
connected. 

The  board  reader  is  essentially  a  bridge  circuit  as  indicated  in 
Figure  G-11.  The  potentiometer  R2  is  set  to  a  value  and  the  corres¬ 
ponding  voltage  contour  is  found,  on  the  board,  through  the  use  of  the 
probe  containing  the  potentiometer  Rj.  The  latter  is  for  interpolation 
between  the  nesh  points. 

The  null  bridge  is  similar  in  design  to  the  bridge  discussed  in 
Appendix  M.  It  has  an  extremely  high  input  impedance  and  so  draws 
a  negligible  current  from  the  board.  A  photograph  of  the  reader  is 
shown  in  Figure  G-12.  In  order  to  facilitate  the  transformation  of 
quantities  into,  and  out  of,  the  (n,  m)  system  a  slide  rule  was  designed. 
It  is  shown  in  Figure  G- 1  3. 
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Figure  G-8.  Plasma  Analog 
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Figure  G-9.  Completed  Analog  Board 
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Figure  G*ll.  Block  Diagram  o£  Board  Reader 
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Figure  G-12.  Analog  Board  Reader 


i 

1 

G-30 


I 


Figure  G-13,  Analog  B'*ird  Slide  Rule 
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MECHANICAL  DESIGN  OF 
THE  MARK  II  ACCELERATOR 


This  appendix  deals  principally  with  the  details  of  the  mechanical 
design  of  the  various  subsystems  of  the  experimental  equipment  in  the 
Accelerator  laboratory  (Figure  H-1). 

The  following  topics  are  covered  in  this  appendix: 

1.  Mechanical  Structure  of  the  Accelerator 
1.  1  The  Field  Coils 

1.2  The  Ferrites 

2.  The  Vacuum  System 

3.  The  Oil  System 

4.  The  Mercury  Feed  System 

1.  THE  MECHANICAL  STRUCTURE  OF  THE  ACCELERATOR 

Basically  the  accelerator  consists  of  two  sets  of  coils,  a  vacuum 
channel,  and  a  central  ferrite  rod.  Assembly  problems  and  anticipated 
needs  for  additions  and  adjustments  led  to  the  design  shown  in  Figure 
H-2. 


This  figure  is  a  vertical  cross  section  of  the  device  as  it  was  finally 
realized.  A  few  details  have  been  omitted  for  clarity. 

The  accelerator  is  housed  in  a  steel  box  *  of  dimensions  2  feet 
X  2  feet  X  7  feet,  which  is  filled  with  a  dielectric  oil.  The  top  and  sides 
of  the  box  are  seperately  removable,  being  sealed  with  neoprene  gaskets. 


^Circled  numerals  refer  to  numbers  in  Figure  H-2. 
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Figure  H-1.  View  of  Accelerator  Laboratory 


HJ 


Figure  H-2.  Accelerator  Cross  Section 
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Each  of  the  sides  has  a  pyrex  glass  window  6  in.  X  12  in.  for  viewing 
the  coil  region  during  operation.  The  box  is  reinforced  with  steel 
tubing  to  prevent  bulging  in  case  of  excessive  oil  pressures,  which 
may  occur  by  mischance.  One  end  of  the  box  (not  included  in  Figure 
H-Z)  has  24  Crouse -Hinds  pass-throughs,  which  permit  access  to  the 
insulated  wires  carrying  the  coil  currents.  It  also  has  24  small- 
diameter  coaxial  pass-throughs  for  temperature  sensors  or  other  signal¬ 
carrying  leads.  The  box  stands  on  legs  with  leveling  screws,  and  these 
are  mounted  on  a  wheeled  frame.  A  set  of  rails  runs  the  length  of  the 
laboratory. 

The  accelerator  isattached  to  the  vacuum  tank  via  connecting 
flanges  and  bellows  •  This  is  a  single  welded  assembly.  Both 
flanges  and  bellows  are  made  of  nonmagnetic  stainless  steel.  The  bel¬ 
lows  has  a  wall  thickness  of  0.  010  inch,  so  it  is  important  that  it  not 
directly  contact  the  plasma  beam.  Sincethe  steel  box  is  filled  with 
oil,  an  additional  flexible  oil  container  (2^  is  provided  between  the  box 
and  the  bellows  flange.  The  oil  container  is  banded  to  the  flanges  with 
large  hose  clamps. 


The  entire  accelerator  structure  is  supported  at  two  points:  it  is 
hung  from  the  support  and  the  support  .  The  former  io  attached 
to  the  box  __(i^  whereas  the  latter  rests  on  the  frame  (2)  .  An  adjust¬ 
able  leg  n^is  placed  between  the  frame  and  the  box.  It  bears 
part  of  the  weight  of  the  accelerator.  A  ball  bearing  race,  between  the 
leg  and  the  box,  facilitates  movement  of  the  system  during  assembly. 

In  effect,  the  accelerator  hangs  in  the  frame  © . 

One  major  problem  was  the  ferrite  rod  @>  N.'hich  weighs  about  20 
pounds  and  which  had  to  be  cantilevered  from  one  end.  The  solution 
chosen  was  to  use  a  sliding  counterweight  to  balance  the  ferrite  rod, 
and  adjustable  fingers  (^^  to  center  it.  This  weight  also  facilitates  the 
task  of  moving  the  central  assembly  backward  during  disassembly. 


All  vacuum  seals  are  Viton-A  O -rings,  Viton-A  may  be  expected  to 
be  trouble-free  up  to  250  C.  The  actual  average  temperature  is  not 
expected  to  exceed  80  C.  Certain  regions,  such  as  the  stainless  steel 
bellows,  may  reach  much  higher  temperatures  because  of  ohmic  heating 
by  induced  currents  and  plasma  impingement.  Cooling  channels  (3^ 
were  cut  in  these  places  to  alleviate  this  problem.  In  addition  shorted 
turns  of  copper  wire  (f^  were  provided  to  partially  prevent  the  flux 
from  reaching  these  regions. 
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The  integrity  of  the  annular  vacuum  channel  ia  maintained  by  six 
apring'loaded  tie  rode  .  They  have  proved  extremely  useful  during 
preliminary  electrical  testing  when  the  vacuum  system  has  been  up  to 
air  and  the  box  filled  with  oil.  When  the  system  is  pumped  down,  the 
pressure  differences  that  develop  tighten  the  vacuum  seals.  In  addition, 
the  beUj^s  would  contract  under  these  forces,  so  several  adjustable 
stops  nn  were  provided.  Axial  thermal  expansion  of  the  vacuum  chan¬ 
nel  waits  is  taken  by  increased  spring  compression. 


It  was  felt  that  the  best  chance  of  minimising  wall  heating  problems 
at  the  exit  end  of  the  device  was  to  flare  the  outer  vacuum  channel  wall 
We  e]q>erienced  a  good  deal  of  trouble  in  obtaining  quarts  tubes 
^th  the  smooth  flare -out,  and  several  walls  had  to  be  rejected.  The 
quarts  walls  were  finally  obtained  from  Thermal  American  Fused 
Quarts  Co.  of  New  Jersey  and  are  extremely  well  made.  (Figure  H-3). 

The  support  for  the  outer  coil  moves  along  the  tie  rods  and  has 
a  free  motion  of  about  four  centimeters.  The  distance  moved  is  mea¬ 
sured  by  the  scale  and  pointer  external  to  the  box.  The  outer  coil 
is  moved  through  the  flexible  limuge  shown  attached  to  the  pointer. 


The  arrows  indicate  the  oil  flow.  Oil  is  introduced  through  the  rear 
of  the  box,  and  a  hose  leads  directly  to  the  hollow  ferrite  support  tube 
Oil  flows  up  this  tube  and  returns,  passing  over  the  ferrite  and 
tRe  inner  coil^^.  It  flows  out  a  series  of  holes  and  enters  the  box. 

The  oil  is  then  torced  to  flow  over  the  outer  coil^  by  a  thin  circumfer¬ 
ential  sheet  of  neutral  gray  spotlight -filter  film  which  is  slit  to  allow 
passage  to  the  coil  leads.  This  material  was  chofen  for  its  transpar¬ 
ency  and  high-temperature  characteristics.  The  oil  then  enters  the 
outflow  pipe  which  is  connected  to  the  oil  pump. 


At  the  time  that  the  mechanical  design  had  to  be  frozen,  space  was 
provided  by^^for  the  introduction  of  the  mercury  vapor  feed. 

Figure  H-4  and  H-5  are  views  of  the  accelerator. 


1.  1  THE  FIELD  COILS 


The  field  coils,  both  inner  and  outer,  are  made  of  number  12  solid 
Formvar -coated  i^re.  This  small  a  wire  size  (diameter  =  0.  187  inch) 
so  simplifies  the  winding  of  the  coils  that  it  was  felt  that  the  ohmic 
losses  could  be  accepted,  especially  since  the  coils  are  oil-cooled. 
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Figure  H-4. 


Accelerator  in  Assembly  Stage 


t 
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Figure  H-5,  Assembled  Accelerator 
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E«ch  coil  group  consista  of  five  turns  of  wire,  spaced  one  wire  diameter 
apart.  A  second  coil  groi;^  is  wovind  in  the  same  sense  as  the  first  but 
connected  physically  so  that  if  the  current  flow  in  the  first  group  is 
clockwise,  the  current  flow  in  the  second  is  counterclockwise  (see 
Figure  H-6). 

There  are  four  such  composites  of  coils.  There  is  a  fifth,  which  is 
comprised  of  three  coil  groups.  The  fifth  contains  the  first  coil  of  the 
device  (the  in.'/ection  end),  a  middle  coil,  and  the  last  coil  (the  exit  end). 
They  are  connected  in  order:  clockwise  —  counterclockwise  — clock¬ 
wise.  The  l>‘;.st  clockwise  group  was  added  to  correct  somewhat  for  end 
effects. 

The  five  composite  groups  of  coils  were  wound  on  a  split  mandrel 
(Figure  H>7)  using  five  lengths  of  wire.  The  mandrel  was  collapsed  and 
removed,  leaving  the  entire  coil  system  assembled. 

The  leads  to  and  from  the  windings  are  held  semirigidly  inside  the 
accelerator  box  by  a  web  of  lacing  tape  to  prevent  accidental  short 
circuits.  At  all  points  where  they  are  unavoidably  close  to  supporting 
members,  they  are  well  insulated. 

1.2  FERRITES 

The  ferrite  used  in  the  Mark  11  was  obtained  from  Stackpole  Carbon 
Co.  of  Pennsylvania.  The  particular  type  is  called  Ceramag  27.  It  is  in 
the  form  of  tori  of  outside  diameter  2.  760  inches,  thickness  0.  500  inch 
and  with  a  central  hole  diameter  of  1.  00  inch.  The  disca  have  ground 
faces  that  allow  close  stacking  without  gaps.  Twenty-five  ferrites  are 
stacked  to  make  the  central  rod  of  the  accelerator.  This  particular 
ferrite  has  a  curie  point  temperature  of  224  C  and  has  a  maximum 
permeability  (with  respect  to  free  space)  of  2390  at  4  kc.  It  is  absolutely 
necessary,  in  a  device  in  which  the  ferrite  is  going  to  heat,  to  have  a 
high  curie  point  or  else  the  permeability  is  liable  to  fall  drastically. 

The  manufacturer's  data  give  a  Q  of  this  material  at  250  kc  of  about 
1300  which  means  it  is  not  lossy.  Above  500  kc  the  Q  falls  rapidly,  but 
this  is  not  of  special  interest  for  the  Mark  n. 

2.  THE  VACUUM  SYSTEM  AND  ASSOCIATED  COMPONENTS 

The  main  vacuum  chamber  is  a  cylindrical  tank  30  inches  in  diameter 
and  5  feet  long.  The  tank  is  flanged  on  both  ends  —  the  rear  flange 
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Figure 


carrying  the  pumps  and  the  front  flange  connecting,  via  a  bellows 
assembly,  to  the  accelerator.  (See  Figure  H-8). 

The  tank  is  supplied  with  seven  observation  ports,  a  tower  intended 
to  house  diagnostic  gear,  and  an  exhaust  pipe  and  blower  that  are  con¬ 
nected  to  a  vacuum  gate  valve  at  the  top  of  the  tank.  The  purpose  of 
this  is  to  exhaust  air  from  the  tank  whenever  the  tank  is  open  to  the 
laboratory.  This  will  keep  a  gentle  stream  of  air  going  from  the  labor¬ 
atory  to  the  tank  opening,  and  it  is  hoped  that  this  will  hold  down  the 
amount  of  mercury  vapor  escaping  into  the  laboratory.  Other  precau¬ 
tions  for  personnel  protection  have  been  taken. 

Because  of  the  necessity  of  stopping  the  plasma  beam,  it  is  not  pos¬ 
sible  to  get  a  direct  axial  view  of  the  beam.  Instead  four  45*  viewing 
ports  are  provided:  two  on  the  tank  and  two  on  the  front  flange  of  the 
tank.  The  inside  surface  of  the  front  flange  has  supports  for  diagnostics, 
and  there  is  a  hanger  rail  in  the  tank  for  the  same  purpose. 

The  tank  is  provided  with  four  parallel  cooling  coils  brazed  to  the 
tank  wall.  Oil  is  pumped  through  the  coils. 

The  frame  to  which  the  tank  is  welded  rides  on  wheels  and  on  the 
same  set  of  rails  as  the  accelerator  box. 

2.  1  PUMPING 

The  pumping  system  consists  of  two  CEC  PMC -1440  oil  diffusion 
pumps  in  parallel,  connected  through  six-inch  gate  valves  to  a  common 
manifold  on  the  rear  flange  of  the  tank.  They  are  backed  by  two  Hereus 
E-35  single-stage  forepumps.  The  foreline  system  and  foreline  valves 
are  copper  and  brass  and,  to  prevent  any  attack  by  residual  mercury,  the 
foreline  assembly  has  been  heavily  nickel -plated.  There  is  a  nickel- 
plated,  freon-cooled  baffle,  Figures  H-9  and  H-10,  of  double  chevron 
design  just  ahead  of  the  diffusion  pumps.  Its  principal  purpose  is  to 
condense  mercury  vapor  before  it  gets  to,  the  pumping  system  (it,  of 
course,  serves  also  as  a  barrier  to  pump  oil).  The  baffle  is  optically 
opaque  and  was  designed  so  that  itis  conductance  matched  the  combined 
speed  of  the  pumps.  The  effective  speed  of  the  baffle -pump  system  is 
about  1500  liters/sec  at  10"'^  Torr.  The  base  pressure  of  the  system 
(without  mercury),  as  measured  on  a  Veeco  RG-75  gauge,  was  about 
5X  10"°  Torr,  which  is  several  orders  of  magnitude  lower  tVan  the  base 
pressure  after  mercury  has  been  introduced.  Since  the  outgassing  effects 
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Figure  H-8 


Vacuum  Tank 


Figure  H-9.  Plates  of  the  Freon  Baffle 
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caused  by  the  impingement  of  a  high-energy  plasma  beam  are  unknown, 
it  is  not  absolutely  clear  that  the  pumping  speed  is  adequate;  but  it  was 
not  felt  that  a  faster  (and  much  more  expensive)  system  was  justified. 

2.  2  CIRCUITRY  OF  VACUUM  SYSTEM  (Figure  H-11) 

The  circuit,  beside  supplying  the  necessary  pump  power,  incorpor¬ 
ates  several  protective  devices.  The  circuit  works  as  follows. 


A  normally  open,  spring-loaded  switch  momentarily  supplies  line 
voltage  to  relay  C',  which  closes  contact  C,  completing  the  main  cir¬ 
cuit  loop  and  also  closing  contacts  and  C2f  thereby  supplying  power 
to  the  diffusion  pumps.  Note  that  this  loop  is  inoperative  unless  switch 
^^has  been  closed  by  the  foreline  power.  Switch  is  normally  closed, 
and  the  bell  is  activated.  When  contacts  Cj  and  C2  close,  relay(^open8 
and  the  bell  alarm  ceases.  Thereafter  the  bell  will  ring  whenever 
^  and  C2  open  for  any  reas^m.  In  case  either  diffusion  pump  heater 
should  open,  transformers  Qu or  open  the  relay  X,  thereby  opening 
Cj  and  C2  and  setting  off  the  alarm  bell.  Both  diffusion  pumps  have 
Fenwall  thermo  switches  in  their  water  supply,  and  in  case  of  overheat¬ 
ing  either  Fenwall  will  open  relay  Y.  The  relay  Z  is  opened  by  a  device 
that  monitors  the  forepressure  of  the  vacuum  system. 


2.  3  PRESSURE  MEASUREMENTS 


We  employ  a  Westinghouse  Shulz-Phelps  ionization  gauge  to  measure 
the  background  pressure  with  mercury  in  the  system.  This  gauge  was 
chosen  after  much  searching.  It  appears  that  little  has  been  done  in  the 
way  of  gauge  calibrations  for  mercury;  and,  of  course,  most  common 
gauges  can  not  be  used,  either  because  mercury  is  condensible  or  be¬ 
cause  the  gauges  contain  material  that  will  be  rapidly  and  destructively 
attacked  by  mercury  vapor.  This  ionization  gauge  is  a  fairly  recent 
development  and  is  capable  of  reading  in  the  range  1  Torr  to  10”^  Torr, 
which  is  considerably  higher  than  the  range  of  a  conventional  ionization 
gauge.  We  have  not  attempted  to  calibrate  this  gauge  for  mercury  vapor 
We  accept  a  report  that  the  sensitivity  of  various  configurations  of 
ionization  gauges  is  only  weakly  geometry-dependenf^,  and  we  take  the 
sensitivity  of  the  Shulz-Phelps  gauge  for  mercury  to  be  3.4*  times  its 
sensitivity  for  nitrogen  (which  is  given  by  the  manufacturer). 


*S.  Dushman  Scientific  Foundations  of  Vacuum  Technique,  John  Wiley 
and  Sons,  Inc.  (1949) 
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Schematic  <rf  Vacuum  System  Circuitry 


We  have  compared  the  Weatinghouse  calibration  for  nitrogen  against 
a  thermocouple  gauge  and  found  good  agreement. 

2.  4  BEAM  STOP 

This  is  a  special,  optically  opaque  baffle  located  in  the  middle  of  the 
vacuum  tank  and  is  the  intercepting  surface  for  the  plasma  beam.  It 
consists  of  a  set  of  parallel,  flattened,  hollow,  stainless  steel  tubes  of 
0.050-inch  wall  thickness.  *  These  tubes  are  welded  at  their  extremities 
to  two  rectangular  manifolds.  Figure  H-12  is  a  schematic  of  the  baffle. 

The  upper  and  lower  manifolds  have,  respectively,  an  outflow  and  an 
inflow  tube  that  go  out  of  the  vacuum  system  through  Crouse^Hinds  fittings 
in  the  rear  flange  of  the  vacuum  tank.  Oil  is  pumped  through  this  baffle 
to  carry  off  the  energy  of  the  beam. 

Figure  H-13  shows  the  baffle  seen  from  the  pump  end  of  the  vacuum 
tank. 

3.  THE  OIL  SYSTEM 

Early  in  the  design  stage  it  was  decided  to  use  oil,  both  as  a  coolant 
fluid  and  as  insulation  against  the  radio -frequency  voltages.  We  chose 
Shell  Diala- AX  which  is  inexpensive  and  has  desirable  electrical  prop¬ 
erties  (it  is  a  standard  transformer  oil).  Several  other  fluids  were 
considered,  including  silicone  oil  and  fluorochemicals.  The  cost  of 
these  is  prohibitive  in  the  quantities  we  are  using,  because  the  acceler¬ 
ator  box  holds  about  three  barrels.  Also  the  fluorochemicals  have  ex¬ 
ceptionally  low  viscosities,  which  cause  difficult  sealing  problems. 

A  50-kw  fluid-air  heat  exchanger  was  purchased  from  Electro -Impulse 
Laboratory  of  N.  J.  and  was  modified  to  meet  our  requirements.  Essen¬ 
tially  it  consists  of  a  large  radiator  with  fan,  motor,  and  gear  pump,  and 
a  thermopile  for  power  measurement.  The  radiator  was  mounted  near 
the  roof  of  the  laboratory,  and  entrance  and  exit  ducting  was  installed  to 
allow  the  outside  air  to  carry  off  the  heat.  This  caused  the  system  to  be 
somewhat  dependent  on  outside  temperatures.  Provision  can  be  made 
to  add  water  vapor  for  additional  cooling,  but  tests  indicate  that  this 
probably  will  not  be  necessary. 
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Figure  H-13,  View  of  the  Beam 


The  cooling  aystem  is  divided  into  three  separate  flow  subsystems. 

1.  Accelerator  box 

s 

2.  Beam 'Stop  baffle 

3.  Vacuum  tank  walls 

Figure  H>14  is  a  schematic  of  the  system. 

The  tank  noted  on  the  right  of  the  diagram  is  2-1/2  feet  in  diameter 
and  17  feet  tall.  It  provides  storage  space  for  all  the  oil  needed  in  the 
system.  At  the  bottom  is  a  manifold  feeding  three  separate  subsystems. 
The  system  contains  four  Sears-Roebuck  3/4-hpy  centrifugal  pumps  and 
one  high-pressure  (100  psi,  8-1/2  gallon  per  minute)  gear  pump.  The 
heat  exchanger  is  mounted  next  to  the  storage  tank.  Refer  now  to 
Figure  H-14. 

The  subsystems  are  so  designed  that  the  flow  can  be  reversed  and  all 
systems  evacuated  into  the  storage  tank.  Valve  A  is  a  foui;-way  valve. 
The  pump  is  mounted  across  this  valve  in  such  a  way  that  switching  the 
valve  effectively  reverses  the  pump  in  the  flow  line.  From  valve  A  the 
line  continues  to  junction  X  and  splits  into  two  lines.  One  line  is  a  fluid 
by-pass  controlled  by  a  gate  valve  allowing  fl\iid  to  be  shunted  around 
the  load.  The  other  side  of  the  line  continues  to  the  load,  and  line  R 
is  a  return  to  the  storage  tank.  Valve  V  allows  the  return  to  go  directly 
to  the  tank  or  into  the  flowmeter,  which  also  dumps  into  the  tank.  The 
accelerator  box  needs  an  extra  valve  (V'),  since  the  feed  point  is  in  the 
middle  of  the  tank  and  cannot  be  used  as  a  drain.  Piunp-out  is  accom¬ 
plished  by  switching  V'  to  a  line  running  into  the  bottom  of  the  accelera¬ 
tor  box  and  reversing  valve  A.  Valve  S  is  closed  and  a  small  air  bleed 
(b)  ahead  of  the  valve  is  opened.  It  has  proved  convenient  to  add  an 
additional  pump  to  the  outflow  line  of  the  accelerator  box.  Figure  H-15 
is  a  photograph  of  the  flow  control  paneL 

The  heat-exchanger  is  run  on  a  separate  pump,  which  circulates  hot 
oil  from  the  storage  tank,  through  the  fan -radiator  and  back  to  the  tank. 

A  test  was  made  of  the  entire  cooling  system  by  putting  52  kw  into  a 
resistive  load  cooled  by  the  oil  circulating  through  ^e  heat  exchanger. 

In  a  50 -minute  run  the  temperature  rose  from  32  C  to  66  C  and  was 
leveling  off  when  the  run  was  terminated  because  of  oil  seal  failure  in 
the  load.  No  additional  tests  were  deemed  necessary.  The  oil  storage 
tank  discussed  above  is  shown  in  Figure  H-16. 
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Figure  H-l6.  Oil  Storage  Tank 
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i.  1  FLOW  MEASUREMENT 


3.  1  FLOW  MEASUREMENT 

The  flow  is  measured  with  a  Fisher-Porter  precision  turbine  flow¬ 
meter.  This  instrument  puts  out  an  electrical  signal  whose  fn^quency 
is  proportional  to  the  flow  rate.  It  has  a  calibration  for  viscosity  cor¬ 
rections.  A  special  calibration  for  the  kinematic  viscosity  range  of 
Diala  AX  was  made  by  Fisher-Porter.  The  viscosity-temperature 
characteristics  of  the  oil  are  known  and  are  used  for  the  correction  to 
the  flowmeter  measurement.  The  flowmeter  manifold  was  designed  so 
that  the  path  through  the  flowmeter  had  approximately  the  same  imped¬ 
ance  as  the  by-pass  around  it.  Thus  the  flowmeter  should  have  negli¬ 
gible  effect  on  the  flow.  The  flows  from  all  three  subsystems  can  be 
sent  separately  through  the  flowmeter, 

3.  2  POWER  MEASUREMENT 

Each  flow  line  contains  an  8 -ohm  Glo-bar  hollow  carborundum  re¬ 
sistor.  A  cross  section  of  the  resistor  mount  is  shown  in  Figure  H-17. 

The  resistor  is  fed  from  a  220-volt,  50-ampere  Variac.  The  power 
delivered  to  the  resistor  is  measured  on  a  one -percent,  10 -kw  wattmeter 
mounted  on  the  oil  flow  control  panel.  In  this  way  an  accurately  known 
power  can  be  put  into  any  flow  line.  Figure  H-18  is  a  photograph  of  the 
resistor  manifold. 

The  power  measurement  is  made  by  reading  temperature  differences  in 
the  flow  line  at  points  labeled in  Figure  H-14.  The  temperature  sensors 
are  zener  diodes.  The  temperature  measuring  system  is  described  in 
detail  in  Appendix  M.  Combining  these  temperature  differences  with  the 
flowmeter  reading  yields  the  dissipated  power  producing  the  temperature 
difference.  The  resistors,  to  which  a  known  power  can  be  applied,  pro¬ 
vide  a  calibration  for  the  power  measurement. 

4.  MERCURY  FEED  SYSTEM 

In  order  that  the  mass  flow  rate  of  mercury  be  accurately  determined, 
we  have  built  a  feed  system  that  determines  the  flow  rate  by  means  of  a 
variable  speed  piston  driven  at  an  accurately  known  rate.  Figure  H-19  is 
a  schematic  of  the  system.  A  photograph  of  the  system  is  shown  in 
Figure  H-20. 
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Figure  H-17.  Cross  Section  of  Resistor  Mount 


Figure  H-18.  Resistor  Manifold 
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Figure  i-I-19.  Schematic  of  Mercury  System 
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Figure  H-20.  Mercury  Feed  System 
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The  variable  speed-reducer  driven  by  a  synchronous  motor  allows  a 
shaft  speed  at  the  revolution  counter  ranging  coi.tinuously  from  zero  to 
one -quarter  of  the  motor  speed.  A  further  fixed  reduction  follows  the 
counter  and  precedes  the  screw  and  piston.  The  output  flow  rate  of 
mercury  can  be  continuously  varied  from  zero  to  1.  2  grams /min.  The 
piston  is  stainless  steel  with  a  double  O-ring  seal  between  it  and  the 
plexiglass  case.  A  transparent  case  was  necessary  for  observation 
since  a  leak  of  mercury  past  the  piston  would  result  in  an  incorrect  and 
unknown  delivery  rate. 

This  system  was  actually  the  second  system  to  be  designed.  The 
first  system  incorporated  a  small  gear  pump  to  deliver  the  mercury. 

This  was  designed  to  operate  on  a  continuous  basis;  recharging  of  the 
reservoir  could  be  done  without  stopping  the  pump.  However  it  proved 
not  to  be  feasible,  as  the  necessary  tolerances  were  impossible  to  main¬ 
tain.  The  present  system  will  run  for  four  hours  at  the  maximvim  rate 
before  it  must  be  stopped  for  recharging.  This  is  felt  to  be  quite  adequate. 

The  mercury  boiler  and  vapor  delivery  system  arc  now  under  con¬ 
struction.  The  problem  of  delivering  a  known  rate  of  liquid  mercury 
has  been  solved  as  mentioned  above,  but  this  does  not  solve  the  problem 
of  a  known  rate  of  vapor  delivery. 

Two  approaches  have  been  investigated. 

1,  The  liquid  is  delivered  to  an  extremely  hot  surface  which  imme¬ 
diately  vaporizes  the  liquid  (a  flash  boiler). 

2.  The  liquid  is  delivered  to  an  oven  heated  to  such  a  degree  that 
an  equilibrium  surface  of  liquid  is  established.  The  surface  re¬ 
mains  stationary  even  though  liquid  is  being  delivered  to  the  oven, 
since  the  mercury  is  vaporizing  at  the  delivery  rate. 

In  both  cases  any  part  of  the  system  between  the  oven  and  the  delivery 
point  (in  the  vacuum  channel)  must  be  maintained  at  a  high  enough  tem¬ 
perature  so  that  no  condensation  can  occur.  It  appears,  at  this  point, 
that  system  number  2  is  better  and  has  been  selected  as  the  operational 
system. 

The  total  mass  of  heated  mercury  must  be  kept  small  so  that  the  vapor 
flow  rate  can  be  varied  in  an  acceptably  small  time. 
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APPENDIX  1 

POWER  SOURCE  MODIFICATION 


FOREWORD 


The  Appendix  describes  the  installation  and  modification  cf  six  Class 
C  power  supplies.  The  total  power  capability,  and  the  frequency  range 
are  in  excess  of  the  requirements  of  AF  49(638)-7  59  since  the  installa¬ 
tion  was  designed  to  be  used  for  the  work  requirements  of  several  Air 
Force  contracts.  The  burden  of  installation  and  modification  was  shared 
by  the  several  contracts. 


APPENDIX  I 

POWER  SOURCE  MODIFICATION 


1.  INTRODUCTION 

In  order  to  equip  the  laboratory  with  the  power  sources  necessary 
to  perform  high-power  radio  frequency  experiments,  six  surplus  Navy 
TBC  transmitters  were  acquired.  Each  transmitter  has  a  50-kw  capa¬ 
bility  and  was  initially  designed  to  operate  over  the  frequency  range  of 
4  to  26  Me.  These  transmitters  had  served  the  Navy  for  many  years 
as  long-range  communication  equipment.  The  major  modification  for 
laboratory  use  was  one  of  extending  the  low-frequency  Emit  to  500  cy¬ 
cles/sec,  without  a  significant  decrease  in  efficiency  or  power  capabil¬ 
ity.  The  transmitters  were  acquired  in  the  fall  of  1961  and  were  found 
to  be  on  the  average,  in  fair  condition.  After  acquisition  it  was  found 
that  the  six  TBC  included  four  different  models.  Considerable  time  and 
effort  was  spent  in  reworking  or  changing  damaged  components.  All  in 
all,  it  was  only  in  the  spring  of  1963  that  the  reworking  and  modifica¬ 
tions  were  completed  and  the  installation  operative.  Since  then 
modifications  have  proved  necessary,  even  though  these  were  in  the 
nature  of  refinements.  From  experience  we  know  that  further  refine¬ 
ments  of  this  equipment  may  be  expected. 

2.  MODIFICATIONS 

2.  1  Push-Pull  to  Single -Ended  Operation 

The  transmitters  as  received,  were  found  to  operate  with  a  push- 
pull  output,  and  it  was  decided  to  convert  the  893  output  tubes  to  single - 
ended  operation.  One  of  the  reasons  for  this  was  that  the  physical 
construction  of  the  893  plate  circuit  did  not  lend  itself  to  low-frequency 
push-pull  operation.  The  accelerator  load  also  dictated  a  single -ended 
drive  from  each  transmitter. 

To  convert  a  piece  of  electronics  as  massive  as  the  output  amplifier 
of  a  TBC  transmitter  presented  some  challenging  problems.  Figure  I-l 
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Figure  I-l.  Simplified  Schematic  of  TUC  Power  Amplifier  (Unmodified) 
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shows  a  highly  simplified  schematic  of  the  TBC  .final  amplifier  before 
modification.  Single -ended  operation  required  paralleling  the  893  out¬ 
put  tubes.  Physically  connecting  the  tubes  in  parallel  was  simple  since 
the  plates  and  filaments  were  already  connected.  The  plate  circuit  has 
a  water-cooled  inductance  shunting  the  two  plates,  but  this  is  effectively 
a  short  circuit  over  the  frequency  range  of  interest.  Paralleling  the 
grids  of  the  893  was  also  not  difficult,  but  as  might  be  expected,  a 
number  of  spurious  oscillations  appeared  when  power  was  applied. 

There  are  four  types  of  spurious  oscillations  that  can  be  present  in 
a  class  C-operated  amplifier  with  parallel  output  tubes  operated  in  a 
single -ended  mode.  The  four  types  encountered  in  modifying  the  cir¬ 
cuit  of  Figure  I-l  were  the  following. 

1.  Very-high  -frequency  (VHF)  oscillations  caused  by  parallel  opera¬ 
tion  of  the  tubes 

2.  Oscillations  in  the  neighborhood  of  2-3  Me  caused  by  unterminated 
transmission  lines 

3.  Oscillations  at  the  driving  frequency  caused  by  improper 
neutralization 

4.  Low-frequency  oscillations  caused  by  elements  of  the  output 
circuit  resonating  at  frequencies  lower  than  the  operating 
frequency, 

A  detailed  description  of  the  changes  made  to  reduce  the  spurious 
oscillations  follows. 

2.  1.  1  VHF  Oscillations 

VHF  oscillations  usually  occur  when  two  tubes  are  operated  in  paral¬ 
lel.  The  lead  inductances  and  stray  capacity  of  the  grid  and  plate  con¬ 
nections  form  the  necessary  conditions  for  a  push-pull  tuned-grid, 
tuned-plate  oscillator.  The  method  chosen  to  eliminate  this  oscillation 
was  to  add  two  50 -ohm,  50 -watt  resistors  in  series  with  and  in  close 
proximity  to  the  grids  of  the  893*8.  A  resistor  (Rz  of  Figure  1-2. 

(20,  000  ohms  and  100  watts)  was  also  added  directly  between  the  two 
plates  of  the  893*8  to  further  reduce  the  possibility  of  VHF  oscillation. 

The  three  resistors  serve  the  function  of  introducing  losses  to  the  grid 
and  plate  resonant  circuits  formed  by  stray  inductance  and  capacity. 

The  Q  of  these  tank  circuits  are  thereby  reduced  to  a  point  where  VHF 
oscillations  can  no  longer  be  sustained. 
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Figure  I>2.  Modified  Output  Circuit  with  Parasitic  Resistor 
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2.  1.  2  Oscillations  Caused  by  Tran  amission  Lines 

As  Shown  in  Figure  1-2,  the  load  tank  circuit  is  connected  to  the 
transmitters  by  means  of  an  unmatched  transmission  line.  For  a 
typical  application  the  transmission  line  length  was  about  100  feet.  As 
the  line  was  not  terminated  in  its  characteristic  impedance,  it  appeared 
to  the  transmitter  as  a  high-Q  resonant  circuit  with  a  resonant  frequency 
of  2-3  Me.  The  circuit  shown  in  Figure  1-2  exhibited  oscillations  at 
this  frequency. 

One  solution  to  this  problem  would  be  to  terminate  the  lines  properly. 
This  solution  was  rejected  since  it  would  entail  broadband  matching 
transformers  at  both  ends  of  the  transmission  line.  The  solution  adopted 
is  shown  in  Figure  1-3.  A  series  resonant  trap,  tuned  to  the  resonant 
frequency  of  the  transmission  line  was  placed  at  the  grids  of  the  power 
amplifier  tubes.  The  series  resonant  trap  was  made  by  rearranging 
the  components  of  the  existing  grid  tank  circuit.  In  practice  the  trap  is 
tuned  until  the  oscillations  vanish. 

2.  1.  3  Neutralization 

A  tuned-grid,  tuned-plate  triode  amplifier  will  usually  oscillate  be¬ 
cause  of  feedback  via  the  plate -to -grid  capacity  unless  provision  is 
made  to  neutralize  the  circuit.  Before  modification  the  neutralization 
was  accomplished  by  cross-coupled  plate -to-grid  feedback  capacitors, 
as  shown  in  Figure  I-l.  This  simple  and  effective  method  of  neutraliza¬ 
tion  is  possible  only  with  a  push-pull  amplifier;  and  because  we  had 
elected  to  change  the  operating  mode  to  single -ended,  another  method 
of  neutralizing  was  required.  The  method  chosen  was  a  modification 
of  the  Rice  method.  Normally  in  Rice  neutralization,  the  feedback 
signal  is  coupled  to  the  grid  circuit  by  means  of  a  tertiary  winding  on 
the  grid  tank  circuit.  In  the  absence  of  a  grid  tank  (see  Figure  1-2)  an 
auxiliary  winding,  W,  was  added  to  the  exciter  final  tank  circuit  and 
capacitors,  Cj^,  were  added  to  the  893  plate  circuit  as  shown  in  Figure 
1-3,  By  a  proper  choice  of  the  connections  to  the  added  winding,  the 
signal  fed  through  the  893  plate -to-grid  capacity  is  canceled  by  the 
signal  fed  back  through  and  the  auxiliary  winding. 

2.  1,  4  Lo  v -Frequency  Oscillations 

Referring  again  to  Figure  1-3,  it  will  be  observed  that  the  load  tank 
circuit  is  shunt-fed  by  means  oi  the  choke,  Lj,  and  coupling  capacitor. 
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WCH  AND  LOW  FRDOUENCy  TRAPS 


Figure  1-3.  Neutralization  and  Grid 


C^.  The  requirements  on  and  are  that  they  should  be  at  least  an 
order  of  magnitude  larger  than  L  and  C  in  order  to  have  a  negligible  effect 
on  the  performance  of  the  load  tank  circuit.  The  circuit  of  F  *  jure  1-3 
performed  well  when  driving  a  load  tank  circuit  as  shown.  However, 
there  was  occasion  to  modify  a  load  tank  circuit  to  be  driven  push-pull 
by  two  transmitters,  and  during  this  operation  low-frequency  oscilla¬ 
tions  were  observed. 

Capacitor  C  of  Figure  1-4  is  free  to  resonate  with  the  shunt-feed 
chokes,  Lj  at  a  much  lower  frequency  then  the  natural  resonant  fre¬ 
quency  of  the  load  tank  circuit.  As  neutralization  is  only  effective  at 
or  near  the  operating  frequency  of  the  amplifier  it  was  of  no  help  in 
eliminating  this  type  of  oscillation.  An  additional  tunable  series  reson¬ 
ant  trap  at  the  grids  of  the  power  amplifier  was  required.  With  a  55-kc 
push-pull  tank  circuit,  the  low-frequency  oscillations  occurred  at 
about  8  kc.  The  tuneable  element  was  chosen  to  be  a  variable  inductance. 
The  necessary  variation  of  inductance  was  accomplished  by  varying  the 
air  gap  spacing  of  the  laminated  iron  core.  Figure  1-3  illustrates  the 
placement  of  this  low-frequency  trap. 

2,  2  Modification  of  Exciter  Final 

The  450TL  exciter  final  tubes  were  also  modified  from  a  push-pull 
to  semiparallel  operation.  This  modification,  however,  did  not  present 
the  problems  of  oscillation  experienced  with  the  final  output  tubes. 
Parasitic  (VHF)  oscillations  occur  only  when  both  tubes  are  allowed  to 
conduct  simultaneously  as  do  the  893'tf.  This  condition  is  prevented 
for  the  450TL  by  the  form  of  the  input  drive  (See  Section  3,  Modulation). 
Neutralization  of  this  stage  was  unnecessary  as  the  plate  tank  circuit  is 
tuned  to  a  much  lower  frequency  than  the  grid  tank  circuit. 

3.  MODULATION 

3.  1  Principle  of  Operation 

Figure  1-5  shows  a  block  diagram  of  a  TBC-3  transmitter.  The 
amplifier  tubes  operate  in  standard  class-C  mode  on  a  continuous -wave 
basis.  Seven  tuned  circuits  exist  between  the  master  oscillator  and  the 
last  stage  of  the  power  amplifier.  Li  order  to  provide  low-frequency 
operation,  the  conventional  transformation  would  have  required  modifi¬ 
cation  and  tuning  of  all  seven  resonant  circuits  —  a  total  of  42  circuits 
to  be  tuned  if  the  operating  frequency  required  by  an  experiment  was  to 
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Figure  1-5.  Block  Diagram  of  Unmodified  TBC-3  Tranamitter 

(Modification  Shown  Dotted) 
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be  changed.  To  avoid  this,  another  method,  which  involved  modulation 
of  a  late  driver  stage,  was  selected  and  its  general  principles  will  be 
described. 

Normally  a  class -C  amplifier  stage  has  a  resonant  circuit  in  its  plate, 
and  the  frequency  of  the  signal  used  to  drive  its  grid  is  equal  to  the  plate 
circuit  resonant  frequenc/.  The  conduction  angle  (that  portion  of  the 
grid  signal  that  drives  the  grid  positive)  is  usually  between  80  and  150 
electrical  degrees  for  best  performance  of  the  stage.  Instead  of  using 
a  pure  sine  wave  signal  to  drive  the  grid  of  the  class -C  stage,  it  was 
reasoned  that  it  would  be  driven  equally  well  by  a  high-frequency  carrier 
modulated  at  a  frequency  equal  to  the  plate  circuit  resonant  frequency. 

Figure  I>6a  shows  the  condition  of  a  standard  class-C  grid  drive  with 
positive  grid  regions  and  definition  of  the  conduction  angle  indicated. 
Figure  I-bb  shows  the  condition  of  the  modulated  carrier  grid  drive  in¬ 
troduced  at  the  fourth  intermediate  power  amplifier  (IP A)  stage.  It 
should  be  observed  that  the  modulation  ratio  has  to  be  greater  than  100 
percent  so  that  the  conduction  angle  will  be  between  80  and  150  electrical 
degrees.  As  can  be  seen  from  Figure  l-6b,  the  power  output  capability 
of  a  class-C  stage  is  decreased  by  more  than  50  percent  when  a  modul¬ 
ated  carrier  grid  drive  is  used,  all  other  conditions  being  the  same. 
However,  this  did  not  prove  to  be  a  major  disadvantage,  since  the  power 
capability  of  each  stage  of  the  TBC-3  (except  lor  the  power  amplifier) 
was  quite  sufficient  to  compensate  for  this  power  loss. 

3.  2  Elimination  of  High  Frequency  Carrier 

The  required  modifications  to  the  transmitters  included  the  installa¬ 
tion  of  a  shunt  modulator  and  the  tuning  of  a  taiUc  circuit  between  the 
exciter  stage  and  the  final  stage  of  power  amplification  as  indicated  by 
the  block  diagram  of  Figure  1-5.  The  tank  circuit  preceding  the  final 
stage  of  amplification  is  tuned  to  th'?  modulating  frequency  and  provides 
the  driving  signal  to  the  power  amp}i.fier.  It  also  serves  the  function  of 
a  filter  to  completely  eliminate  the  high-frequency  carrier.  This  can 
be  seen  from  the  following  argument.  The  iiq>ut  to  the  450TL  is  the 
modulated  signal.  This  tube  operates  as  class-C  so  it  is  cut  off  for 
most  of  the  input  signal.  The  output  of  the  450TLr  has  the  power  ampli¬ 
fier's  grid  tank  on  its  plate.  Then  the  893  grid  sees  die  high-frequency 
carrier  only  on  the  negative  side  of  its  swing.  The  positive  side  is 
st^ipiied  by  the  tank  circuit,  since  during  this  part  of  the  cycle  the  450TL 
is  cut  off.  .'he  893  is  also  operated  class-C  so  that  it  is  cut  off  during 
the  negative  swing  of  its  grid,  which  is  the  only  region  of  the  cycle 
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containinf  the  high-frequency  carrier.  Thus  the  carrier  has  been 
completely  eliminated  in  the  final  output. 

3.  3  Choice  of  Carrier  Frequency 

In  order  to  achieve  the  highest  modulation  frequency  possible,  the 
carrier  frequency  wa*;  set  at  the  maximum  allowed  by  the  transmitters, 

i.  e. ,  26  Me.  There  are  two  reasons  for  this  choice. 

1.  Referring  to  Figure  l-6b,  the  conduction  angle  is  determined  to 

some  extent  by  the  relationship  between  the  phases  of  the  carrier 
and  modulation  frequencies.  As  the  two  frequencies  are  not 
locked  in  any  way,  variations  in  phase  can  produce  small  varia¬ 
tions  in  frequency  and  amplitude  of  the  stage  output.  This  effect 
becomes  negligible  the  higher  the  carrier  frequency  with  respect  1 
to  the  modulation  frequency.  I 

2.  This  reason  is  somewhat  subtle  and  is  concerned  with  the  method 
of  nru>dulating.  In  order  to  minimize  modulating  power,  the  method 
chosen  consisted  in  detuning  the  exciter  input  taijk  circuit  (fourth 
IPA  output)  by  means  of  a  small  capacitor  through  an  electronic 
shunt.  The  recovery  time  (i.  e. ,  the  time  necessary  for  the  signal  i 
anq>litude  across  the  tank  circuit  to  recover  its  original  value 
after  the  shunt  has  been  removed)  limits  the  maximum  modulation 
frequency.  For  a  constant-Q  tank  circuit,  the  number  of  cycles  | 
required  to  recover  is  independent  of  its  frequency.  The  higher 

the  carrier  frequency,  the  faster  is  the  recovery  (for  constant  Q), 
allowing  a  higher  modulating  frequency.  With  a  26 -Me  carrier, 
a  modulating  frequency  as  high  as  500  kc  can  be  used. 

I 

3.  4  The  Shunt  Modulator 

As  indicated  in  the  block  diagram  of  Figure  1-5,  the  modulator 
is  actually  connected  to  both  the  input  and  output  of  the  fourth  IPA  stage. 
The  26-Mc  signal  appearing  at  these  two  points  serves  as  a  plate  signal 
for  the  shunt  clamping  tubes  of  the  modulator.  These  tubes  act  as  an 
intermittent  shunt  to  ground  controlled  by  the  modulating  signal.  During 
a  portion  of  each  cycle  of  the  modulating  signal,  the  26-Mc  is  shunted 
to  ground.  The  reason  for  simultaneously  shunting  the  input  and  output 
tank  circuits  of  the  fourth  IPA  is  to  reduce  tube  dissipation  and,  more 
important,  to  reduce  the  power  requirements  of  the  shunt  modulator 
itself.  If  the  input  shunt  is  not  used,  the  26-Mc  signal  to  its  input  is 
always  present.  Stunting  only  the  output  would  require  that  the  modulator 
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tubes  absorb  excessive  power  during  their  shunt  time.  Excessive  plate 
dissipation  in  the  fourth  IP  A  would  also  result,  because  the  tube  would 
be  conducting  during  the  time  that  its  plate  was  shunted  to  ground.  It 
was  established  that  it  was  not  sufficient  to  clamp  only  the  fourth  IPA 
input.  Without  a  controlled  shunt  on  the  plate,  the  plate  tank  circuit 
oscillations  would  continue  for  an  unacceptable  time,  negating  the  shunt 
modulator  action  on  the  input. 

The  shunt  modulator  proper  consists  of  parallel  connected  pair  s 
of  807  pentode  tubes  driven  by  a  Schmidt  trigger.  The  input  signal  to 
the  Schmidt  is  a  20 -volt  sine  wave.  A  simplified  schematic  of  the 
modulator  is  shown  in  Figure  1-7. 

The  26-Mc  carrier  is  coupled  by  means  of  small  capacitors,  C,  to 
the  plates  of  pairs  of  807' s  and  serves  as  the  plate  voltage  for  these 
tubes.  Plate  inductance,  E,  and  stray  capacity  are  made  to  resonate 
in  parallel  at  26  Me  in  order  not  to  load  the  exciter  stage.  With  the 
control  grids  of  the  807 's  cut  off  (-40  volts)  the  transmitter  is  unaffected 
by  the  modulator.  With  the  control  grids  at  zero  volts,  the  807's  draw 
plate  current  during  each  half  cycle  of  the  26-Mc  plate  voltage  and., 
consequently,  both  load  and  detune  the  input  and  output  tank  circuits  of 
the  fourth  IPA.  As  an  example  Figure  1-8  shows  two  oscillograms  of 
a  26-Mc  carrier  signal  modulated  by  this  method  at  200  kc  and  55  kc. 
These  are  the  signals  that  appear  at  the  plate  of  the  fourth  IPA.  The 
middle  trace  in  both  cases  is  the  signal  appearing  at  the  grid  of  the 
power  amplifier,  and  the  lower  trace  is  the  load  signal.  Except  for  807 
screen  power  and  a  few  watts  for  the  Schmidt  trigger,  the  modulator 
requires  no  dc  input  power  but  simply  absorbs  pov.er  from  the  trans¬ 
mitter.  The  conduction  angle  mentioned  previously  is  set  by  changing 
the  level  of  the  Schmidt  trigger.  This  is  done  by  adjusting  the  potentiom¬ 
eter  in  the  grid  circuit  of  the  5687  tube. 

Referring  to  Figure  1-8  note  the  trace  of  the  26-Mc  carrier  in  the 
negative  half-cycle  of  the  power  amplifier  grid  signaL 

4.  TUNING 

One  goal  of  the  modifications  performed  on  the  transmitters  was  to 
allow  for  relatively  rapid  changes  of  operating  frequency.  The  modifi¬ 
cations  have  been  made  so  that  only  two  tank  circuits  per  transmitter  are 
required  when  changing  frequency.  All  other  tank  circuits  are  fixed- 
tuned  at  26  Me.  At  the  input  to  the  exciter  final  the  26-Mc  signal  is 
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INPUT  OUTPUT 


Figure  1-7.  Shunt  Modulator 
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MODULATION  FREQUENCY  MODULATION  FREQUENCY 


200  Kc/sec  55  Kc/sec 

UPPER  TRACE:  SIGNAL  AT  THE  PLATE  OF  4th  IPA 
MIDDLE  TRACE:  SIGNAL  AT  GRID  OF  POWER  AMPLIFIER 
LOWER  TRACE:  LOAD  SIGNAL 


Figure  1-8.  Signal  Patterns  at  Various  Stages  in  Modified  TBC  Transmitter 
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It  is  noted  that  C  is  a  characteristic  capacity  of  the  analog  (farads) 
and  is  a  characteristic  conductance  (mho).  C/fi  is  independent  of  a 
and  is  a  characteristic  time  constant. 

The  same  procedure  as  before  is  used  to  develop  the  analog  and  the 
result  is  shown  in  Figure  G-5.  Each  node  point  is  seen  to  be  connected 
to  ground  (i.  e.  ,  the  axis  4^*  =  0)  by  a  capacitor.  Thus,  when  the  mag¬ 
netic  field  around  the  strap  varies  very  quickly,  the  field  inside  the  strap 
is  highly  attenuated. 

The  values  for  C  and  Ikt  (Figure  G~5)  are  found  from 


N  £  n  (G.  56) 

o 


N  >  n  (G.  57) 

o 

The  scale  factor  for  the  time,  a,  can  be  chosen  to  have  any  convenient 
value. 

If  the  analog  is  more  useful  when  expressed  in  terms  of  a  constant- 
voltage  generator  rather  than  a  constant-current  generator,  one  can 
replace  £(t)  by: 


a  ^  •  w 


N+i 

2 


c  =  c 

N 


T,  =  n  €(t) 


where  Vg(T)  is  defined  by  the  above.  Substitution  of  the  above  into  Eq. 
(G.  50)  yields  the  analog  shown  in  Figure  G-6.  Since  Vg  is  independent 
of  position  the  capacitors  from  all  nodes  can  be  connected  to  the  same 
generator. 
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Figure  G-5,  Analog  for  Metal  Objects 


Calculation  shows  that  if  M)  lies  along  an  edge  of  the  metal  then 
the  appropriate  value  for  the  capacitor  is  Cj^j/Z  rather  than  C^J.  I‘  it 
lies  on  a  corner,  the  appropriate  value  is  C^J/4.  These  apply  if  N  >  n 
The  results  for  M  <  n^  are  tedious  and  will  not  be  given  here. (See  Figure  G-7. 

The  qualitative  behavior  of  the  analog  can  be  discovered  by  considering 
its  response  to  a  voltage  step.  The  step  is  assumed  to  occur  at  t  =  0 
and  to  have  amplitude  Eq.  Then 

V  (t)  =  0;  T  <  0  and  V  (t)  =  ^  e  t;  t  >  0 

g  g  C  o 

In  response  to  this  voltage,  the  voltage  at  the  mesh  points  will  rise 
from  zero  to  some  steady-state  value  with  a  time  constant  proportional 
to  C.  On  the  other  hand,  for  small  values  for  r  one  finds  tha', 

i2 

V  (N,  M)  =  -  c  T 
C  o 

This  result  can  be  rewritten  in  terms  of  the  magnetic  flux  through 
the  use  of  Eq.  (G.  49)  and  the  result  is: 

§  (r  (N),  z  (Ml)  =  £^t  (G.  59) 


this  result  holds  for  small  values  of  time  when  the  inductive  behavior  of 
the  metal  dominates.  At  large  values  of  time  the  conductivity  dominates. 
One  then  finds  that  the  current  flowing  int.o  each  mesh  point  is 


I  =  o 


A  z  A  r 
2?rr 


e 

o 


(G.  60) 


where  Az  Ar  is  the  area  represented  by  one  mesh  point.  This  is  Ohm's 
law. 
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3,  PLASMA  ANALOG 


We  will  consider  the  electrical  analog  for  a  magnetic  field  in  a  region 
containing  plasma.  Let  the  electron  density  be  N*-‘.  Cylindrical  sym¬ 
metry  is  assumed  and  N*^  is  assumed  independent  of  time.  This  is  very 
restrictive  but  still,  the  analog  yields  useful  information. 

The  current  is  due  almost  entirely  to  the  electrons.  If  e  is  the  abso¬ 
lute  magnitude  of  the  electronic  charge  and  if  <  Wg  ^  is  the  average 
azimuthal  electron  speed  then  the  current  density  is 

j  =  -  e  N^  <  (G.  61) 


where  all  the  quantities  are  functions  of  r  and  z. 


Let  M®  be  the  electron  mass,  Eg  be  the  electric  field  of  induction, 
and  T  be  the  average  time  for  90°  scattering  of  an  electron.  Then; 


ij  +  J.  =  lJL 


(G.  62) 


If  Eg  is  zero  then  j  dies  away  exponentially  with  time  constant  T. 

Strictly  speaking  T  is  not  a  constant,  but  it  varies  little  over  one  or 
two  collision  times  if  the  mean  electron  speed  is  constant  (constant 
electron  temperature)  over  a  time  on  the  order  of  2T. 

The  situation  is  discussed  in  more  detail  in  Section  3  of  this  report. 


Assuming  a  constant  value  for  T  one  finds: 

9  .  t  -  t' 

t/T  e^N®  '  T 

j(t)  =  j(t  =  0)e  /  e  E^(t’)dt' 

M  o 


e 


If  T  is  very  small  then 


j  =  TE^ 


(G.  63) 


(G,  64) 
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which  is  just  Ohm's  law.  If  T  is  very  large  then 


j 


(t  =  0) 


e  N 


2ffrM 


[  #  (t)  -  §  (t  =  0)] 


(G.  65) 


and  the  current  density  is  in  phase  with  the  magnetic  flux.  The  plasma 
io  then  inertially  dominated  as  is  discussed  in  Section  3, 


Eq.  (G.  63)  can  be  transformed  to  the  (n,  m)  coordinate  system  with 
the  result: 


drdz 


R 

o 


R  (n,  m) 
P 


a(T  -  T*) 
T 


e*-*  =  0) 

^  +  ~a7ai - 


e 


-  ar/T 


(G.  66) 


where: 


R 

P 


R  n 

o _ 

4  IT  N®  {*■  (n)»  *  (m)) 


(ohm) 


(G.  67) 


for  n 

o 

R  n 

R  - - -  r -  (ohm)  (G.  6ft) 

°  4tR  '  N®  (i  ;n),  aim); 
e  o 


for  n  > 
and 

2 

e  ^  15 

R  -  =  2.80X10  meter 

*  4»M* 


Note  that  R^  i*  the  classical  electron  radius.  The  characteristic 
collision  time,  T,  may  vary  from  place  to  place  in  the  plasma.  For 
each  place  a  characteristic  capacity,  Cp  may  be  defined.  It  is: 


C 

P 


(G.  69) 
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The  current  density  ,  9^1  /9r9z,may  now  be  inserted  into  I  q.  (G.  16) 
andfG.17)  and  the  analog  derived.  The  result  is  shown  in  Figure  G-8. 

The  plasma  is  seen  to  have  the  effect  of  shorting  each  mesh  point  to 
ground  through  a  series  RC  circuit  whose  time  constant  equals  the  mean 
time  for  90^  collisions.  The  node  resistors,  Rp,  give  the  self-field 
effects  which  are  appreciable  if 

>  3X  10^^  electrons/meter ^ 

4.  CONSTRUCTION  OF  THE  ANAGOG  BOARD 

An  analog  board  was  constructed.  Thirty -six  independent  current 
sources  with  a  range  0-10  ma  are  provided.  The  current  sources 
are  Zener -diode  stabilized  pentode  tubes  whose  plate  and  cathodes  are 
made  available  for  connection  to  the  analog  board.  The  complete  unit 
is  shown  in  Figure  G-9  and  a  close-up  of  the  resistor  mesh  is  shown 
in  Figure  G-IO,  It  can  be  seen  that  the  node  points  can  be  easily  dis¬ 
connected. 

The  board  reader  is  essentially  a  bridge  circuit  as  indicated  in 
Figure  G-ll.  The  potentiometer  R2  is  set  to  a  value  aind  the  corres¬ 
ponding  voltage  contour  is  found,  on  the  board,  through  the  use  of  the 
probe  containing  the  potentiometer  Rj^.  The  latter  is  for  interpolation 
between  the  nesh  points. 

The  null  bridge  is  similar  in  design  to  the  bridge  discussed  in 
Appendix  M.  It  has  an  extremely  high  input  impedance  and  so  draws 
a  negligible  current  from  the  board.  A  photograph  of  the  reader  is 
shown  in  Figure  G-12.  In  order  to  facilitate  the  transformation  of 
quantities  into,  and  out  of,  the  (n,  m)  system  a  slide  rule  was  designed. 
It  is  shown  in  Figure  G-13. 
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Figure  G-8.  Plasma  Analog 
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Figure  G-9-  Completed  Analog  Board 
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Figure  G-10.  Closeup  of  Resistor  Mesh 
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MESH 


^  ANALOG  MESH 
TAXIS  OF  SYMETTRY 


Figure  G-11.  Block  Diagram  of  Board  Header 


Figure  G-13.  Analog  Bo  -.-d  Slide  Rule 
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MECHANICAL  DESIGN  OF 
THE  MARK  II  ACCELERATOR 


This  appendix  deals  principally  with  the  details  of  the  mechanical 
design  of  the  various  subsystems  of  the  experimental  equipment  in  the 
Accelerator  laboratory  (Figure  H-1). 

The  following  topics  are  covered  in  this  appendix: 

1.  Mechanical  Structure  of  the  Accelerator 
1.  1  The  Field  Coils 

1.  2  The  Ferrites 

2.  The  Vacuum  System 

3.  The  Oil  System 

4.  The  Mercury  Feed  System 

1.  THE  MECHANICAL  STRUCTURE  OF  THE  ACCELERATOR 

Basically  the  accelerator  consists  of  two  sets  of  coils,  a  vacuum 
channel,  and  a  central  ferrite  rod.  Assembly  problems  and  anticipated 
needs  for  additions  and  adjustments  led  to  the  design  shown  in  Figure 
H-2. 


This  figure  is  a  vertical  cross  section  of  the  device  as  it  was  finally 
realized.  A  few  details  have  been  omitted  for  clarity. 


The  accelerator  is  housed  in  a  steel  box  *  of  dimensions  2  feet 
X  2  feet  X  7  feet,  which  is  filled  with  a  dielectric  oil.  The  top  and  sides 
of  the  box  are  seperately  removable,  being  sealed  with  neoprene  gaskets. 


’i'Circled  numerals  refer  to  numbers  in  Figure  H-2. 
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Figure  H-1.  View 
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Accelerator  Laboratory 
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Each  of  the  sides  has  a  pyrex  glass  window  6  in.  X  12  in.  for  viewing 
the  coil  region  during  operation.  The  box  is  reinforced  with  steel 
tubing  to  prevent  bulging  in  case  of  excessive  oil  pressures,  which 
may  occur  by  mischance.  One  end  of  the  box  (not  included  in  Figure 
H-2)  has  24  Crouse -Hinds  pass-throughs,  which  permit  access  to  the 
insulated  wires  carrying  the  coil  currents.  It  also  has  24  small- 
diameter  coaxial  pass-throughs  for  temperature  sensors  or  other  signal¬ 
carrying  leads.  The  box  stands  on  legs  with  leveling  screws,  and  these 
are  mounted  on  a  wheeled  frame.  A  set  of  rails  runs  the  length  of  the 
laboratory. 

The  accelerator  isattached  to  the  vacuum  tank  via  connecting 
flanges  and  bellows  .  This  is  a  single  welded  assembly.  Both 
flanges  and  bellows  are  made  of  nonmagnetic  stainless  steel.  The  bel¬ 
lows  has  a  wall  thickness  of  0.  010  inch,  so  it  is  important  that  it  not 
directly  contact  the  plasma  beam.  Sincethe  steel  box  is  filled  with 
oil,  an  additional  flexible  oil  container  is  provided  between  the  box 
and  the  bellows  flange.  The  oil  container  is  banded  to  the  flanges  with 
large  hose  clamps. 


The  entire  accelerator  structure  is  supported  at  two  points:  it  is 
hung  from  the  support  (2^  and  the  support  .  The  former  is  attached 
to  the  box  whereas  the  latter  rests  on  the  frame  .  An  adjust¬ 
able  leg  H^is  placed  between  the  frame  and  the  box.  It  bears 

part  of  the  weight  of  the  accelerator.  A  ball  bearing  race,  between  the 
leg  and  the  box,  facilitates  movement  of  the  system  during  assembly. 

In  effect,  the  accelerator  hangs  in  the  frame  (^)  . 

One  major  problem  was  the  ferrite  rod  @.  v.'hich  weighs  about  20 
pounds  and  which  had  to  be  cantilevered  from  one  end.  The  solution 
chosen  was  to  use  a  sliding  counterweight  to  balance  the  ferrite  rod, 
and  adjustable  fingers  to  center  it.  This  weight  also  facilitates  the 

task  of  moving  the  central  assembly  backward  during  disassembly. 


All  vacuum  seals  are  Vicon-A  O-rings.  Viton-A  may  be  expected  to 
be  trouble-free  up  to  250  C.  The  actual  average  temperature  is  not 
expected  to  exceed  80  C.  Certain  regions,  such  as  the  stainless  steel 
bellows,  may  reach  much  higher  temperatures  because  of  ohmic  heating 
by  induced  currents  and  plasma  impingement.  Cooling  channels 
were  cut  in  these  places  to  alleviate  this  problem.  In  addition  shorted 
turns  of  copper  wire  were  provided  to  partially  prevent  the  flux 
from  reaching  these  regions. 
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The  Integrity  of  the  annular  vacuum  channel  is  maintained  by  six 
spring-loaded  tie  rods  .  They  have  proved  extremely  usefrj.  during 
preliminary  electrical  testing  when  tht  vacutim  system  has  been  up  to 
air  and  the  box  filled  with  oiL  When  the  system  is  pumped  down,  the 
pressure  differences  that  develop  tighten  the  vacuum  seals.  In  addition, 
the  bellows  would  contract  under  these  forces,  so  several  a^ustable 
stops  were  provided.  Axial  thermal  expansion  of  the  vacuum  chan¬ 
nel  wait?  is  taken  up  by  increased  spring  compression. 

It  was  felt  that  the  best  chance  of  minimising  wall  heating  problems 
at  the  exit  end  of  the  device  was  to  flare  the  outer  vacuum  channel  wall 
We  e]q>erienced  a  good  deal  of  trouble  in  obtaining  quarts  tubes 
with  the  smooth  flare -out,  and  several  walls  had  to  be  rejected.  The 
quarts  walls  were  finally  obtained  from  Thermal  American  Fused 
Quarts  Co.  of  New  Jersey  and  are  extremely  well  made.  (Figure  H-3). 


The  support  for  the  outer  coil  moves  along  the  tie  rods  and  has 
a  free  motion  of  about  four  centimeters.  The  distance  moved  is  mea¬ 
sured  by  the  scale  and  pointer  external  to  the  box.  The  outer  coil 
is  moved  through  the  flexible  linkage  shown  attached  to  the  pointer. 


The  arrows  indicate  the  oil  flow.  Oil  is  introduced  through  the  rear 
of  the  box,  and  a  hose  leads  directly  to  the  hollow  ferrite  support  tube 
Oil  flows  w  this  tube  and  returns,  passing  over  the  ferrite  and 
tiie  inner  coil^J'  It  flows  out  a  series  of  holes  and  enters  the  box. 

The  oil  is  tf-r^rslorced  to  flow  over  the  outer  coil^  by  a  thin  circumfer¬ 
ential  sheet  of  neutral  gray  spotlight -filter  film  which  is  slit  to  allow 
passage  to  the  coil  leads.  This  material  was  cholfen  for  its  transpar¬ 
ency  and  high-|emperature  characteristics.  The  oil  then  enters  the 
outflow  pipe  u^,  which  is  connected  to  the  oil  pump. 


At  the  time  that  the  mechanical  design  had  to  be  frozen,  space  was 
provided  by^^for  the  introduction  of  the  mercury  vapor  feed. 

Figure  H-4  and  H-5  are  views  of  the  accelerator. 

1.1  THE  FIELD  COIXJ5 

The  field  coils,  both  inner  and  outer,  are  made  of  number  12  solid 
Formvar -coated  wire.  This  small  a  wire  size  (diameter  =  0.  187  inch) 
s.-!  simplifies  the  winding  of  the  coils  that  it  was  felt  that  the  ohmic 
losses  could  be  accepted,  especially  since  tlie  coils  are  oil-cooled. 
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Figure  H-4.  Accelerator  in  Assembly  Stage 
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Figure  H-5.  Assembled  Accelerator 


H-9 


Each  coil  group  consist*  of  five  turn*  of  wire,  spaced  one  wire  diameter 
apart.  A  second  coil  group  is  wound  in  the  same  sense  as  the  first  but 
connected  physically  so  that  if  the  current  flow  in  the  first  group  is 
clockwise,  the  current  flow  in  the  second  is  counterclockwise  (see 
Figure  H-6). 

There  are  four  such  composites  of  coil*.  There  is  a  fifth,  which  is 
comprised  of  three  coil  gr^>ups.  The  fifth  contains  the  first  coil  of  the 
device  (the  ii^ection  end),  a  middle  coil,  and  the  last  coil  (the  exit  end). 
They  are  connr  cted  in  order:  clockwise  —  counterclockwise  — clock¬ 
wise.  The  lar  t  clockwise  group  was  added  to  correct  somewhat  for  end 
effects. 

The  five  co.-.iposite  groups  of  coils  were  wound  on  a  split  mandrel 
(Figure  H«7)  usiiig  xive  lengths  of  wire.  The  mandrel  was  collapsed  and 
removed,  leaving  the  entire  coil  system  assembled. 

The  leads  to  and  from  the  winding*  are  held  semirigidly  inside  the 
accelerator  box  by  a  web  of  lacing  tape  to  prevent  accidental  short 
circuits.  At  all  point*  where  they  are  unavoidably  close  to  supporting 
members,  they  are  well  insulated. 

1.2  FERRITES 

The  ferrite  used  in  the  Mark  U  was  obtained  from  Staclq>ole  Carbon 
Co.  of  Pennsylvania.  The  particular  type  is  calls  d  Ceramag  27.  It  is  in 
tite  form  of  tori  of  outside  diameter  2.  760  inches,  thickness  0.  500  inch 
and  with  a  central  hole  dianteter  of  1.  00  inch.  The  discs  have  ground 
faces  that  allow  close  stacking  without  gap*.  Twenty -five  ferrites  are 
stacked  to  make  the  central  rod  of  the  accelerator.  This  particular 
ferrite  has  a  curie  point  temperature  of  224  C  and  has  a  maximvim 
permeability  (with  respect  to  free  space)  of  2390  at  4  kc.  It  is  absolutely 
necessary,  in  a  device  in  which  the  ferrite  is  going  to  heat,  to  have  a 
high  curie  point  or  else  the  permeability  is  liable  to  fall  drastically. 

The  manufacturer's  data  give  a  Q  of  tiiis  material  at  250  kc  of  about 
1 300  which  mean*  it  is  not  lossy.  Above  500  kc  the  Q  falls  rapidly,  but 
this  is  not  of  special  interest  for  the  Mark  11. 

2.  THE  VACUUM  SYSTEM  AND  ASSOCIATED  COMPONENTS 

The  main  vacuum  chamber  is  a  cylindrical  tank  30  inches  in  diameter 
and  5  feet  long.  The  tank  is  flanged  on  both  ends  —  the  rear  flange 
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carrying  the  pumps  and  the  front  flange  connecting,  via  a  bellows 
assembly,  to  the  accelerator.  (See  Figure  H-8). 

The  tank  is  supplied  with  seven  observation  ports,  a  tower  intended 
to  house  diagnostic  gear,  and  an  exhaust  pipe  and  blower  that  are  con¬ 
nected  to  a  vacuum  gate  valve  at  the  top  of  the  tank.  The  purpose  of 
this  is  to  exhaust  air  from  the  tank  whenever  the  tank  is  open  to  the 
laboratory.  This  will  keep  a  gentle  stream  of  air  going  from  the  labor¬ 
atory  to  the  tank  opening,  and  it  is  hoped  that  this  will  hold  down  the 
amount  of  mercury  vapor  escaping  into  the  laboratory.  Other  precau¬ 
tions  for  personnel  protection  have  been  taken. 

Because  of  the  necessity  of  stopping  the  plasma  beam,  it  is  not  pos¬ 
sible  to  get  a  direct  axial  view  of  the  beam.  Instead  four  45*  viewing 
ports  are  provided:  two  on  the  tank  and  two  on  the  front  flange  of  the 
tank.  The  inside  surface  of  the  front  flange  has  supports  for  diagnostics, 
and  there  is  a  hanger  rail  in  the  tank  for  the  same  purpose. 

The  tank  is  provided  with  four  parallel  cooling  coils  brazed  to  he 
tank  wall.  Oil  is  pumped  through  the  coils. 

The  frame  to  which  the  tank  is  welded  rides  on  wheels  and  on  the 
same  set  of  rails  as  the  accelerator  box. 

2.  1  PUMPING 

The  pumping  system  consists  of  two  CEC  PMC -1440  oil  diffusion 
pumps  in  parallel,  connected  through  six-inch  gate  valves  to  a  common 
manifold  on  the  rear  flange  of  the  tank.  They  are  backed  by  two  Hereus 
E-35  single-stage  forepumps.  The  foreline  system  and  fore  line  valves 
are  copper  and  brass  and,  to  prevent  any  attack  by  residual  mercury,  the 
foreline  assembly  has  been  heavily  nickel -plated.  There  is  a  nickel- 
plated,  freon-cooled  baffle,  Figures  H-9  and  H-10,  of  double  chevron 
design  just  ahead  of  the  diffusion  pumps.  Its  principal  purpose  is  to 
condense  mercury  vapor  before  it  gets  to. the  pumping  system  (it,  of 
course,  serves  also  as  a  barrier  to  pump  oil).  The  baffle  is  optically 
opaque  and  was  designed  so  that  its  conductance  matched  the  combined 
speed  of  the  pumps.  The  effective  speed  of  the  baffle -pump  system  is 
about  1500  liters/sec  at  10"^  Torr.  The  base  pressure  of  the  system 
(without  mercury),  as  measured  on  a  Veeco  RG-75  gauge,  was  about 
5  X  10'®  Torr,  which  is  several  orders  of  magnitude  lower  thrn  the  base 
pressure  after  mercury  has  been  introduced.  Since  the  outgassing  effects 
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Figure  H-8,  Vacuum  Tank 
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Figure  H-9.  Plates  of  the  Freon  Baffle 
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Figure  H-10.  Freon  Baffle 
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caused  by  the  impingement  of  a  high-energy  plasma  beam  are  unknown, 
it  is  not  absolutely  clear  that  the  pumping  speed  is  adequate;  but  it  vas 
not  felt  that  a  faster  (and  much  more  expensive)  system  was  justified. 


2.  2  CIRCUITRY  OF  VACUUM  SYSTEM  (Figure  H-11) 

The  circuit,  beside  supplying  the  necessary  pump  power,  incorpor¬ 
ates  several  protective  devices.  The  circuit  works  as  follows. 


A  normally  open,  spring-loaded  switch  momentarily  supplies  line 
voltage  to  relay  C\  which  closes  contact  C,  completing  the  main  cir¬ 
cuit  loop  and  also  closing  contacts  and  C2,  thereby  supplying  power 
to  the  diffusion  pumps.  Note  that  this  loop  is  inopcj;ative  unless  switch 
^^has  been  closed  by  the  foreline  power.  Switch  is  normally  closed, 
and  the  bell  is  activated.  When  contacts  Cj  and  C2  close,  relay^)opens 
and  the  bell  alarm  ceases.  Thereafter  the  bell  will  ring  whenever 
and  C2  open  for  any  reas^.  In  case  either  diffusion  pump  heater 
should  open,  transformers Qy  or  open  the  relay  X,  thereby  opening 
Cj  and  C2  and  setting  off  the  alarm  bell.  Both  diffusion  pumps  have 
Fenwall  thermo  switches  in  their  water  supply,  and  in  case  of  overheat¬ 
ing  either  Fenwall  will  open  relay  Y.  The  relay  Z  is  opened  by  a  device 
that  monitors  the  forepressure  of  the  vacuum  system. 


2.  3  PRESSURE  MEASUREMENTS 


We  employ  a  Westinghouse  Shulz-Phelpc  ionization  gauge  to  measure 
the  background  pressure  with  mercury  in  the  system.  This  gauge  was 
chosen  after  much  searching.  It  appears  that  little  has  been  done  in  the 
way  of  gauge  calibrations  for  mercury;  and,  of  course,  most  common 
gauges  can  not  be  used,  either  because  mercury  is  condensible  or  be¬ 
cause  the  gauges  contain  material  that  will  be  rapidly  and  destructively 
attacked  by  mercury  vapor.  Thi.'?  ionization  gauge  is  a  fairly  recent 
development  and  is  capable  of  reading  in  the  range  1  Torr  to  10“^  Torr, 
which  is  considerably  higher  than  the  range  of  a  conventional  ionization 
gauge.  We  have  net  attempted  to  calibrate  this  gauge  for  mercury  vapor. 
We  accept  a  report  that  the  sensitivity  of  various  configurations  of 
ionization  gauges  is  only  weakly  geometry-dependent*,  and  we  take  the 
sensitivity  of  the  Shulz-Phelps  gauge  for  mercury  to  be  3.  4*  times  its 
sensitivity  for  nitrogen  (which  is  given  by  the  manxifacturer). 


*S.  Dushman  Scientific  Foundations  of  Vacuum  Technique,  John  Wiley 
and  Sons,  Inc.  (1949) 
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We  have  compared  the  Weatinghouse  calibration  for  nitrogen  against 
a  thermocouple  gauge  and  found  good  agreement. 

2.4  BEAM  STOP 

This  is  a  special,  optically  opaque  baffle  located  in  the  middle  of  the 
vacuum  tank  and  is  the  intercepting  surface  for  the  plasma  beam.  It 
consists  of  a  set  of  parallel,  flattened,  hollow,  stainless  steel  tubes  of 
0,  050-inch  wall  thickness.  *  These  tubes  are  welded  at  their  extremities 
to  two  rectangular  manifolds.  Figure  H-12  is  a  schematic  of  the  baffle. 

The  upper  and  lower  manifolds  have,  respectively,  an  outflow  and  an 
inflow  tube  that  go  out  of  the  vacuum  system  through  Crouae«Hinds  fittings 
in  the  rear  flange  of  the  vacuum  tank.  Oil  is  pumped  through  this  baffle 
to  carry  off  the  energy  of  the  beam. 

Figure  H-13  shows  the  bciffle  seen  from  the  pump  end  of  the  vacuum 
tank. 

3.  THE  OIL  SYSTEM 

Early  in  the  design  stage  it  was  decided  to  use  oil,  both  as  a  coolant 
fluid  and  as  insulation  against  the  radio -frequency  voltages.  We  chose 
Shell  Diala- AX  which  is  inexpensive  and  has  desirable  electrical  prop¬ 
erties  (it  is  a  standard  transformer  oil).  Several  other  fluids  were 
considered,  including  silicone  oil  and  fluorochemicals.  The  cost  of 
these  is  prohibitive  in  the  quantities  we  are  using,  because  the  acceler¬ 
ator  box  holds  about  three  barrels.  Also  the  fluorochemicals  have  ex¬ 
ceptionally  low  viscosities,  which  cause  difficult  sealing  problems. 

A  50-kw  fluid-air  heat  exchanger  was  purchased  from  Electro -Impulse 
Laboratory  of  N.  J.  and  was  modified  to  meet  our  requirements.  Essen¬ 
tially  it  consists  of  a  large  radiator  with  fan,  motor,  .md  gear  pump,  and 
a  thermopile  for  power  measurement.  The  radiator  was  mounted  near 
the  roof  of  the  laboratory,  and  entrance  and  exit  ducting  was  installed  to 
allow  the  outside  air  to  carry  off  the  heat.  This  caused  the  system  to  be 
somewhat  dependent  on  outside  temperatures.  Provision  can  be  made 
to  add  water  vapor  for  additional  cooling,  but  tests  indicate  that  this 
probably  will  not  be  necessary. 
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Figure  H-13,  View  of  the  Beam  Stop 
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The  cooling  system  is  divided  into  three  separate  flow  subsystems. 

1.  Accelerator  box 

2.  Beam-stop  baffle 

3.  Vacuum  tank  walls 

Figure  H-14  is  a  schematic  of  the  system. 

The  tank  noted  on  the  right  of  the  diagram  is  2-1/2  feet  in  diameter 
and  17  feet  tall.  It  provides  storage  space  for  all  the  oil  needed  in  the 
system.  At  the  bottom  is  a  manifold  feeding  three  separate  subsystems. 
The  system  contains  four  Sears-Roebuck  3/4-hp,  centrifugal  pumps  and 
one  high-pressure  (100  psi,  8-1/2  gallon  per  minute)  gear  pump.  The 
heat  exchanger  is  mounted  next  to  the  storage  tank.  Refer  now  to 
Figure  H-14. 

The  subsystems  are  so  designed  that  the  flow  can  be  reversed  and  all 
systems  evacuated  into  the  storage  tank.  Valve  A  is  a  foui^-way  valve. 
The  pun^>  is  mounted  across  this  valve  in  such  a  way  that  switching  the 
vmlve  effectively  reverses  the  pump  in  the  flow  line.  From  valve  A  the 
line  continues  to  junction  X  and  splits  into  two  lines.  One  line  is  a  fluid 
by-pass  controlled  by  a  gate  valve  allowing  fluid  to  be  shunted  around 
t^  load.  The  other  side  of  the  line  continues  to  the  load,  and  line  R 
is  a  return  to  the  storage  tank.  Valve  V  allows  the  return  to  go  directly 
to  the  tank  or  into  the  flowmeter,  which  also  dumps  into  the  tank.  The 
accelerator  box  needs  an  extra  valve  (V'),  since  the  feed  point  is  in  the 
middle  of  the  tank  and  cannot  be  used  as  a  drain.  Pump-out  is  accom¬ 
plished  by  switching  V'  to  a  line  running  into  the  bottom  of  the  accelera¬ 
tor  box  and  reversing  valve  A.  Valve  S  is  closed  and  a  small  air  bleed 
(b)  ahead  of  the  valve  is  opened.  It  has  proved  convenient  to  add  an 
additional  ptunp  to  the  outflow  line  of  the  accelerator  box.  Figure  H-15 
is  a  photograph  of  the  flow  control  paneL 

The  heat-exchanger  is  run  on  a  separate  pump,  which  circulates  hot 
oil  from  the  storage  tank,  through  the  fan-radiator  and  back  to  the  tank. 

A  test  was  made  of  the  entire  cooling  system  by  putting  52  kw  into  a 
resistive  load  cooled  by  the  oil  circulating  through  the  heat  exchanger. 

In  a  50 -minute  run  the  temperature  rose  from  32  C  to  66  C  and  was 
leveling  off  when  the  run  was  terminated  because  of  oil  seal  failure  in 
the  load.  No  additional  tests  were  deemed  necessary.  The  oil  storage 
tank  discussed  above  is  shown  in  Figure  H-16. 
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Figure  H-15,  Oil  Flow  Control  Panol 
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Figure  H-l6,  Oil  Storage  Tank 
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i.  1  FLOW  MEASUREMENT 


3.  1  FLOW  MEASUREMENT 

The  flow  is  measured  with  a  Fisher -Porter  precision  turbine  ilo'', - 
meter.  This  instrument  puts  out  an  electrical  signal  whose  frequency 
is  proportional  to  the  flow  rate.  It  has  a  calibration  for  viscosity  cor¬ 
rections.  A  special  calibration  for  the  kinematic  viscosity  range  of 
Diala  AX  was  made  by  Fisher -Porter.  The  viscosity-temperature 
characteristics  of  the  oil  are  known  and  are  used  for  the  correction  to 
the  flowmeter  measurement.  The  flowmeter  manifold  was  designed  so 
that  the  path  through  the  flowmeter  had  approximately  the  same  imped¬ 
ance  as  the  by-pass  around  it.  Thus  the  flowmeter  should  have  negli¬ 
gible  effect  on  the  flow.  The  flows  from  all  three  subsystems  can  be 
sent  separately  through  the  flowmeter. 

3.  2  POWER  MEASUREMENT 

Each  flow  line  contains  an  8 -ohm  Glo-bar  hollow  carborundum  re¬ 
sistor.  A  cross  section  of  the  resistor  mount  is  shown  in  Figure  H-17, 

The  resistor  is  fed  from  a  220 -volt,  50 -ampere  Variac.  The  power 
delivered  to  the  resistor  is  measured  on  a  one -percent,  10-kw  wattmeter 
mounted  on  the  d-1  flow  control  panel.  In  this  way  an  accurately  known 
power  can  be  put  into  any  flow  line.  Figfure  H-18  is  a  photograph  of  the 
resistor  manifold. 

The  power  measurement  is  made  by  reading  temperature  differences  in 
the  flow  line  at  points  labeled in  Figure  H-14.  The  temperature  sensors 
are  zener  diodes.  The  temperature  measuring  system  is  described  in 
detail  in  Appendix  M.  Combining  these  temperature  differences  with  the 
flowmeter  reading  yields  the  dissipated  power  producing  the  temperature 
difference.  The  resistors,  to  which  a  known  power  can  be  applied,  pro¬ 
vide  a  calibration  for  the  power  measurement. 

4.  MERCURY  FEED  SYSTEM 

In  order  that  the  mass  flow  rate  of  mercury  be  accurately  determined, 
we  have  built  a  feed  system  that  determines  the  flow  rate  by  means  of  a 
variable  speed  piston  driven  at  an  accurately  known  rate.  Figure  H-19  is 
a  schematic  of  the  system.  A  photograph  of  the  system  is  shown  in 
Figure  H-20. 
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Figure  H-17.  Cross  Section  of  Resistor  Mount 


Figure  H-18.  Resistor  Manifold 
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Figure  H- 1  9. 


Schematic  of  Mercury  System 
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Figure  H-20.  Mercury  Feed  System 
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The  variable  speed-reducer  driven  by  a  synchronous  motor  allows  a 
shaft  speed  at  the  revolution  counter  ranging  continuously  from  zero  to 
one -quarter  of  the  motor  speed.  A  further  fixed  reduction  follows  the 
counter  and  precedes  the  screw  and  piston.  The  output  flow  rate  of 
mercury  can  be  continuously  varied  from  zero  to  1.  Z  grams/min.  The 
piston  is  stainless  steel  with  a  double  O-ring  seal  between  it  and  the 
plexiglass  case.  A  transparent  case  was  necessary  for  observation 
since  a  leak  of  mercury  past  the  piston  would  result  in  an  incorrect  and 
unknown  delivery  rate. 

This  system  was  actually  the  second  system  to  be  designed.  The 
first  system  incorporated  a  small  gear  ptunp  to  deliver  the  mercury. 

This  was  designed  to  operate  on  a  continuous  basis:  recharging  of  the 
reservoir  could  be  done  without  stopping  the  pump.  However  it  proved 
not  to  be  feasible,  as  the  necessary  tolerances  were  impossible  to  main¬ 
tain.  The  present  system  will  run  for  four  hours  at  the  maximum  rate 
before  it  must  be  stopped  for  recharging.  This  is  felt  to  be  quite  adequate. 

The  mercury  boiler  and  vapor  delivery  system  are  now  under  con¬ 
struction.  The  problem  of  delivering  a  known  rate  of  liquid  mercury 
has  been  solved  as  mentioned  above,  but  this  does  not  solve  the  problem 
of  a  known  rate  of  vapor  delivery. 

Two  approaches  have  been  investigated. 

1.  The  liquid  is  delivered  to  an  extremely  hot  surface  which  imme¬ 
diately  vaporizes  the  liqui.d  {a  flash  boiler). 

2.  The  liquid  is  delivered  to  an  oven  heated  to  such  a  degree  that 
an  equilibrium  surface  of  liquid  is  established.  The  surface  re¬ 
mains  stationary  even  though  liquid  is  being  delivered  to  the  oven, 
since  the  mercury  is  vaporizing  at  the  delivery  rate. 

In  both  cases  any  part  of  the  system  between  the  oven  and  the  delivery 
point  (in  the  vacuum  channel)  must  be  maintained  at  a  high  enough  tem¬ 
perature  so  that  no  condensation  can  occur.  It  appears,  at  this  point, 
that  system  number  2  is  Jjetter  and  has  been  selected  as  the  operational 
system. 

The  total  mass  of  heated  mercury  must  be  kept  small  so  that  the  vapor 
flow  rate  can  be  varied  in  an  acceptably  small  time. 
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The  Appendix  describes  the  installation  and  modification  of  six  Class 
C  power  supplies.  The  total  power  capability,  and  the  frequency  range 
are  in  excess  of  the  requirements  of  AF  49(638) -759  since  the  installa¬ 
tion  was  designed  to  be  used  for  the  work  requirements  of  several  Air 
Force  contracts.  The  burden  of  installation  and  modification  was  shared 
bv  the  several  contracts. 


APPENDIX  I 

POWER  SOURCE  MODIFICATION 


1.  INTRODUCTION 

In  order  to  equip  the  laboratory  with  the  power  sources  necessary 
to  perform  high-power  radio  frequency  experiments,  six  surplus  Navy 
TBC  transmitters  were  acquired.  Each  transmitter  has  a  50 -kw  capa¬ 
bility  and  was  initially  designed  to  operate  over  the  frequency  range  of 
4  to  26  Me.  These  transmitters  had  served  the  Navy  for  many  years 
as  long-range  communication  equipment.  The  major  modification  for 
laboratory  use  was  one  of  extending  the  low-frequency  liniit  to  500  cy¬ 
cles/sec,  without  a  significant  decrease  in  efficiency  or  power  capabil¬ 
ity.  The  transmitters  were  acquired  in  the  fall  of  1961  and  were  found 
to  be  on  the  average,  in  fair  condition.  After  acquisition  it  was  found 
that  the  six  TBC  included  four  different  models.  Considerable  time  and 
effort  was  spent  in  reworking  or  changing  damaged  components.  All  in 
all,  it  was  only  in  the  spring  of  1963  that  the  reworking  and  modifica¬ 
tions  were  completed  and  the  installation  operative.  Since  then 
modifications  have  proved  necessary,  even  though  these  were  in  the 
nature  of  refinements.  From  experience  we  know  that  further  refine¬ 
ments  of  this  equipment  may  be  expected. 

2.  MODIFICATIONS 

2.  1  Push-Pull  to  Single -Ended  Operation 

The  transmitters  as  received,  were  found  to  operate  with  a  push- 
pull  output,  and  it  was  decided  to  convert  the  893  output  tubes  to  single - 
ended  operation.  One  of  the  reasons  for  this  was  that  the  physical 
construction  of  the  893  plate  circuit  did  not  lend  itself  to  low-frequency 
push-pull  operation.  The  accelerator  load  also  dictated  a  single-ended 
drive  from  each  transmitter. 

To  convert  a  piece  of  electronics  as  massive  as  the  output  amplifier 
of  a  TBC  transmitter  presented  some  challenging  problems.  Figure  I-l 
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shows  a  highly  simplified  schematic  of  the  TBC  final  amplifier  before 
modification.  Single-ended  operation  required  paralleling  the  893  out¬ 
put  tubes.  Physically  connecting  the  tubes  in  parallel  was  simple  since 
the  plates  and  filaments  were  already  connected.  The  plate  circuit  has 
a  water-cooled  inductance  shunting  the  two  plates,  but  this  is  effectively 
a  short  circuit  over  the  frequency  range  of  interest.  Paralleling  the 
grids  of  the  893  was  also  not  difficult,  but  as  might  be  expected,  a 
number  of  spurious  oscillations  appeared  when  power  was  applied. 

There  are  four  types  of  spurious  oscillations  that  can  be  present  in 
a  class  C- operated  amplifier  with  parallel  output  tubes  operated  in  a 
single -ended  mode.  The  four  types  encountered  in  modifying  the  cir¬ 
cuit  of  Figure  I-l  were  the  following. 

1.  Very-high  -frequency  (VHF)  oscillations  caused  by  parallel  opera¬ 
tion  of  the  tubes 

2.  Oscillations  in  the  neighborhood  of  2-3  Me  caused  by  xmterminated 
transmission  lines 

3.  Oscillations  at  the  driving  frequency  caused  by  improper 
neutralization 

4.  Low-frequency  oscillations  caused  by  elements  of  the  output 
circuit  resonating  at  frequencies  lower  than  the  operating 
frequency. 

A  detailed  description  of  the  changes  made  to  reduce  the  spurious 
oscillations  follows. 

2.  1.  1  VHF  Oscillations 

VHF  oscillations  usually  occur  when  two  tubes  are  operated  in  paral¬ 
lel.  The  lead  inductances  and  stray  capacity  of  the  grid  and  plate  con¬ 
nections  form  the  necessary  conditions  for  a  push-pull  tuned-grid, 
tuned-plate  oscillator.  The  method  chosen  to  eliminate  this  oscillation 
was  to  add  two  50 -ohm,  50-watt  resistors  in  series  with  and  in  close 
proximity  to  the  grids  of  the  893'8.  A  resistor  (R2  of  Figure  1-2. 

(20,000  ohms  and  100  watts)  was  also  added  directly  between  the  two 
plates  of  the  893's  to  further  reduce  the  possibility  of  VHF  oscillation. 
The  three  resistors  serve  the  function  of  introducing  losses  to  the  grid 
and  plate  resonant  circuits  formed  by  stray  inductance  and  capacity. 

The  Q  of  these  tank  circuits  are  thereby  reduced  to  a  point  where  VHF 
oscillations  can  no  longer  be  sustained. 
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2,  1.  2  Qscillationa  Caused  by  Transmission  Lines 


As  Shown  in  Figure  1-2,  the  load  tank  circuit  is  connected  to  the 
transmitters  by  means  of  an  unmatched  transmission  line.  For  a 
typical  application  the  transmission  line  length  was  about  100  feet.  As 
the  line  was  not  terminated  in  its  characteristic  impedance,  it  appeared 
to  the  transmitter  as  a  high-Q  resonant  circuit  with  a  resonant  frequency 
of  2-3  Me.  The  circuit  shown  in  Figure  1-2  exhibited  oscillations  at 
this  frequency. 

One  solution  to  this  problem  would  be  to  terminate  the  lines  properly. 
This  solution  was  rejected  since  it  would  entail  broadband  matching 
transformers  at  both  ends  of  the  transmission  line.  The  solution  adopted 
is  shown  in  Figure  1-3.  A  series  resonant  trap,  tuned  to  the  resonant 
frequency  of  the  transmission  line  was  placed  at  the  grids  of  the  power 
amplifier  tubes.  The  series  resonant  trap  was  made  by  rearranging 
the  components  of  the  existing  grid  tank  circuit.  In  practice  the  trap  is 
tuned  until  the  oscillations  vanish. 

2.  1.  3  Neutralization 

A  tuned-grid,  tuned-plate  triode  amplifier  will  usually  oscillate  be¬ 
cause  of  feedback  via  the  plate -to -grid  capacity  unless  provision  is 
made  to  neutralize  the  circuit.  Before  modification  the  neutralization 
was  accomplished  by  cross-coupled  plate -to-grid  feedback  capacitora,Cj>^ 
as  shown  in  Figure  I-l.  This  simple  and  effective  method  of  neutraliza¬ 
tion  is  possible  only  with  a  push-pull  amplifier;  and  because  we  had 
elected  to  change  the  operating  mode  to  single -ended,  another  method 
of  neutralizing  was  required.  The  method  chosen  was  a  modification 
of  the  Rice  method.  Normally  in  Rice  neutralization,  the  feedback 
signal  is  coupled  to  the  grid  circuit  by  means  of  a  tertiary  winding  on 
the  grid  tank  circuit.  In  the  absence  of  a  grid  tank  (see  Figure  1-2)  an 
auxiliary  winding,  W,  was  added  to  the  exciter  final  tank  circuit  and 
capacitors,  Cjq,  were  added  to  the  893  plate  circuit  as  shown  in  Figure 
1-3.  By  a  proper  choice  of  the  connections  to  the  added  winding,  the 
signal  fed  through  the  893  plate -to-grid  capacity  is  canceled  by  the 
signal  fed  back  through  Cj^  and  the  auxiliary  winding. 

2.  1.  4  Low-Frequency  Oscillations 

Referring  again  to  Figure  1-3,  it  will  be  observed  that  the  load  tank 
circuit  is  shunt-fed  by  means  of  the  choke,  Lj,  and  coupling  capacitor. 


1-5 


4i0rL 


rifui'*  1>3.  Nautr«Uc*tion  and  Grid  Trapr 


t 


Cj.  The  requirements  on  Lj  and  Cj  are  that  they  should  be  at  least  an 
order  of  magnitude  larger  than  L  and  C  in  order  to  have  a  ne'jlifible  effect 
on  the  performance  of  the  load  tank,  circuit.  The  circuit  of  Figure  1-3 
erlormed  well  when  driving  a  load  tank  circuit  as  shown.  However, 
there  was  occasion  to  modify  a  load  tank  circuit  to  be  driven  push-pull 
by  two  transmitters,  and  during  this  operation  low-frequency  oscilla¬ 
tions  were  observed. 

Capacitor  C  of  Figure  1-4  is  free  to  resonate  with  the  shunt-feed 
chokes,  L|  at  a  much  lower  frequency  then  the  natural  resonant  fre¬ 
quency  of  the  load  tank  circuit.  As  neutralization  is  only  effective  at 
or  near  the  operating  frequency  of  the  amplifier  it  was  of  no  help  in 
eliminating  this  type  of  oscillation.  An  additional  tunable  series  reson¬ 
ant  trap  at  the  grids  of  the  power  amplifier  was  required.  With  a  55-kc 
push-pull  tank  circuit,  the  low-frequency  oscillations  occurred  at 
about  8  kc.  The  tuneable  element  was  chosen  to  be  s  variable  inductance. 
The  necessary  variation  of  inductance  was  accomplished  by  varying  the 
air  gap  spacing  of  the  laminated  iron  core.  Figure  1-3  illustrates  the 
placement  of  this  low-frequency  trap. 

2.  2  Modification  of  Exciter  Final 

The  '*50TL  exciter  final  tubes  were  also  modified  from  a  push-pull 
to  semiparallel  operation.  This  modification,  however,  did  not  present 
the  problems  of  oscillation  experienced  with  the  final  output  tubes. 
Parasitic  (VHF)  oscillations  occur  only  when  both  tubes  are  allowed  to 
conduct  aimultaneously  ae  do  the  8V3'»,  This  condition  is  prcvsntsd 
lor  ths  450TL  by  ths  form  of  ths  input  drivs  (See  Ssction  3,  Modulation). 
Nsutraliaation  of  this  stags  was  unnecessary  as  ths  plats  tank  circuit  is 
tuned  to  a  much  lower  frequency  than  the  grid  Hiwk  circuit. 

3.  MODULATION 

3.  ! 

Figure  1-B  shows  a  block  diagram  of  a  TBC-3  trantmlttsr.  Th<> 
ainplifisr  tubes  operate  in  etandard  ciaee-C  mode  on  a  continuous -wave 
basis,  fevsn  tuned  circuits  sxist  botwesn  ths  mastsr  oscillator  and  the 
last  '‘tags  of  the  power  amplifier.  Li  order  to  provide  low-frequency 
operat  ^n,  the  conventional  traneformation  would  have  required  modifi¬ 
cation  .>d  tuning  of  all  seven  resonant  circuits  —  ■  total  of  42  circuits 
to  be  tuned  if  tite  eptrating  frequency  required  by  an  aaperlinint  was  to 
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be  changed.  To  avoid  this,  another  method,  which  involved  modulation 
of  a  late  driver  stage,  was  selected  and  its  general  principles  will  be 
described. 

Normally  a  class  'C  amplifier  stage  has  a  resonant  circuit  in  its  plate, 
and  the  frequency  of  the  signal  used  to  drive  its  grid  is  equal  to  the  plate 
circuit  resonant  frequency.  The  conduction  angle  (that  portion  of  the 
grid  signal  that  drives  the  grid  positive)  is  usually  between  80  and  150 
electrical  degrees  for  best  performance  of  the  stage,  instead  of  using 
a  pure  sine  wave  signal  to  drive  the  grid  of  the  class >0  stage,  it  was 
reasoned  that  it  would  be  driven  equally  well  by  a  high-frequency  carrier 
modulated  at  a  frequency  equal  to  the  plate  circuit  resonant  frequency. 

Figure  l-da  shows  the  condition  of  a  standard  class-C  grid  drive  with 
positive  grid  regions  and  definition  of  the  conduction  angle  indicated. 
Figure  I-6b  shows  the  condition  of  the  modulated  carrier  grid  drive  in¬ 
troduced  at  the  fourth  intermediate  power  amplifier  (IP A)  stage.  It 
should  be  observed  that  the  modulation  ratio  has  to  be  greater  than  100 
percent  so  that  the  conduction  angle  will  be  between  80  and  180  electrical 
degrees.  As  can  be  seen  from  Figure  l-6b,  the  power  output  capability 
of  a  classic  stage  is  decreased  by  more  than  SO  percent  when  a  modul¬ 
ated  carrier  grid  drive  Is  used^  all  other  conditions  being  the  same. 
However^  this  did  not  prove  to  be  a  major  disadvantage,  since  the  power 
capability  of  each  stage  of  the  TBC-S  (except  lor  the  power  amplifier) 
was  quite  sufficient  to  compensate  for  this  powsr  loss. 

S.  2  Elimination  of  High  Frequency  Carrier 

The  required  modifications  to  the  transmitters  included  the  installa¬ 
tion  of  a  ehuat  modulator  and  the  tuning  of  a  tank  circuit  between  the 
exciter  stage  and  the  final  stage  of  power  amplification  as  indicated  by 
the  block  diagram  of  Figure  X-S.  The  tank  circuit  preceding  the  final 
stage  of  amplification  is  tuned  to  the  modulating  frequency  and  provides 
the  driving  signal  to  the  power  ampUi*or,  It  also  ssrvis  the  function  of 
a  filter  to  completely  eliminate  the  high-frequency  carrier,  This  can 
be  seen  from  the  following  argument.  The  input  to  the  4I0TL  is  the 
modulated  signal.  This  tubs  operates  as  elass-C  so  it  is  out  off  for 
most  of  the  input  signal.  The  output  of  the  4I0TL  has  the  power  ampli¬ 
fier's  grid  tank  on  its  plate.  Then  the  If}  grid  sees  the  high-frequency 
earrier  only  on  ths  negative  side  of  its  swing.  The  positive  side  is 
supplied  by  the  tank  circuit,  sines  during  this  part  of  ths  cycle  the  4I0TL 
is  out  off.  T  a  If  I  is  also  operated  slass-C  so  that  it  is  cut  off  during 
the  negative  swing  of  its  grid,  whieh  is  ths  eniy  regien  ef  the  eycU 
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containing  the  high-frequency  carrier.  Thus  the  carrier  has  been 
conqaletely  eliminated  in  the  final  output. 

3.  3  Choice  of  Carrier  Frequency 

In  order  to  achieve  the  highest  modulation  frequency  possible,  the 
carrier  frequency  was  net  at  the  maximum  allowed  by  the  transmitters, 
i.  e.  ,  26  Me.  There  are  two  reasons  for  this  choice. 

1.  Referring  to  Figure  l-6b,  the  conduction  angle  is  determined  to 
some  extent  by  the  relationship  between  the  phases  of  the  carrier 
and  modulation  frequencies.  As  the  two  frequencies  are  not 
locked  in  any  way,  variations  in  phase  can  produce  small  varia¬ 
tions  in  frequency  and  amplitude  of  the  stage  output.  This  effect 
becomes  negligible  the  higher  the  carrier  frequency  with  respect 
to  the  modulation  frequency. 

2.  This  reason  is  somewhat  subtle  and  is  concerned  with  the  method 
of  modulating.  In  order  to  minimise  modulating  power,  the  method 
chosen  consisted  in  detuning  the  exciter  input  tank  circuit  (fourth 
IP  A  output)  by  means  of  a  small  capacitor  through  an  electronic 
shunt.  The  recovery  time  (i.  e, ,  the  time  necessary  for  the  signal 
an^Utude  across  the  tank  circuit  to  recover  its  original  value 
after  the  shunt  has  been  removed)  limits  the  maximum  modulation 
frequency.  For  a  constant-Q  tank  circuit,  the  number  of  cycles 
required  to  recover  is  independent  of  its  frequency.  The  higher 
the  carrier  frequency,  the  faster  is  the  recovery  (for  constant  Q), 
allowing  a  higher  modulating  frequency.  With  a  26-Mc  carrier, 

a  modulating  frequency  as  high  as  500  kc  can  be  used. 

S.  4  The  thunt  Modulator 

As  indicaied  in  the  block  diagram  of  Figure  X-5,  the  modulator 
is  actually  eonnocted  to  both  the  input  and  output  of  tha  fourth  IPA  stags. 
Thm  S4-Me  signal  appearing  at  thoso  two  points  ssrvos  as  a  piato  signal 
lor  Iho  shunt  clamping  tubso  of  tho  modulator.  Thooo  tubes  act  as  an 
Utormillont  sbunt  to  ground  eontroUod  by  tho  modulating  signal.  During 
a  portion  of  oaoh  oyolo  of  tfio  modulating  signal,  tho  U-Mc  is  shunted 
ta  ground.  Tho  roaoon  for  oimultanoousiy  shunting  the  input  and  output 
tank  oirauito  af  tho  fourth  IFA  is  to  roduoo  tube  dissipation  and,  more 
Id  roduoo  Iho  power  roquiromonls  of  the  shunt  modulator 
ilsoU.  If  the  input  shunt  is  not  used,  the  t*-Mo  signal  to  its  input  is 
always  prossni  Mmntini  only  tho  output  would  require  that  the  modulator 


tubes  absorb  excessive  power  during  their  shunt  time.  Excessive  plate 
dissipation  in  the  fourth  IPA  would  also  result,  because  the  tube  would 
be  conducting  during  the  time  that  its  plate  was  shvmted  to  ground.  It 
was  established  that  it  was  not  sufficient  to  clamp  only  the  fourth  IPA 
input.  Without  a  controlled  shunt  on  the  plate,  the  plate  tank  circuit 
oscillations  would  continue  for  an  unacceptable  time,  negating  the  shunt 
modulator  action  on  the  input. 

The  shunt  modulator  proper  consists  of  parallel  connected  pairs 
of  807  pentode  tubes  driven  by  a  Schmidt  trigger.  The  input  signal  to 
the  Schmidt  is  a  20 -volt  sine  wave.  A  simplified  schematic  of  the 
modulator  is  shown  in  Figure  1-7. 

The  26 -Me  carrier  is  coupled  by  means  of  small  capacitors,  C,  to 
the  plates  of  pairs  of  807 's  and  serves  as  the  plate  voltage  for  these 
tubes,  Plate  inductance,  L,  and  stray  capacity  are  made  to  resonate 
in  parallel  at  26  Me  in  order  not  to  load  the  exciter  stage.  With  die 
control  grids  of  the  807 's  cut  off  (>40  volts)  the  transmitter  is  unaffected 
by  the  modulator.  With  the  control  grids  at  eero  volts,  the  807 '■  draw 
plate  current  during  each  half  cycle  of  the  26 -Me  plate  voltage  and, 
consequently,  both  load  and  detune  the  input  and  output  tank  circuits  of 
the  fourth  IPA.  As  an  example  Figure  X-6  shows  two  oscillograms  of 
a  26 -Me  carrier  signal  modulated  by  this  method  at  200  kc  and  85  kc. 
These  are  the  signals  that  appear  at  the  plate  of  the  fourth  IPA.  The 
middle  trace  in  both  cases  is  the  signal  appearing  at  the  grid  of  the 
power  amplifier,  and  the  lower  trace  is  the  load  signal.  Except  for  807 
screen  power  and  a  few  watts  for  the  Schmidt  trigger,  the  modulator 
requires  no  dc  input  power  but  simply  absorbs  pov  er  from  the  trans¬ 
mitter.  The  conduction  angle  mentioned  previously  is  set  by  changing 
the  level  of  the  Schmidt  trigger.  This  is  done  by  adjusting  the  potentiom¬ 
eter  in  the  grid  circuit  of  the  5687  tube. 

Seferring  to  Figure  X-l  note  the  trace  of  the  26 -Me  carrier  in  the 
negative  half-cycle  of  the  nowijr  smpUfler  grid  signal. 

4,  TUNING 

One  goal  of  the  modifications  per  formed  on  the  transmitters  was  to 
allow  for  relatively  rapid  changes  of  operating  frequenoy.  Thu  modifi- 
eations  have  been  made  so  that  only  two  tank  cl* cults  per  transmitter  are 
required  when  ohanging  frequenoy.  All  other  tank  circuits  ars  fixed- 
tuned  at  26  Mu.  At  the  input  to  the  CNciter  final  the  t6*Ms  elgnal  is 
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modulated  at  the  desired  operating  frequency,  and  a  tank  circuit  tuned 
to  this  frequency  is  driven  by  the  exciter  final.  Two  methods  can  be 
used  to  tune  the  exciter  final  tank:  the  capacity  or  the  inductance  can 
be  varied.  In  order  to  cover  the  frequency  range  50kc  -  to  300  kc,  a 
coarse  frequency  setting  is  made  by  the  proper  series  -  parallel  con¬ 
nection  of  eight  0.  045-/Li  farad  transmitting  capacitors.  Fine  tuning  is 
accomplished  by  sliding  a  tap  on  the  copper  tubing  comprising  the  tank 
inductance.  This  inductance  consists  of  30  turns  of  1  / 2 -inch-diameter 
tubing  wound  into  a  cylinder  1  foot  in  diameter  and  2-1 /2-feet  long. 

The  tank  is  tuned  initially  to  the  desired  operating  frequency  using  an 
oscilloscope  and  signal  generator,  the  exact  frequency  being  indicated 
by  a  decade  frequency  counter  driven  by  the  generator. 

5.  CONCLUSION 

Successful  operation  has  been  achieved  at  frequencies  between  500 
cycles/ sec  and  500  kc  using  the  technique  of  broadband  modulation.  The 
transmitters  have  supplied  (in  a  polyphase  system)  up  to  20,  000  volts 
per  phase  with  circulating  currents  in  the  load  tank  circuits  of  more 
than  200  peak-to-peak  amperes  per  phase  at  a  frequency  of  55  kc. 

Figure  1-9  (a  through  c)  shows  the  transmitters  during  installation 
in  the  laboratory.  Figure  I-9d  shows  some  of  the  heat  exchangers  of 
the  transmitters.  Figure  I-IO  shows  three  of  the  six  transmitters  after 
the  completion  of  the  installation. 
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This  appendix  deals  with  the  details  of  various  consol  and  monitoring 
circuitry  developed  for  the  Mark  II  accelerator.  The 'items  discussed 
are: 


1.  The  Master  Frequency  Source 

2.  The  Phase  Control  Circuits 

3.  The  Polyphase  Generator 

4.  The  Phase  Display  Circuits 


1.  MASTER  FREQUENCY  SOURCE 


Successful  operation  of  the  TBC  transmitters  as  power  sources  for 
a  polyphase -driven  device  requires  a  very  stable  frequency  source. 

The  phase  relation  of  the  currents  in  the  accelerator  needs  to  be  ac¬ 
curately  established  in  order  that  the  traveling  wave  proceed  as  smoothly 
as  possible.  High-Q  resonant  circuits  are  used  not  only  in  the  accelera¬ 
tor  proper  but  in  the  power  sources  themselves.  A  high-Q  circuit,  at 
resonance,  will  transform  small  frequency  shifts  into  large  phase  shifts. 
Given  a  small  frequency  shift  there  is  no  guaranty  that  all  the  phase 
shifts  of  all  phases  in  the  system  will  be  equal;  therefore,  stability  of 
the  master  frequency  source  is  necessary. 

Not  only  must  the  frequency  source  be  stable  (one  part  in  10^  or 
better),  but  the  frequency  should  be  variable  in  increments  of  1000 
cycles/sec  for  experimental  purposes. 

The  use  of  a  multiplicity  of  crystal  oscillators  with  mixing  was  con¬ 
sidered  as  a  solution  as  well  as  the  use  of  a  harmonic  generator  using 
a  single  low-frequency  crystal  or  tuning  fork.  Either  solution  would  be 
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realizable  oat  complex.  The  system  that  was  finally  adopted  is  believed 
to  have  novel  features,  even  though  the  concept  is  well-known. 

A  decade-frequency  counter  was  employed  to  servo  a  standard  signal 
generator.  The  frequency  range  achieved  was  1  kc  to  600  kc.  The  sta¬ 
bility  of  the  servoed  frequency  is  as  good  as  the  stability  of  the  crystal 
reference  oscillator  in  the  decade  counter  (one  part  in  10^).  A  block 
diagram  of  this  system  is  shown  in  Figure  J-1. 

As  in  any  standard  decade  counter,  a  crystal  oscillator  is  employed 
as  the  basic  time  reference.  Usually  a  1-Mc  crystal  is  counted  down 
in  decade  steps  to  either  1  cycle/sec  or  1/10  cycie/sec.  A  1-kc  pulse 
train  is  obtainable  either  directly  as  an  output  or  from  within  the  counter. 
The  pulses  are  fed  through  a  buffer  invertor  to  a  blocking  oscillator. 

The  function  of  the  blocking  oscillator  is  to  shape  the  output  pulses  of 
the  frequency  counter  in  order  that  the  diode  gate  controlled  by  the 
blocking  oscillator  is  open  for  only  0.  2  microsecond.  A  narrow  pulse 
is  required  in  order  that  only  a  fraction  of  a  cycle  of  the  signal  genera¬ 
tor  output  be  allowed  through  the  gate.  The  opening  of  the  diode  gate 
allows  the  RC  integrator  (time  constant  of  about  1  millisecond)  to 
sample,  at  a  1-kc  rate,  the  instantaneous  value  of  the  output  signal  of 
the  signal  generator,  A  dc  signal  is  thus  generated  whose  amplitude 
is  a  function  of  the  time  relation  of  the  blocking  oscillator  pulse  to  the 
signal  generator  sine  wave.  If  the  signal  generator  frequency  is  exactly 
an  integral  multiple  of  the  frequency  counter  output,  then  the  integrator 
output  will  be  of  constant  amplitude.  The  servo  loop  is  completed  by 
feeding  the  integrator  output  to  a  varicap  (variable  capacitance;  semi¬ 
conductor)  which  shunts  a  capacitor  in  the  tuning  circuit  of  the  signal 
generator.  As  the  frequency  of  the  signal  generator  tries  to  drift,  the 
phase  of  its  output  signal  varies  with  respect  to  the  frequency  counter 
pulses.  This  phase  change  is  converted  to  an  amplitude  change  by  the 
RC  integrator.  This  change  in  amplitude  changes  the  capacity  of  the 
varicap.  Since  the  varicap  is  part  of  the  frequency-determining  cir¬ 
cuitry  of  the  signal  generator,  the  attempt  to  change  frequency  is  com¬ 
pensated,  and  the  generator  remains  locked  at  an  integral  multiple  of 
the  frequency  counter  output. 

As  long  as  the  sampling  pulse  from  the  blocking  oscillator  is  con¬ 
siderably  narrower  than  half  a  cycle  of  the  servoed  frequency,  an  error 
signal  will  be  generated  as  the  signal  generator  tries  to  drift.  A 
0.  2-microsecond  pulse  allows  a  servoed  frequency  raiige  of  1  kc  to  over 
600  kc  in  1-kc  steps. 
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Block  Diagram  of  the  Stable  Frequency  Source 
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Thus,  with  two  tubes  and  a  few  diodes,  it  was  found  possible  to  con¬ 
vert  two  standard  pieces  of  laboratory  equipment  to  a  system  capable 
of  generating  over  600  different  frequencies,  each  as  stable  as  the  master 
oven-controlled  crystal.  The  generated  frequency  is  also  displayed  by 
the  frequency  counter,  avoiding  any  possibility  of  ambiguity  of  output 
frequency. 

2.  PHASE  CONTROL 

Because  of  the  expected  changes  in  the  resonant  frequency  of  the 
circuits  of  the  accelerator  when  ionized  gas  is  in  the  device,  it  was 
felt  necessary  to  have  a  system  that  would  lock  the  phases  of  the  coil 
currents  in  their  correct  relationship.  In  broad  outline  this  phase- 
servo  system  senses  the  coil  currents  and  compares  their  phases  with 
a  set  of  standard  signals.  If  the  correct  relation  does  not  hold,  an  error 
signal  is  geneiated,  and  the  appropriate  phase  is  shifted  until  the  cor¬ 
rect  relationship  obtains.  A  40-degree  shift  in  phase  can  be  reduced 
to  about  a  one-degree  shift  using  this  servo.  A  block  diagram  of  the 
system  is  shown  in  Figure  J-2. 

2.  1  The  Feedback  Element 


This  detects  the  phase  of  the  coil  currents  in  the  accelerator.  It 
is  most  desirable  that  this  element  be  a  small  noninductive  resistor 
in  series  with  the  coil.  The  voltage  across  this  resistor  would  be 
exactly  in  phase  with  the  coil  current.  Several  0.  1 -ohm  resistors 
were  built,  but  the  inductance  could  not  be  reduced  to  a  suitably  low- 
value;  so  instead,  three-turn  pickup  coils  centered  inside  the  pad 
inductors  are  used.  The  feedback  signal  is  now  90*  out  of  phase  with 
the  coil  currents,  but  the  phase  servo  was  modified  to  use  this  signal. 

2 .  2  The  Shaping  Circuit 

The  function  of  this  circuit  is  to  provide  a  signal  to  the  phase  servo 
that  is  independent  of  the  feedback  signal  amplitude.  This  is  done  by 
amplifying  and  diode -clipping  the  sine-wave  output  of  the  pickup  coil. 
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2.  3  The  Phase  Detector 


The  phase  detector  compares  the  phase  of  the  clipped  feedback  signal 
with  a  reference  signal  and  generates  a  dc  error  voltage  if  the  phases 
vary  from  a  (preset)  standard  difference.  The  phase-detector  used  is 
shown  in  Figure  J-3. 

The  op^iration  of  the  detector  can  be  seen  by  reference  to  Figures 
J-3  and  J-4. 

Curve  one  of  Figure  J-4  shows  the  a  signal  exactly  90*  out  of  phase 
with  the  square  wave.  During  the  time  the  square  wave  is  negative 
both  capacitor?,  Cj  and  C2,  come  to  the  same  negative  voltage.  When  ^ 
the  two  signals  are  slightly  phase  shifted,  as  in  curve  two,  capacitor 
Cl  charges  to  a  slightly  less  negative  voltage  then  in  the  first  case 
while  C2  charges  to  the  same  voltage.  Therefore  a  voltage  difference 
appears  at  the  input  to  the  dc  amplifier.  This  difference  is  the  error  f 
signal. 

2.  4  The  DC  Amplifier 

The  loop  gain  of  the  servo  is  furnished  by  a  single-stage  differential 
amplifier  (Figure  J-5). 

.  Cathode  followers  are  used  for  isolation,  and  the  differential  gain 
of  the  amplifier  is  80. 

2.  5  The  Phase  Shifter 

The  function  of  the  phase  shifter  is  to  shift  the  phase  of  the  signal  to 
the  transmitter  modulator  by  an  amount  determined  by  the  phase  error.  ^ 
The  phase  shifting  element  in  this  circuit  is  a  varicap  (as  in  the  fre¬ 
quency  servo).  The  varicap  is  a  useful  device  for  converting  a  voltage  | 
variation  into  a  reactance  variation.  The  capacity  is  inversely  propor-  ^ 
tional  to  the  3/2  power  of  the  applied  voltage,  making  the  convt;^  sion  < 
nonlinear.  To  make  full  use  of  the  varicap,  the  mean  operating  point 
was  selected  to  allow  equal  variation  of  capacity  on  either  side  of  the 
operating  point  (see  Figure  J-6). 

The  phase-shifting  circuit  used  is  shown  in  Figure  J-7. 
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Figure  J-7.  Phaee*Shifting  Circuit 
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The  vericep  is  represented  by  the  diode  with  e  "V".  Two  stages  of 
phase  shift  were  used  to  double  the  effective  gain  of  the  servo.  A  split- 
load,  unity-gain  amplifier  drives  an  RC  phase -shifting  network  con¬ 
taining  the  varicap  and  a  manually  variable  resistor,  R.  The  circuit 
is  frequency- dependent,  and  the  resistor  is  used  to  allow  the  operating 
frequency  to  be  charged.  The  varicap  is  initially  back-biased  with  a 
voltage  equal  to  its  mean  operating  point.  The  resistor  is  adjusted 
(with  sero  error  voltage)  to  produce  a  phase  shift  of  90*  per  stage, 
presetting  the  servo  to  a  zero  phase  error  condition.  The  circuit  is 
able  to  compensate  for  phase  shiftr  of  ±40* 

3.  POLYPHASE  GENERATOR 


The  connecting  element  between  the  phase  servos  and  the  frequency 
generator  is  called  the  polyphase  generator.  The  fmiction  of  this  genera¬ 
tor  is  to  take  the  output  of  the  frequency  generator  and  convert  it  to  a 
polyphase  signal.  The  circuit  was  required  to  generate  phase-accurate 
signals  and  to  be  capable  of  operating  over  a  wide  frequency  range 
(Skc  to  500  kc).  It  was  not  possible  to  design  a  single  circuit  to  ac¬ 
complish  the  wide  frequency  range  of  operation  without  the  use  of  band- 
switching.  There  are  two  bands,  5  kc  to  50  kc  and  50  kc  to  500  kc.  In 
each  of  these  bands  there  are  frequency  ranges  based  on  multiples  of 
3/2  (i.  e. ,  50-75  kc,  75-1 12  kc,  etc.).  A  block  diagram  of  the  polyphase 
generator  is  shown  in  Figure  J-8. 


The  polyphase  generator  was  designed  to  serve  as  a  source  for  two 
polyphase  systems:  a  ^rec-phase  system  of  phases  0*,  -120*,  and  -240* 
and  a  five-phase  system  of  phases  0*,  >72*,  -144*,  -216*,  and  -288*.  A 
resistor  matrix  was  chosen  as  the  most  practical  way  of  generating  a 
large  number  of  phases  over  a  very  wide  frequency  range.  The  matrix 
is  driven  by  four  quadrature  signals.  Any  phase  angle  can  be  generated 
by  two  resistors  sununing  the  appropriate  quadrature  voltages.  For 
the  circuit  of  Figure  J-9  it  can  easily  be  shown  that  V  =  sin  (ut  -  4* ) 
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The  output  phase- shifted  signals  are  resistor-attenuated  to  be  equal 
in  amplitude.  A  10-volt  peak-to-peak  output  was  chosen  as  the  standard 
output  amr  litude.  Trim  potentiometers  are  used  as  the  resistor  ele¬ 
ments  in  the  matrix  in  order  to  adjust  the  matrix  for  phase  and  ampli¬ 
tude  of  the  output.  The  driving  signals  to  the  resistor  matrix  are  obtained 
from  two  split-load  amplifiers.  Equal  plate  and  cathode  resistors  are 
used  to  insure  equal  output  signals  from  each  amplifier. 

The  band  switching  mentioned  earlier  is  in  the  phase  shifter  blocks 
of  Figure  J-8.  The  outputs  from  the  two  phase  shifters  (Figure  J-8) 
differ  in  phase  by  90“  (over  a  frequency  range  from  5  kc  to  500  kc).  In 
practice  the  phase  error  can  be  held  to  ±1“  over  the  frequency  range  with 
suitable  band  switching. 

The  phase- shifting  elements  consist  of  two  series  RC  circuits  con¬ 
nected  across  supplementary  phase-opposed  input  signals.  The  output 
signal  is  referenced  to  ground.  The  circuit  contains  a  reactive  ele¬ 
ment  and  is  therefore  frequency-dependent.  If  the  frequency  is  changed 
then,  for  a  fixed  resistor-capacitor  combination,  the  phase  relationship 
between  input  and  output  is  altered.  Two  phase- shifting  circuits  are 
used  to  minimize  this  situation.  The  resistor-capacitor  combination 
of  each  phase  shifter  is  preset  at  a  given  frequency,  /,  so  that  a  90“ 
relation  exists  between  the  two  outputs.  This  condition  is  realized  when 
the  phase  shifts  produced  by  the  two  circuits  arc  45“  and  135“  respectively. 
Figure  J-lO  illustrates  this  condition. 

Since  the  loci  of  the  two  output  vectors  form  a  semicircle  as  a  func¬ 
tion  of  frequency,  the  amplitude  of  the  two  outputs  is  independent  of 
frequency.  The  relative  phase  of  the  outputs  is  frequency-dependent, 
but  the  dependency  is  minimal  for  the  condition  shown  in  Figure  J-10. 

If  the  frequency  variation,  n/,  is  less  than  0.  5/  where  /  is  the  mid- 
frequency,  then  the  relative  phase  variation  of  the  two  outputs  will  be 
less  than  ±  1“.  In  the  actual  circuit  both  R  and  C  are  varied  in  steps 
to  cover  the  range  5  kc  to  500  kc.  Six  resistor  changes  in  combination 
with  two  capacitor  changes  are  required. 
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4.  PHASE  DISPLAY 


Two  types  of  phase-monitoring  circuits  were  de'  .g  ied.  It  was  felt 
desirable  to  display  relative  phase  on  a  meter  calibr  .ted  in  degrees  and 
also  an  oscilloscope  where  all  phases  were  displayec  simultaneously. 

The  meter  display  will  be  discussed  first. 

4,  1  Meter  Display 

The  purpose  of  the  n.eter  display  was  as  to  monitor  the  standard  phases 
from  the  resistor  matrix.  By  appropriate  switching,  the  meter  indicates 
the  relative  phase  between  any  two  adjacent  phases.  In  this  particular 
application  the  phase  generator  divides  360  electrical  degrees  into  equal 
parts.  The  meter  indication  therefc  -e  should  be  constant,  as  it  is 
switched  between  adjacent  phases  if  the  phase  generator  is  operating 
correctly.  Confidence  in  this  method  of  aligning  and  checking  the  phase 
generator  is  achieved  by  making  the  switched  monitoring  circuitry  in¬ 
dependent  of  input  amplitude  and  thus  dependent  only  on  phase.  The 
circuit  for  the  phase  monitor  is  shown  in  Figure  J-11. 

The  phase  monitor  consists  of  two  squaring  amplifiers  driving  the 
suppressor  and  control  grid  of  a  double-grid  gate  tube  such  as  a  6AS6. 
Either  grid  signal  is  capable  of  totally  inhibiting  the  plate  current  of  the 
tube.  Plate  current  exists  if  and  only  if  both  grids  are  near  zero  bias. 

The  meter  in  the  plate  circuit  of  the  gate  tube  reads  the  average  value 
of  the  plate  current,  which,  if  it  were  not  for  the  finite  rise-time  of  the 
grid  sigpols,  would  be  inversely  proportional  to  the  phase  difference 
between,  the  two  input  signals.  The  meter  is  calibrated  to  read  180°- 
where  6  is  the  relative  phase  angle  between  the  two  inputs. 

4.  2  Oacillc'scope  Display 

This  system  provides  a  visual  output  of  the  polyphase  coil  currents 
in  the  accelerator.  It  should  be  said  here  that  the  tuning  of  the  ac¬ 
celerator  would  be  practically  impossible  without  a  device  of  this  sort. 

This  display  was  designed  to  present  ^  composite  picture  of  both  phase 
and  amplitude  of  the  polyphase  currents. 

The  driving  signals  for  the  display  are  the  feedback  signals  from  the 
sensing  coils  used  in  the  phase  servo  system.  A  diagram  of  the  system 
is  given  in  Figure  J-12. 
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A  nine  wave  signal  fron  each  phase  drives  a  passive  circuit  consisting 
of  two  diodes,  two  resistors,  and  an  inductance. 

The  essential  property  of  this  circuit  can  be  seen  from  the  following 
argument.  (See  ]Kgures  J-13  and  J«14). 

During  the  conduction  cycle  of  D|,  '»'V.  The  current,  i,  phase- 

lags  V  by  an  amount  arc  tan  (see  Figure  J-14).  At  time  ^1; 

V  =  0  but  current  is  still  running  in  Dj.  V  becomes  positive  and  D2 
conducts  during  the  interval  t2-tj.  At  time  t2,  1  =  0  and  Dj  shuts  off. 

The  voltage  then  rapidly  falls  to  sero. 

The  resistor,  R,  is  common  to  the  five  display  circuits  (Figure  J-13), 
and  the  composite  signal  is  a  series  of  sharp,  peaked,  positive  pulses 
as  shown  in  Figure  J-12. 

Each  pulse  is  representative  of  a  phase.  The  amplitude  of  the  pi*  .se 
is  proportional  to  the  input  amplitude,  and  the  relative  position  of  its 
peak  is  proportional  to  the  relative  phase.  The  function  of  the  resistors, 
R2f  in  Figure  J«12  is  to  critically  damp  the  inductance  L.  If  L  were 
aUowi^d  to  ring  with  its  stray  capacity,  a  series  of  pulses  would  be 
produced  —  an  undesirable  situation. 

Two  oscillograms  of  the  phase  display  are  shown  in  Figure  J-15. 

One  shows  the  display  at  a  time  when  the  accelerator  was  not  perfectly 
adjusted  and  the  phase- servo  circuit  was  not  working.  The  other 
shows  the  same  display  after  the  phase- servo  circuit  was  turned  on. 

Figure  J-16  is  a  photograph  of  the  control  console  which  contains 
the  frequency  and  phase  servo  systems  and  the  display  system  (the 
tinit  to  the  left).  The  unit  to  the  right  is  the  remote  control  for  the 
six  TBC  transmitters. 


J-20 


9O74-70 


Figure  J-15,  Five-Pha»e  Oscillogram* 
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APPENDIX  K 

DESIGN  OF  A  CURRENT -FORCING  TRANSFORMER 


1.  THE  PROBLEM 

The  currents  in  the  inner  set  of  coils  on  the  Mark  II  accelerator  have 
fixed  amplitude  and  phase  relations  to  the  currents  in  the  outer  set.  In 
order  to  keep  the  number  of  controls  to  a  minimum,  it  is  desirable  that 
the  circuit  that  couples  the  inner  and  outer  coils  be  of  such  a  nature  that 
the  desired  phase  and  amplitude  relations  are  automatically  achieved. 
This  can  be  accomplished  with  a  tuned  current  transformer,  connected 
as  described  in  Section  4.  2.  3.  However,  because  of  the  high  frequency 
(240  kc)  and  voltage  involved,  the  design  of  this  transformer  is  special 
enough  to  warrant  description. 

Consider  the  simple  transformer  shown  in  Figure  K-1.  The  primary 
inductance  of  the  transformer  is  Lj,  the  secondary  inductance  is  L^, 
and  the  mutual  inductance  between  primary  and  secondary  is  M.  The 
equivalent  circuit  for  the  transformer  is  also  shown  in  Figure  K-1. 

Suppose  that  the  load  to  be  connected  to  the  secondary  has  an  imped¬ 
ance,  Z,  where,  in  the  case  of  the  Mark  H  accelerator,  Z  is  predomin¬ 
antly  inductive.  The  current-voltage  relations  for  the  transformer  can 
then  be  written  as  follows: 


M/Lj 

j«  -  M  )/M' 

.*1 

1  /jwM 

L_/M 

C0  4 

*2 

The  so-called  coefficient  of  coupling,  k,  is  given  by 

k^  =  M^/LjL^  (K.  2) 
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Figure  K-1.  Tranaformer.  and  Its  Equivalent  Circuit 
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From  Eq.  (K.  1)  the  ratio  of  primary  to  secondary  current  is 


h'h 


(K.  3) 


In  order  for  this  ratio  to  be  determined  by  the  transformer  only  and 
not  by  the  load  (since  the  load  impedance  varies  with  plasma  loading)^ 
it  is  necessary  that 


I  Z|  <  <  M  (K,  4) 

In  the  case  of  the  Mark  II  accelerator  |  Z|  is  about  60  ohms  (i.  e.  40 
microhenry  at  240  kc).  Then,  to  satisfy  Eq.  (K.  4),  M  would  have  to  be 
very  large  compared  to  40  microhenrys.  At  the  frequency  and  voltage 
involved  this  is  a  difficult  requirement.  In  fact,  from  a  practical  stand¬ 
point,  it  is  nearly  impossible. 

2.  THE  SOLUTION 


Consider  the  circuit  shown  in  Figure  K-2.  In  matrix  notation  the 
current  voltage  relations  are 


1 


M/Lj  jw{LjL2-M  )M 


L,/M 
2 


[jwCi 

|l  /juM 

■^2  =  ‘2^ 

,  ''3 

.  '2  . 

1  0 


1 


^2  =  '2^ 


(K. 


The  desired  fixed  relation  between  Ij  and  1^  achieved  if  Ihe 

matrix  element  can  be  reduced  to  zero.  It  is  found  that  this  requires 
the  following  relation  to  hold: 

2  2  4  2 

CO  C-i  ^  +  w  C^L^  -  w  CiC^  (LiL^  -  M  )  =  1  (K.  6) 
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This  is  a  resonance  relation  and,  when  it  holds,  the  current  ratio  is 


M 


(K.  7) 


Thus,  when  1^  =  0  (i.  e.  there  is  no  load  connected  to  the  transformer) 
then  Ij  is  also  zero.  This  means  that  the  desired  adjustment  corresponds 
to  an  impedance  maximum  (a  resonance)  as  seen  from  the  primary  circuit. 
In  practice  the  impedance  is  not  infinite,  as  Eq.  (K.  7)  implies,  due  to  the 
effect  of  resistance  in  the  windings. 


When  written  in  terms  of  the  coefficient  of  coupling,  k,  Eq.  (K.  7) 
becomes: 


k 


1  -  (1  -  k^) 


C  L 
11 


(K.  8) 


It  is  desirable  to  keep  the  coefficient  of  coupling  as  near  to  unity  as 
possible.  Small  values  of  k  lead  to; 

1.  An  unwanted  frequency  dependance  in  the  current  ratio 

2.  A  current  ratio  that  depends  sensitively  on  the  geometry  of  the 
transformer  rather  than  just  the  primary-to- secondary  turns 
ratio. 


At  240  kc  one  must  give  serious  consideration  to  the  skin  effect  and 
to  wire-to-wire  proximity  effects.  Iron  cores  are  too  lossy  to  be  used, 
and  the  transformers  are  too  large  for  ferrite  cores.  In  addition,  the 
transformers  must  be  capable  of  handling  about  4000  volts  and  currents 
of  70  amperes.  When  all  these  factors  are  considered  it  becomes  dif¬ 
ficult  to  make  a  transformer  with  a  high  coefficient  of  coupling.  For 
example,  a  transformer  made  from  two,  concentric,  air-core  coils  of 
copper  tubing  would  typically  have  a  coefficient  of  coupling  less  than 
0.  6. 

A  solution  to  the  problem  was  found  in  the  form  of  transformers 
made  of  coaxial  cable.  The  coefficient  of  coupling  for  these  was  ex¬ 
perimentally  determined  to  be  about  0.  97,  and  the  ratio  ^^2/ Lj  was 
equal  to  the  turns  -ratio  to  within  a  few  percent. 
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The  basic  scheme  is  illustrated  in  Figure  K-3.  A  helical  coil  made 
from  two  parallel  strands  of  coaxial  cable  is  shown.  The  per -strand 
inductance  of  the  helix  is  L,  and  the  per-strand  capacitance  of  the  cable 
is  C. 

The  center  wires  of  the  cable  are  connected  in  series,  whereas  the 
coaxial  braids  are  connected  in  parallel.  The  transformer  then  has  a 
primary-to- secondary  voltage  ratio  of  1:2.  The  equivalent  electrical 
circuit  of  the  arrangement  is  shown  in  Figure  K-4.  The  stray  induct¬ 
ances,  L>j  -  M  and  -  M,  (see  Figure  K-1)  are  very  small.  The  only 
contribution  to  inductance  comes  from  the  magnetic  field  that  exists  be¬ 
tween  the  center  wires  and  their  coaxial  braids.  Experimental  measure¬ 
ment  showed  that  the  stray  inductance  was  three  percent  of  the  primary 
inductance  in  a  typical  case. 

The  transformer  shown  in  Figure  K-3  is  connected  in  such  a  way  that 
it  inverts  the  signal.  If  connected  in  a  noninverting  fashion,  a  different 
capacity  is  effective.  The  equivalent  circuit  then  changes  from  that  of 
Figure  K-4  to  that  of  Figure  K-5. 

In  the  case  of  the  Mark  11  accelerator  the  primary-to -secondary  cur¬ 
rent  ratio  which  is  required  is  5:1;  so  five  strands  of  cable  were  used 
in  the  transformers.  The  five  strands  were  twisted  together  and  taped. 
Then  the  coil  was  wound.  The  coil  diameter  (i.  e.  thj  diameter  of  the 
transformer)  is  about  18  inches  and  the  coil  has  six  turns,  giving  an  in¬ 
ductance,  L,  of  about  IS  microhenrys.  The  cable  used  was  RG-8/U  which 
has  an  insulation  strength  in  excess  of  20  kilovolts  and  a  current-carry¬ 
ing  capacity,  at  240  kc,  of  about  15  amperes  rms  (experimental  determin¬ 
ation). 

With  the  design  as  above  and  with  the  transformer  connected  to  invert 
the  signal,  the  effective  capacity  (referred  to  the  secondary)  is  about 
11/5  C.  This  is  just  about  enough  to  achieve  the  « sired  resonance 
(to  make  A3  =  0;  £q.  (K.  5))  automatically.  A  small  additional  amount 
of  capacity  was  added  to  perfect  the  tuning  adjustment. 

Five  such  transformers  were  constructed.  They  are  the  black  coils 
visible  in  Figure  4-17  of  this  report.  The  frequency  ol  operation  can 
be  varied  by  ±5  kc  without  the  necessity  of  retuning  the  transformers. 

The  transformers  have  an  experimentally  determined  Q  of  about  80, 
so  the  Joule  heating  losses  in  them  are  acceptably  small. 
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Figure  K-3.  A  2:1  Transformer  of  Coaxial  Cable 
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Figure  K«4.  Equivalent  Circuit  of  the  Traneformer  in  Figure  K-3 
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Figure  K-5.  Equivalent  Circuit 
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3.  OTHER  APPUCATIONS  FOR  COAXIAL  CABLE 

Various  other  uses  are  possible  for  a  helix  of  coaxial  cable.  Some 
the  electrical  connections  and  the  corresponding  equivalent  circuit. 
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ANALYSIS  OF  A  RING  COUPLING-CIRCUIT 


1.  INTRODUCTORY  REMARKS 

The  coupling  network  that  connects  the  coils  of  a  traveling-wave  ac¬ 
celerator  to  the  sources  of  power  must  be  properly  designed.  Other¬ 
wise  the  desired  magnetic  field  cannot  be  established  in  the  accelerator. 

It  will  be  assumed  here  that  the  proper  magnetic  field  is  established 
when; 

1.  The  coil  currents  are  equal  in  magnitude. 

2,  The  coil  currents  have  symmetrically  disposed  phase  relations 
with  respect  to  360®  of  phase. 

The  first  requirement  is  established  by  the  physical  construction  of 
the  accelerator  itself;  while  the  second  not  only  satisfies  the  requirements 
of  the  accelerator  but,  in  addition,  reduces  the  current  that  flows  in  the 
ground  return  path  of  the  coupling  network  to  zero.  The  requirements 
of  the  accelerator  alone  can  be  satified  by  coil  currents  that  have  phases 
which  are  symmetric  with  respect  to  180*. 

In  order  to  supply  large  amounts  of  power,  the  power  sources  consist 
of  hard-vacuum  tubes  operating  in  the  class-C  mode.  With  this  type  of 
source  the  characteristics  of  the  coupling  network,  when  properly  ad¬ 
justed,  must  be  such  that: 

1.  Each  power  source  is  presented  with  an  impedance  that  is  purely 
real. 

2.  A  direct  capacitive  path  exists  between  the  ground  return  line  and 
the  ^-^int  to  which  each  power  source  is  connected. 

The  purpose  of  this  discussion  is  to  demonstrate  that  the  coupling 
circuit  used  on  the  Mark  II  accelerator  has  the  desired  properties.  The 


variable  elements  in  this  network  are  a  set  of  ten  capacitors.  It  will  be 
shown  ^at  the  circuit  does  have  the  desired  properties  and  that,  in 
addition: 

1.  The  circuit  allows  the  power  load  to  be  apportioned  among  the 
power  supplies  in  any  of  a  wide  variety  of  ways. 

2.  The  value  of  any  one  of  the  variable  capacitors  can  be  chosen 
arbitrarily  (within  certain  limits).  The  remaining  capacitors 
are  then  uniquely  determined  by  the  requirement  of  a  real  im> 
pedance  and  the  power  apportioning  scheme  that  is  desired. 

For  simplicity  the  network  that  will  be  analysed  is  a  three-phase  net¬ 
work  rather  than  the  five-phase  network  used  on  the  Mark  II.  The  con- 
clusiMis  are  the  same  in  either  case. 

2.  THE  CIRCUIT 

The  circuit  to  be  analysed  is  shown  in  Figure  L-1.  It  is  a  star-delta 
arrangement  where  the  elements  of  the  delta  are  three  variable  capa¬ 
citors,  denoted  in  the  figure  as  ^CB*  ^BA*  arms  of  the 

star  each  consist  of  a  variable  capacitor  in  parallel  connection  with 
die  coils  of  the  accelerator.  The  latter  have  both  inductive  and  resistive 
properties  as  indicated  in  the  figure.  The  power  sources  are  connected 
between  ground  and  each  ol  the  three  nodes  labeled  A,  B,  and  C. 

The  inductive  eloments,  while  shown  as  simple  inductors  in  Figure 
L-1,  are  in  reality  a  mutually  coupled  set.  The  coupling  occurs  in  the 
accelerator  structure  and  it  is  a  consequence  of  the  close  proximity  of 
the  coils.  Close  proximity  is  required  when  a  smoothly  moving  magne¬ 
tic  field  is  desired.  The  mutual  inductances  between  L^,  Lq,  and 
(the  self -inductances  of  the  coil  systems)  will  be  denoted  by 

and  so  on.  The  mutual  inductances  are  not  shown  in  Figure  L-1. 

The  self- inductances,  mutual  inductances  and  resistances  all  vary 
with  the  behavior  of  the  plasma  in  the  accelerator.  However,  insofar 
as  the  present  analysis  is  concerned,  their  values  can  be  considered  to 
be  fixed.  The  analysis  will,  in  addition,  sume  that  the  magnitudes 
of  the  currents  flowing  in  La»  Lg,  and  L,q  are  equal  and  that  they  are 
sinusoidally  varying  with  the  following  disposition  of  phase  relations: 

0*,  120*,  240*.  Thus,  the  following  relations  hold: 
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=  .i*;  *  = 


(L.  1) 


I  /I 

a  c 


(L.  2) 


lij  =  1:^1  =  lij  -  I 


(L.  3) 


(L.  4) 


where  la.  and  I(-  are  the  currents  flowing  in  L3  and  respectively^ 
The  currents  flowing  from  the  power  sources  to  the  nodes  will  be  de-  | 

noted  by  1a,  %*  and  1^,  and  the  voltages  at  the  nodes  by  ,  E^,  and 

EC-  I 

n 

The  impedances  seen  by  the  power  sources  will  be  denoted  by  Zb*  i 
and  Zq;  where,  for  example,  | 


(L.  5) 


3.  POWER  RELATIONS 

The  power  being  supplied  by  the  supply  connected  to  node  A  is 

=  Real  part  of 

=  Real  part  of  (E^/Z^) 


(L.6)  r 


However,  for  proper  operation  of  the  power  supplies  E^  and  must  | 
be  in  phase.  This  can  only  be  true  if  f. 


Imaginary  part  of  Z  =  0 


(L.  7)  I 


Similar  relations  hold  for  and  Zq.  When  all  the  node  impedances  | 
are  real  the  following  equation,  which  expresses  conservation  of  energy,  | 
must  hold:  I 
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4.  PROPERTIES  OF  TR/:  ACCELERATOR 


The  relations  between  tho  node  voltages  and  the  currents  in  L^,  Lg, 
and  can  be  expressed  in  matrix  notation  as  follows: 


■^A 

^BA 

^AC 

I 

a 

=  jw 

^BA 

^B 

^CB 

■b 

+ 

^  « 

^AC 

^CB 

I 

c 

. 

L 

0 


0 
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Consider  the  equation  for  E^^  out  of  the  set  expressed  by  (L,  9).  It 
will  contain  I^  and  I^  in  addition  to  1^^;  however  the  fo  '  ler  two  may  be 
expressed  in  terms  of  I^^  through  the  use  of  Eq.  {L.  1)  and  (L.  2). 


After  some  algebraic  manipulation  it  is  found  that  E^  and  I^  are  related 
in  the  following  way: 


where: 


'a  "  ^A  ^  (^-BA  "  l-Ac) 

cos  0 

(L.  11) 

■■a  '  ”a  ^“(*'AC  ■  Sa) 

1  sin  ^ 

(L.  12) 

Similar  relations  can  be  derived  for  node*  B  and  C  by  cyclic  permuta¬ 
tion.  Thus,  there  exist  quantities  ig,  rg,  and  r^.  These  quantities 

are  the  effective  values  of  inductance  and  resistance  with  the  mutual 
coupling  of  the  circuits  properly  accounted  for.  It  should.be  noted  that 
the  values  of  these  quantities  will  change  if  the  currents  1^^,  Ij^,  and  1^. 
are  not  equal  in  magnitude  and  properly  phased,  as  assumed. 
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Eq.  (L.  10),  and  the  other  two  similar  equations,  are  identical  to  the 
current- voltage  relation  for  simple  series-connected  inductor-resistor 
circuits.  The  "Q"  at  node  A  is: 


(L.  13) 


Similar  equations  exist  for  nodes  B  and  C.  Because  of  the  mutual  coupl- 
and  have  very  different  values,  and  they  may  even  be 
negative,  u  for  example,  is  negative,  then  is  negative.  A  nega¬ 
tive  resistor  is  equivalent  to  a  source  of  energy  (i.  e. ,  a  generator) 
rather  than  a  sink  of  energy.  The  spectacular  variations  which  are  found 
in  the  values  of  Q  give  an  indication  of  the  importance  of  having  a  pro¬ 
per  coupling  network. 

From  here  on  the  analysis  will  make  use  of  the  effective  values  of 
inductance  and  resistance.  The  following  relation  is  important; 


'a  'b  *  'C  '  ^A  *^B 

It  can  be  derived  from  Eq.  (h.  12)  and  its  counterpart  equations. 
5.  PROPERTIES  OF  THE  COUPLING  CIRCUIT 


The  current-voltage  relations  at  node  B  are  shown  in  Figure  L-2. 
The  real  values  of  L3  and  R3  are  shown  in  the  figure  but  the  analysis 
will  use  ig  and  rg  in  order  to  accoiint  for  the  mutual  coupling. 


Conservation  of  current  requires  that  Ig  =  Ij  +  I^  -t-  -f  I^.  From 
this  one  finds  that; 


+  jw  C 


CB 


BA 


Th«  voltage- cur  rant  ratios,  uiiich  appear  in  Eq.  (L.  15),  are  deter¬ 
mined  by  Eq.  (L.  10)  and  its  counterpart  equations.  The  resulting  equa¬ 
tion  for  l/Zg  is  complex,  but  we  must  set  the  imaginary  part  equal  to 
aero  to  accord  with  the  requirements  previously  discussed.  As  a  re- 
^w!t,  two  equations  are  obtained.  The  algebraic  manipulation  is  involved 
and  will  not  be  given  here.  The  equations  obtained  are: 


B 

a 


*BA  ^BA  “CB 
'  ®BA  ^BA  ®CB 


B 


K. 


(L  16) 


(L.  17) 


vidiere  the  vario*is  values  of  a  represent  constants.  Similar  equations 
can  be  found  for  node  A  and  node  C.  The  values  of  a  are: 


(L.18) 


(L.19) 

(L.20) 

(L.21) 


and  the  remaining  values  can  be  found  by  cyclic  permutation.  With  the 
aid  of  the  relations  derived  earlier  one  can  show  that 
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From  this  one  gets 

^“ac'^cb^ 

*^c)  <'"Ba'^AC) 

^“ba®cb^ 

D 

where  D  is  the  determinant  of  the  3X3  matrix.  According  to  Eq.  (L.  23) 
the  numerator  of  Eq.  (L.  25)  is  zero.  The  denominator  is  easily  shown 
to  be  zero  also.  The  meaning  of  this  result  is  that  the  system  of  equations 
for  the  Cjj  is  indeterminate,  and  one  of  the  capacitors  can  be  chosen  to 
have  any  value  at  all.  Eq.  (L.  24)  can  then  be  used  to  obtain  the  values 
of  the  others.  Following  this,  Eq.  (L.  16)  and  its  counterpart  equations 
can  be  used  to  find  C^,  Cg,  and  Cq.  The  only  restriction  is  that  none 
of  the  values  can  be  allowed  to  be  negative  (in  the  complex  notation  a 
negative  capacitor  is  an  inductor). 
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On  the  other  hand,  in  £q.  (L.  16)  one  nia.y  choose  Cq  arbitra 
Then  Eq.  (JL.  16)  determines  a  relation  between  Cjg^  and  wt..v.h 
removes  the  indeterminacy  from  Eq.  (L.  24).  Therefore,  one  and  i 

only  one  of  the  ten  capacitors  is  arbitarily  chosen,  provided  the  I 

values  of  K^,  Kj^,  and  are  specified.  » 

However,  if  K^,  Kq,  and  Are  not  specified  then  any  two  of  the 
capacitors  are  arbitrary.  For  example,  from  Eq.  (L.  24)  one  sees  that,  t 
if  and  CaC  chosen  arbitrarily,  the  first  equation  determines  '<$ 

Ka,  the  second  two  combine  to  determine  K3,  and  Eq.  (L.  23)  deter-  i 

mines  K^.  Eq.  (L.  16)  and  counterparts  determine  C^,  C3,  and  Cq.  ’ 

6.  CONCLUSIONS 

The  conclusions  are:  if  the  node  impedamces  are  real  tlien 

1.  If  the  power  sharing  is  to  be  a  prescribed  way  one  capacitor  is 
arbitrary. 

2.  If  two  capacitors  are  arbitrarily  chosen  the  power  sharing  can 
no  longer  be  prescribed. 
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ZENER  DIODES  AS  TEMPERATURE -SENSING  DEVICES 


1.  INTRODUCTORY  REMARKS 

Proper  knowledge  of  the  operating  characteristics  of  the  Mark  II  ac¬ 
celerator  can  be  obtained  only  if  the  relative  amounts  of  power  that  are 
dissipated,  as  heat,  in  the  various  parts  of  the  system  are  known.  All 
the  heat  eventually  appears  in  the  flow  of  cooling  oil;  so  the  required 
power  distribution  can  be  inferred  if  the  oil  temperature  is  measured 
at  a  sufficient  number  of  places.  In  addition  it  is  necessary  to  monitor 
the  temperature  of  the  walls  of  the  annular  accelerating  channel. 

The  places  where  temperature  measurements  are  required  are,  in 
general,  so  located  that  mercury  thermometers  cannot  be  used.  Ordi¬ 
narily,  the  problem  would  be  solved  by  using  thermocouples  with  a  sensi¬ 
tive  bridge-type  readout  device. 

However,  the  accelerator  structure  and,  in  fact,  the  whole  laboratory 
are  located  in  the  ground  wave  of  the  power  supplies  (operated  at  240  kc). 
It  has  been  found  by  experience  that  sensitive  instruments  (i.  e. ,  instru¬ 
ments  designed  to  detect  signals  in  the  microvolt  range)  do  not  operate 
properly  under  such  conditions. 

Consequently,  a  study  was  made  to  determine  whether  some  device 
other  than  a  thermocouple  could  be  employed.  The  basic  accuracy  re¬ 
quired  was  estimated  to  be  about  ±0.  1C, 

Table  M-1  compares  the  sensitivity  of  zener  diodes,  thermocouples, 
and  thermistors  as  temperature  sensors  under  typical  conditions  of 
operation. 


M-1 


S074»*« 


TABLE  M-  1 

COMPARISON  OF 

TEMPERATURE- SENSING  ELEMENTS 

Type 

Sensitivity  (millivolt/ *C) 

Thermocouple 

~  0. 04 

Thermistor 

~  4.  0 

Zener  Diode 

~20.  0 

The  zener  diode  is  seen  to  be  much  more  sensitive  than  the  thermo¬ 
couple  and  comparable  in  sensitivity  to  a  thermistor.  The  response  of 
a  thermistor  is  nonlinear,  making  it  difficult  to  record  temperature 
differences  with  accuracy.  For  these  reasons  a  study  was  initiated  to 
determine  whether  zener  diodes  made  suitable  sensing  elements. 

2.  PROPERTIES  OF  ZENER  DIODES 

The  zener  diode  is  a  voltage- regulating  device  that  operates  at  a  cur¬ 
rent  of  3  or  4  ma  (typically)  with  a  dynamic  resistance  on  the  order  of 
30  ohms. 

The  temperature  coefficient  varies  with  the  type  of  diode  and  has  a 
maximum,  of  about  20  mv/®C,  for  diodes  designed  to  operate  at  25  volts. 
The  temperature  range  over  which  satisfactory  operation  is  obtained  is 
typically  -65C  to  +  175C. 

The  small,  glass-encapsulated  zener  diodes  have  a  very  small  mass, 
and  the  thermal  time  constant  was  experimentally  determined  to  be  about 
three  seconds. 

Specially  constructed  zener  diodes  are  available  with  a  temperature 
coefficient  that  is  less  than  1/20  that  of  the  usual  zener.  These  can  be 
used  to  supply  a  reference  voltage  that  can  be  interpreted  as  a  standard 
temperature. 

For  convenience  we  adopt  OC  as  the  reference  temperature.  Then,  the 
voltage  of  a  zener  as  a  function  of  temperature,  T,  can  be  represented 
as  follows: 
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V  =  V  +aT+pT^  + 
o 

If  the  zener  is  to  make  a  satisfactory  temperature  sensor  one  requires 

1.  Tha.  Vq  be  stable  and  vary  little  from  diode  to  diode. 

2.  That  o  be  stable  and  vary  little  from  diode  to  diode. 

3.  That  and  all  higher-order  terms  be  effectively  zero. 

4.  That  the  same  equation  hold  no  matter  whether  the  temperature 
is  increasing  or  decs-easing. 

All  Cl  the  requirements  were  found,  by  experiment,  to  be  satisfied. 

The  unit-tC'Unit  variations  in  are  given  by  the  diode  manufacturers, 
and  5  percent  is  a  typical  tolerance.  No  infornn&tion  on  the  tolerance 
of  a  or  the  value  of  0  is  available  ir  manufacturers'  literature.  Ex¬ 
perimentally  it  was  found  that  a  va.  .  by  2  or  3  percent  from  unit-to- 
unit  and  that  p  was  too  small  to  be  detected  by  the  experimental  equip¬ 
ment.  No  hysteresis  could  be  detected  that  was  attributable  to  a  hyster¬ 
esis  in  the  value  of  a. 

The  variation  of  V  with  diode  current  is  computed  from  the  dynamic 
resistance.  For  the  diodes  uelected  (type  IN  969fi)  varies  at  a  rate 
of  30  mv  per  ma.  In  ordi^r  to  keep  stable  to  1  mv  (corresponding  to 
a  temperature  variation  oi  0.  05C)  the  diode  current  must  be  held  con¬ 
stant  to  0.  Q3  ma  (out  of  about  3  ma).  Thus,  the  diode  current  supply 
has  to  be  stable  to  about  1  percent.  This  kind  of  stability  Is  rather 
easily  obtained. 

3.  THE  SEr4bING  CIRCUIT 

A  temperature- compensafad  sene.r  diode  (three  lyp#  IN  936A  diodes 
In  series)  supplies  a  voltage  standard,  V  ,  which  is  taken  to  repre- 
•'  ul  OC. 

Figure  M.l  shows  ths  essential  details  of  ths  circuit  smploysd.  The 
temperature  of  the  sensor  diode  le  deternnined  from  the  setting  of  potenti¬ 
ometer,  D.  The  null- indicating  bridge  circuit,  which  indicates  when 
the  voltages  at  A  and  E  are  equal,  is  used  to  determine  when  D  is  cor- 
rsetiy  adjusted.  The  bridge  itself  is  adjusted  when  the  ewitch  is  set 
to  position  1,  so  that  equ^l  voltages  art  applied  to  A  and  H, 


Potentiometers  R  and  D  allow  any  fraction  of  the  floating  voltage;,  E, 
t'  4.dded  in  series  with  the  voltage  of  the  sensor  diode.  The  reversing 

.tch  is  used  when  the  sensor  voltage  is  less  than  (i.  a. ,  when  the 
sensor  temperature  is  less  than  OC).  It  is  also  used  v^en  measuring 
temperature  differences  as  will  be  described  later. 

The  potentiometer  R^  gives  a  way  of  changing  the  spparent  tempera¬ 
ture  coefficient  of  the  sensor  diode.  By  suitable  adjustment  the  ap¬ 
parent  coefficients  of  many  sensors  can  be  made  equal.  Potentiometer 
R  allows  the  apparent  value  of  (see  Eq.  (M.  l))of  many  sensor  diodes 
to  be  made  equal.  Only  one  potentiometer,  R,  is  used;  but  a  separate 
R^  is  used  for  each  sensor.  The  setting  of  R  for  each  sensor  is  re¬ 
corded  and  used  as  needed. 

Switch  allows  the  zero  setting  of  R  to  be  determined. 

The  calibration  procedure  is  fairly  simple.  First  the  sensor  is  placed 
in  an  ice  bath,  and,  with  D  set  to  zero,  R  is  adjusted  to  give  a  null 
reading  on  the  bridge.  Then  the  sensor  is  placed  in  a  hot  bath  of  knovm 
temperature,  and  the  temperature  coefficient  o  is  determined.  Suppose 
this  has  to  ’'e  reduced  to  agree  with  the  chosen  standard  value, 

Return  the  sensor  to  ths  ice  bath  and  vary  R.  Rebalance  with  D. 

Then  increase  D  in  the  ratio  rebalance  with  The  latter 

is  now  set  correctly.  Return  D  to  zero  and  rebalance  with  R.  Record 
the  value  of  the  Utter.  The  calibration  is  now  oompUts. 

Temperature  differences  can  bs  msasured  direett/  by  connecting  one 
sensor  to  input  A  and  a  second  to  Input  B.  Switcher’  for  accomplishing 
there  connections  are  not  shown.  When  this  in  done  R  must  bs  set  to 
the  difference  of  the  recorded  eettinge  for  the  two  sensore. 

4.  THE  NULL  INDICATOR 

The  circuit  that  has  been  dsscribsd  will  function  properly  only  U  the 
nulUindicating  bridge  draws  no  current  from  the  rest  of  the  circuit. 

That  is,  Inputs  A  and  B  (sse  Figure  M-l)  must  be  high  Impedance  Inpute, 

Ths  c!r  Jit  ihst  was  used  typicslly  drsws  less  than  2  X  amperes 

and  has  s  (ataUc)  input  Impedance  greater  than  tO'^  ohme.  The  circuit 
achieved  this  psrformancv  with  ths  use  of  common,  Inenpenslve,  va^AUim 
tubes.  Ths  operation  of  this  vIrcuU  will  now  bs  described. 
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Th«  basic  elements  of  the  circuit  are  shown  in  Figure  M~2.  The 
bridge  is  formed  by  two  triode  vacuum  tubes  and  their  plate  resistors. 
Switches  Sf  S*  are  normally  closed  so  the  high-valued  resistors  are 
short-circuited  and  have  no  effect. 

First,  grids  G  and  H  are  connected  together,  and  Rg  is  adjusted  until  thf 
meter  reading  is  aero.  Then  they  are  connected  as  shown  to  voltages 
Va  *nd  Vg,  where  =  Vg.  Switch  S  is  opened,  and  if  the  meter 
reading  is  observed  to  jump,  potentiometer  R  is  adjusted.  When  pro¬ 
perly  a4justed  the  meter  reading  is  invariant  to  the  state  of  S.  Potent!-  ! 
ometer  R*  is  adjusted  in  a  similar  manner.  When  these  adjustments  [ 

have  been  nuide  the  bridge  draws  no  current  from  the  voltage  sources 
and  V3. 

» 

The  possibility  of  achieving  such  a  condition  is  shown  by  the  following  | 
reasoning.  Suppose  input  A  is  disconnected  from  the  voltage  source,  : 

Va,  and  suppose  that  it  then  assumes  a  voltage,  Va'  •  The  relation  ; 

between  and  Vg  is  the  following:  I 


(M.  Z)  i 


where  is  the  grid  current  of  the  tube. 

Clearly,  Va'  ca»  be  made  equal  to  Va  if  R  is  adjusted  so  that 


i  R 

I  I 


<M.3) 


If  VjJ  is  made  equal  to  by  this  adjustment  then  input  A  can  be 
reconnected  to  the  voltage  source  Va  without  disturbing  the  Utter  in 
any  way.  That  is,  the  circuit  will  draw  no  current  from  V^.  When 
this  condition  holds,  switch  S  has  no  offoct  on  the  meter  reading. 
Thus  we  have  ehown  that  adjustment  for  aero  current  to  ttvi  bridge 
is  always  possibls  ysgavdlsss  of  tubs  charactsristics  or  loakagt. 


ft.  THE  ACTUAL  CIRCUIT 


Ths  actual  circuit  that  was  buUi  Ut  shown  in  Figure  M*3.  Ths  bridgs 
can  dstsct  a  voltage  diffsronre  of  4  ^  16*^  volt,  covrssponding  to  a 
tomposaturo  difforonoe  of  P.OIC. 


Fijiur*  M<2.  B«tlc  Circuit  o(  Null -Indie  «tlng  Bridge 


Figure  M-3.  Temperature -Sensing  Circuit 


An  RC  filter  is  located  in  the  grid  line  of  each  bridge  tube,  and  an  LC 
filter  is  used  in  series  with  each  sensor.  These  components  reduce  die 
amplitude  of  unwanted  electrical  noise.  It  is  important  that  the  unwanted 
noise  be  less  than  0.  2  volt  peak-to-peak  as  measured  across  the  meter 
circuit.  Otherwise  the  meter -protecting  diodes’’'  conduct  on  the  noise 
signal,  and  the  sensitivity  of  the  circuit  is  decreased.  If  necessary, 
filtering  can  be  added  at  the  meter  circuit  itself. 

The  readout  device  is  a  25-turn  potentiometer  (linear  to  0.  05  percent) 
with  an  associated  range- changing  switch. 

Any  one  of  ten  sensors  can  be  compared  to  the  OC  reference,  or  any 
pair  of  the  ten  can  be  employed  to  make  difference  readings. 

The  panel  arrangement  of  the  completed  circuit  is  shown  in  Figure 
M-4. 

The  bridge  tubes  require  a  warmup  time  of  about  30  minutes  before 
drifts  in  the  balance  setting  become  undetectable. 

When  temperature  difference  measurements  are  made,  and  the  mean 
temperature  is  significantly  different  from  OC,  the  grid  current  com¬ 
pensating  potentiometers  may  require  readjustment.  This  is  particularly 
true  if  an  accuracy  of  0.  1C  is  to  be  maintained  (for  this  accuracy  the 
bridge  must  draw  less  than  2  X  10-8  amperes  input  current). 

6.  EXPERIMENTAL  TESTS 

Various  experimental  tests  were  performed  to  check  the  operation  of 
the  bridge  and  the  behavior  of  the  sensors. 

6.  1  Drift 

If  the  bridge  is  balanced  with  both  inputs  connected  to  the  reference 
voltage  the  imbalance  due  to  drifts  is  less  than  0.  02C  in  three  hours. 


*A.  S.  Penfold  and  E.  L.  Garwin,  Rev.  Sci.  Inst. ,  29,  252  (1958). 
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6.  2  Symmetry 


If  a  temperature  difference  is  measured  and  the  connections  of  the 
sensors  to  the  bridge  are  reversed,  the  same  reading  is  obtained  (but 
with  opposite  algebraic  sign)  to  within  ±0.  1C. 

6.  3  Reproducibility 

Repeated  measurements  from  several  sensors,  extending  over  a  period 
of  several  days,  indicated  that  the  sensors  are  stable  and  that  their 
voltage  is  reproducible  to  within  0.  1C.  Some  difficulty  was  experienced 
in  reproducing  the  temperature  of  the  oil  bath  (used  for  the  tests)  to  this 
accuracy. 

6.  4  Hysteresis 

Heating  and  cooling  measurements  were  made  at  rates  of  40C/hr  and 
20  C/hr.  A  difference  of  0.  1  C  was  observed  between  the  ascending 
and  descending  readings  in  the  former  case  and  0.  05  C  in  the  latter. 

The  entire  effect  is  thought  to  be  due  to  a  slight  thermal  lag  of  the  mer>  ’ 
cury  theromometer  employed  as  the  standard. 

6. 5  Linearity 

Figure  M-5  shows  the  results  of  a  typical  linearity  check.  The  output 
reading  (dial  reading)  for  two  zener  sensors  is  shown  as  a  function  of 
temperature.  The  curves  were  measured  concurrently  at  a  heating  rate 
of  13  C/hr.  The  standard  deviation  of  the  points  from  best-fit  straight 
lines  is  less  than  ±0.  05  C.  No  significant  deviation  from  linearity  oc¬ 
curs.  The  difference  of  the  two  curves  is  also  shown.  Since,  when  the 
tests  were  made,  neither  diode  had  been  corrected  for  variations  in 
Yq  or  a  (Eq.  (M.  1)),  the  difference  curve  is  expected  to  be  a  straight 
line.  This  is  observed.  The  value  of  a  for  the  two  sensors  differs  by 
two  percent.  This  is  a  typical  result. 

Finally,  ten  sensors  were  calibrated  for  the  range  OC-IOOC,  and  their 
readings  over  this  range  were  compared.  They  agreed  to  within  ±0.  15  C. 
The  experimental  array  of  the  ten  sensors  is  shown  in  Figure  M-6. 
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APPENDIX  N 

SHIELDING  AGAINST  CAPACITIVE  ELECTRIC  FIELDS 


1.  INTRODUCTION 

When  a  time -dependent  voltage  is  applied  to  a  set  of  coils,  two  elec¬ 
tric  field  patterns  exist  within  the  geometry:  that  due  to  the  time  rate 
of  change  of  magnetic  flux  and  that  due  to  the  accumulation  of  charges 
on  various  parts  of  the  system.  The  first  type  of  field  is  the  inductive 
electric  field,  and  the  second  type  is  the  capacitive  electric  field.  The 
net  field  that  acts  on  charged  particles  is  the  vector  sum  of  the  two 
fields. 

In  a  plasma  research  device  the  capacitive  field  is  a  complicating 
factor  that  sometimes  needs  to  be  eliminated.  Some  of  the  confusion 
that  arose  in  early  studies  of  gaseous  discharges  because  of  this  field 
has  been  described  by  MacKinnon^  in  a  paper  on  the  origin  of  the 
electrodeless  discharge.  Fortunately,  in  "lany  situations  of  interest, 
the  capacitive  electric  field  can  be  strui^gly  attenuated  without  seriously 
affecting  the  inductive  field.  The  desired  attenuation  may  be  accomp¬ 
lished  by  applying  a  very  thin  coating  of  conducting  material  to  the  walls 
of  the  vacuum  envelope  that  surrounds  the  volume  of  interest.  The 
resistivity  of  the  coating  is  usually  noncritical,  and  variations  of  several 
orders  of  magnitude  can  be  tolerated. 

The  possibility  of  this  type  of  shielding  has  been  recognized  for  some 
time  and  has  been  employed  in  experimental  devices,  ^  ^  but  very  little 
information  concerning  it  has  been  published. 

The  MKS  system  of  units  is  used  throughout  this  paper. 

2.  GEOMETRY 

The  geometrical  arrangement  chosen  for  the  calculations  that  follow 
is  shown  in  Figure  N-1  and  it  is  similar  to  the  geometry  used  in  the 
Mark  II  traveling  wave  plasma  accelerator.  The  coils  are  sets  of 
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Figure  N-1.  Geometry 
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windings  excited  by  a  polyphase  source  of  power,  and  the  magnetic  field 
pattern  travels  in  the  axial  direction  with  speed  u/k,  where  w  is  the 
circular  frequency  and  k  is  the  wave, number. 


The  shielding  effect  caused  by  the  coating  on  the  glass  is  exactly  the 
same  for  a  traveling  wave  as  for  a  standing  wave  of  the  same  frequency 
and  wavelength.  For  simplicity  of  calculation  a  standing  wave  is  con¬ 
sidered  and,  in  addition,  the  following  assumptions  are  made: 

1.  The  magnetic  field  arises  from  an  azimuthal  sheet  current  that 
is  distributed  sinusoidally  along  the  glass  surface. 

2.  The  capacitive  electric  field  arises  from  a  surface  charge  that 
is  distributed  sinusoidally  along  the  glass  surface. 

3.  Radiation  can  be  neglected. 

4.  The  coating  has  a  uniform  surface  resistivity,  p,  and  a  thickness 
less  than  the  skin  depth  for  all  frequencies  of  interest. 

5.  The  sheet  current,  surface  charge,  and  coating  are  very  close  to 
each  other  and  all  can  be  taken  to  be  at  radius  r  =  r^. 

6.  The  vacuum  region  is  free  of  plasma. 

By  virtue  of  the  above -cited  assumptions  the  voltage  applied  to  the 
coils  is  also  distributed  sinusoidally  along  the  glass.  This  condition  is 
usually  not  satisfied  since  the  distribution  of  voltage  depends  on  the 
exact  way  in  which  the  coils  are  connected  to  the  power  source.  How¬ 
ever,  nonsinusoidal  distributions  can  be  studied  by  making  a  Fourier 
analysis  and  then  applying  the  present  results. 

3.  SUMMARY  OF  RESULTS 


The  sheet-current  density  and  the  surface -charge 
to  have  the  following  forms: 

— •  ^  iwt 

J  =  6  J  sin  (kz)  e 
o 


p  =  p  cos  (kz)  e 
o 


iu>t 


(N.  1) 
(N.  2) 


It  can  be  shown  (Attachment  1)  that  both  the  magnetic  field  and  the  induc¬ 
tive  electric  field  are  modified  by  the  same  factor,  M,  due  to  the  pre¬ 
sence  of  the  coating. 
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M  = 


I 


1  +  iwK 


-i  arctan  (w\) 


VT7 


(«\) 


The  parameter,  X,  is  defined  by  the  following  equation 
.  Z 

X  =  ~  —  [I,  K,  kr  ] 
w,  n  ^  I  1  o^ 


(N.  3) 


(N.  4) 


where  r\  is  the  surface  resistivity  of  the  coating,  is  the  character¬ 
istic  impedance  of  free  space  (376.  7  ohms),  and  =  ck  (where  c  is  the 
speed  of  light  in  vacuum).,  Ij  and  Kj  are  hyperbolic  Bessel  functions  of 
first  order,  of  argument  kr,  evaluated  at  kr^. 

M  has  the  same  form  as  the  voltage  transfer  function  for  the  simple 
L-R  circuit  shown  in  Figure  N-2a.  As  the  frequency  is  increased  the 
initial  effect  on  the  magnetic  field  is  a  phase  shift,  followed,  at  higher 
frequencies,  by  an  amplitude  change. 

The  total  effect  of  the  coating  can  be  described  in  terms  of  a  "Q" 
defined  by  Q  =  1/«X.  The  magnitude  of  M  is  related  to  Q  as  follows: 


|M|  =  ■  (N.  5) 

In  order  that  the  Q  be  larger  than  a  given  value,  the  resistivity  must 
satisfy  the  following  condition: 


t1>QZ 
'  o 


I,  K,  kr 
1  1  o 


(N.  6) 


In  the  special  case  of  a  traveling  wave,  u/uj^  is  equal  to  V£/c,  where  Vf 
is  the  speed  of  the  field  pattern  and  c  is  the  speed  of  light. 

It  can  be  shown  (Attachment  2)  that  the  capacitive  electric  field  is 
modified  by  a  factor,  E. 


fa>6 


1  +  (w  6) 


e 


i  arctan 


(N.  7) 
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(N.  8) 


The  parameter,  5,  is  defined  by  the  following  equation: 


1 

6 


«,  —  r  I  K  kr  1 

k  T)  O  O  O'' 


where  Iq  and  K©  are  hyperbolic  Bessel  functions  of  zero  order  and  argu¬ 
ment  kr,  evaluated  at  kr^. 

E  has  the  same  form  as  the  voltage  transfer  function  for  the  simple 
R-C  circuit  shown  in  Figure  N-  2b.  As  the  frequency  is  increased  the 
attenuation  of  the  capacitive  field  decreases.  In  order  that  1e|  be  less 
than  a  given  value  the  resistivity  must  satisfy  the  following  condition: 


II  <  Z  )  I  K  kr  (N 

/77^  o  o  o 

Eq.  (N.  6)  and  (N.  9)  show  the  possibility  of  choosing  t|  so  that  |e|  is 
quite  small  while  Q  is  still  large. 


A  plot  of  the  quantities  I^Kokro  and  IiKjkrQ  as  a  function  of  krQ  is 
given  in  Figure  N-3^»  * .  It  is  seen  that  if  kr^  is  greater  than  unit  then 
both  quantities  may  be  replaced  by  1/2  with  negligible  error.  vVhen 
this  is  done  Eq.  (N.  6)  and  (N.  b)  becf'me  the  foliowliig; 


(N.  10) 


(N.  11) 


If  these  equations  are  written  as  equalities  the  graphical  representation 
of  Figure  N-4  can  be  drawn. 

The  analysis  leading  to  Eq.  (N.  10)  is  independent  of  that  leading  to 
Eq.  (N.  11),  and  therefore  the  value  of  used  in  each  may  be  chosen 
independently.  For  example,  if  the  coil  voltage  is  not  distributed 
sinusoidally  along  the  glass  then  a  Fourier  series  can  be  employed,  and 
the  value  of  used  in  Eq.  (N.  11)  can  be  taken  to  be  that  corresponding 
to  the  longest  wavelength  in  the  Fourier  series. 
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Example 


In  many  cases  of  practical  importance  a  wide  variation  of  r|  is 
allowable.  The  following  example  is  given  to  illustrate  this  fact. 

Consider  a  traveling -wave  device  with  a  diameter  of  0.  16  meter,  a 
wavelength  of  0.  2  meter,  and  an  operating  frequency  of  250  kc.  The 
following  conditions  apply: 

V£  *  field  speed  =  5X  10^  meters/sec. 
k  =  wave  number  =  31.  4  meter 
v^/c  =  =  1.67X10-4 

kr  =  2.  5 
o 


In  addition,  we  will  demand  the  following  conditions: 

Q  ^  100  (|m|  ^  0.  995) 

|£|  S  0.01 

Since  kr^  is  larger  than  unity,  the  data  of  Figure  N-4  can  be  used, 
and  one  finds  that  the  required  degree  of  shielding  can  be  obtained  v^ith 
any  value  of  q  that  falls  in  the  range  shown  below. 

3.  1  «  r|  ■  11,  500  (ohms) 

4.  TRANSIENT  BEHAVIOR 


The  degree  of  shielding  that  can  be  obtained  for  transient  conditions 
can  be  estimated  through  the  uee  of  L-R  and  R-C  time  constants  derived 
from  the  equivalent  circuits  of  Figvire  N-2.  The  time  constant  for  the 
appearance  of  the  magnetic  field,  tj^,  and  for  the  disappearance  of  the 
capacitive  field,  Tjj,  are  found  to  be: 


T  =  I  K.kr  «  — •  ^ 

M  ITU.  1  1  o  Tiw, 


(N.  12) 


[I  K  kr  1 
Z  u,  '•  o  o  O'* 
o  k 


-1 


188.  3  u. 


(N.  13) 
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For  the  previous  example,  taking  r|  =  10 
T- .  =  2  X  10  ^  sec 

^4 

Tj,  =  6  X  10  ^  sec 


ohms 
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APPENDIX  N 
ATTACHMENT  1 


In  this  attachment  the  expression  for  M  given  in  Eq,  (N.  3)  is  derived, 
using  the  fact  that  the  applied  sheet-current  density  is: 

J  =  d  J  8in(kz)  e  (Nl.  1) 

o 

The  vector  potential  for  the  field  has  only  an  azimuthal  component, 
Ag(r,  z,  t),  and  its  axial  dependence  must  be  the  same  as  that  of  the 
sheet  current.  Thus,  we  assume  that 

Aq  R(r)  sinOca)  e  ^  (Nl.  2) 


Except  at  r  =  r^  (the  radius  of  the  sheet  current  and  the  conducting 
layer)  the  vector  potential  must  satisfy: 

curl  curl  A  =  0  (Nl.  3) 


When  £q.  (Nl.  2)  is  substituted  into  Eq.  (Nl.  3)  a  differential  equation 
for  R(r)  results: 

-  R  =  0  (Nl.  4) 

The  solutions  of  the  equation  above  are  hyperbolic  Bessel  functions  of 
order  one,  end  one  must  select  those  that  yield  finite  values  oi  A  $ 
everywhere.  If  A  and  B  are  constants  (whose  values  are  yet  to  be 
determined)  the  solutions  for  Aq  are 


A-  =  AI,  (kr)  Bin(kz)  e^*;  r  <  r  (Nl.  5) 

o  i  o 

A«  ss  BK,  (kr)  sin(kz)e^^  r  >  r  (Nl.  6) 

u  i  o 


N-15 


Now  is  continuous  at  r  =  r^;  so  B  is  determined  by 


II  (kr  > 

B  =  g-TT  ■.  A 
Kj  (kr^) 


(Nl.  7) 


The  axial  field  component  is  easily  obtained  and  is  described  by  zero 
order  Bessel  functions: 


B  s  A  k  I  (kr)  sin(kz)e^;  r  <  r 
z  o  o 


(Nl.  8) 


B 

z 


Ij  (kr  ) 

-V-S— r  A  k  K 
K  (kr  )  o 


(kr)  sin(kz)e^^; 


(Nl.  9) 


The  axial  field  component  is  discontinuous  at  r  s  r^  where  it  satisfies 
the  following  equation: 

B^  (inside)  -  B^^  (outside)  »  (J  +  J']  (Nl.  10) 

J  is  the  magnitude  of  the  applied  sheet  current,  and  J'  is  the  magnitude 
of  the  sheet  current  induced  in  the  conducting  layer  by  the  inductive 
electric  field.  This  field  is  obtained  from  the  negative  time  derivative 
of  A^.  Then,  through  the  use  of  ohm's  law,  the  induced  sheet  current 
is  found: 


j'=  I.  (kr)  iw  sin(kz)e^^ 

1  * 


(Nl.  11) 


From  the  foregoing  equations  one  can  derive  an  equation  for  A.  It 
is  convenient  to  use  the  relation  =  Zg/c  (where  is  the  character¬ 
istic  impedance  of  free  space  and  c  is  the  speed  of  light)  and  the  defin¬ 
ition  =  ck.  Then,  the  value  of  A  is: 


A  » 


M 


Z  K,  (kr  )  kr 
o  1  '  o  o 


(Nl.  12) 
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Where 


and 


M  =  [  1  +  ioj\] 


\ 


Z 


(Nl.  13) 


(Nl.  14) 


The  conducting  layer  is  seen  to  modify  both  the  magnetic  field 
components  and  the  induced  electric  field  by  the  factor,  M. 
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APPENDIX  N 
ATTACHMENT  2 


In  this  attachment  the  expression  for  E  given  in  Eq.  (N.  7)  is  derived, 
using  the  fact  that  the  applied  surface -charge  density  is: 

p  =  p  cos(kz)  e^^^  {N2. 1) 

o 

The  scalar  potential  for  the  electric  field  does  not  depend  on  azimuth 
because  of  the  symmetry,  and  its  axial  dependence  must  be  the  same  as 
that  of  the  surface  charge.  Thus,  we  assume  that 

^  R(r)  cos(kz)e  (N2.  2) 

Except  at  r  =  r^  (the  radius  of  the  surface  charge  and  the  conducting 
layer)  the  scalar  potential  must  satisfy  the  following: 

div  grad  0  =  0  {N2.  3) 

When  Eq.  (N2.  2)  is  substituted  into  Eq.  (N2.  3)  a  differential  equation  for 
R(r)  results: 


_1 

r 


A.  ^ 

dr  ^  dr 


-  k  R  =  0 


(N2.  4) 


The  solutions  of  the  equation  above  are  hyperbolic  Bessel  functions  of 
zero  order,  and  one  must  select  those  that  yield  finite  values  of  0  every¬ 
where.  If  C  and  D  are  constants  (whose  values  are  not  yet  determined) 
the  solutions  for  0  are  found  to  be 

0  =  Cl  (kr)  co8(kz)e^***^;  r  <  r  (N2.  5) 

o  o 

0  =  DK  (kr)  co8(kz)e^'**^;  r  >  r  (N2.  6) 

o  o 
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Now  ^  is  continuous  at  r  =  TqI  so  D  is  determined  by 


°  =  K  “(kr  )  ^ 
o  o 


(N2,  7) 


The  radial  field  component  is  easily  obtained,  and  it  is  described  by 
first-order  Bessel  functions. 


E  =  -Ckl .  {kr)  co8(kz)e  ;  r  <  r 
r  1  '  o 

I  (kr  ) 

^r  =  K~(i^)  ^^^1  ‘^o«(k«)e^“  ;  r  >  r^ 

o  o 


{N2.  8) 


(N2.  9) 


The  radial  field  component  is  discontinuous  at  r  =  r^  where  it  satisfies 
tlie  following  equation: 


E  (outside)  -  E  (inside)  =  ~  [p  +  p'  ] 


(N2.  10) 


Where  p  is  the  magnitude  of  the  applied  surface  charge  and  p^  is  the 
magnitude  of  the  surface  charge  induced  in  the  conducting  layer  by  the 
capacitive  field.  The  induced  surface  charge  is  found  from  Ohm's  law 
and  the  charge -conservation  equation,  and  it  has  the  following  value: 


k  I  (kr  ) 

p  =  -C  — ; -  cos(kz)e 

i(t>q 


(N2.11) 


From  the  foregoing  equations  one  can  derive  an  equation  for  C.  It  is 
convenient  to  use  the  relation  =  (Zqc)'^  (where  is  the  character¬ 
istic  impedance  of  free  space  and  c  is  the  speed  of  light)  and  the  defini¬ 
tion  =  ck.  Then,  the  value  of  C  is: 


Z  c  K  (kr  )  kr 
^  ^  o  o  o  o 

C  =  E  -  p 

k  o 


(N2.  12) 


where 


E  s  1  + 


(N2.  1  3) 


N.20 


and 


^  =  u,  ~  [I  (kr  )  K  (kr  )  kr  1  (N2.  14) 

6  kri'-o  oo  o  o' 

The  conducting  layer  is  seen  to  modify  the  electric  field  by  the  factor, 
E. 
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The  theoretical  analysis  presented  in  the  dociunent  represents  i 
a  step  in  the  development  of  a  theoretical  model.  It  is  now  felt  | 


that  the  analysis  was  oversimplified  insofar  as  the  effects  of 
thermal  expansion  are  concerned. 
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I  INTRODUCTION 


In  the  spring  of  I960  a  series  of  experiments  was  begun,  under  Litton 
Systems,  Inc.  sponsorship,  with  a  plasma  accelerator  consisting  of  a 
few  turns  of  copper  tubing  wound  to  a  conical  shape.  The  first  tests  used 
a  high-voltage  dc  power  supply,  an  energy  storage  capacitor,  and  a  spark- 
gap  switch.  The  device  was  operated  at  the  natural  repetition  rate  of  the 
charging  circuitry  -  typically  several  discharges  per  second.  These  tests 
indicated  that  the  device  was  capable  of  forming  and  accelerating  plasma, 
but  because  of  the  pulsed  nature  of  the  discharge  it  was  difficult  to  deter¬ 
mine  the  behavior  in  detail. 

Later  tests  were  carried  out  with  the  device  operating  CW  from  a  radio¬ 
frequency  power  source.  Various  gases  including  air,  nitrogen,  helium, 
argon,  and  carbon  dioxide  were  successfvilly  tiried.  The  detailed  operation 
of  the  accelerator  varied  with  the  gas  used,  chiefly  with  respect  to  the  ease 
of  obtaining  ionization;  but  the  qualitative  features  of  the  performance  were 
not  affected  by  the  type  of  gas  employed.  Specific  impulses  in  the  range  400 
to  2500  seconds  were  obtained,  and  thrust  levels  in  the  range  0.  9  X  lO’^ 
to  4.  5  X  10"^  newton  (2  to  10  milli pounds)  were  measured.  However,  the 
efficiency  seemed  low,  and  it  was  supposed  that  there  was  a  large  neutral 
efflux  of  low  velocity. 

Recently,  the  concept  of  the  accelerator  has  been  subjected  to  a  detailed 
re-examination,  and  in  this  process  the  experimental  data  have  been  re- 
valuated.  The  more  careful  analysis  shows  that  the  performance  was  much 
better  than  originally  believed  and  that  the  ionizing  process  is  particularly 
efficient.  A  figure  of  merit  of  <270  electron  volts  per  ion  pair  was  obtained 
for  nitrogen.  This  is  some  two  times  lower  than  values  being  currently 
quoted  for  Cs  ion  engines  and  2.  8  times  lower  than  values  quoted  for  Hg 
bombardment-type  ion  engines. 

This  document  examines  the  experimental  data  of  one  set  of  measure¬ 
ments  and  advances  a  theoretical  model  to  explain  the  results. 
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n  DISCUSSION  OF  EXPERIMENTS 


2. 1  DESCRIPTION  OF  THE  ACCELERATOR 

Figure  2-1  gives  a  schematic  description  of  the  accelerator.  It  con¬ 
sisted  of  nine  turns  of  copper  tubing  wound  on  a  pyrex  funnel.  The  copper 
tubing  was  connected  through  an  air-core  isolating  transformer  to  a  1.  7 
Me  power  source.  The  cone-angle  was  60  degrees  and  the  mouth  of  the 
funnel  was  0. 1  meters  across.  A  flow  of  cooling  water  was  passed  through 
the  copper  tubing,  and  the  water  system  contained  flow  and  temperature 
measuring  gear.  The  isolating  transformer  was  center-tapped  to  grotmd. 

A  ceramic-like  material  (not  shown  in  Figure  2-1)  coated  the  copper 
coils  to  prevent  gas  discharges  from  occuring  along  the  outside  of  the 
ftinnel.  Several  txmgsten  wires  were  placed  along  the  pyrex  wall  near 
the  apex  of  the  cone  as  indicated  in  Figure  2-1.  These  wires  were  ob¬ 
served  to  aid  in  the  initiation  of  the  gas  discharge. 

The  gas  was  admitted  from  the  stem  of  the  funnel  and  was  not  pre- 
ionized.  or  preheated.  A  flow-measuring  system  was  devised  and  included 
in  the  gas  line. 

The  accelerator  was  placed  inside  a  vacuum  chamber  8  feet  in  diameter 
by  15  feet  long.  The  diffusion  pumps  on  the  chamber  were  able  to  main¬ 
tain  a  vacuvim  of  0.  6  micron  when  the  gas  flow- rate  was  2  X  10**^  kilo¬ 
gram  per  sec.  Various  pieces  of  diagnostic  equipment  were  manipulated 
in  front  of  the  accelerator  by  means  of  a  small  trolley  and  hoist  system 
operating  from  an  I-beam  located  along  the  top  of  the  vacuum  tank.  The 
diagnostic  gear  could  be  positioned  without  breaking  the  vacuum. 

A  ballistic  pendultim  was  employed  to  measure  thrust.  Inasmuch  as  the 
energy  density  in  the  beam  was  low  and  the  specific  impulse  of  the  gas  was 
low,  the  heating  of  the  pendulum  was  small  and  the  ablation  of  material  from 
the  pendulum  was  negligible.  (Recently^  a  series  of  experimental  resiilts 
have  indicated  that  data  obtained  with  a  ballistic  pendulum  may  be  seriously 
in  error.  However,  these  results  apply  to  a  piilsed  accelerator  of  high 
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Figure  2-1.  Schematic  Description  of  Accelerator 


specific  irr pulse  where  the  instantaneous  rate  of  energy  delivery  to  the 
pendulxim  i -  much  greater  than  for  the  experiments  described  here. ) 

Figure  2-2  shows  the  shape  of  the  pendulum  employed.  It  was  sus¬ 
pended  from  the  ceiling  of  the  vacuum  tank  by  light  threads  and  was 
located  so  thjat  the  thin  neck  was  on  the  axis  of  symmetry  of  the  acceler¬ 
ator.  Thus  the  pendulum  sampled  thrust  with  a  weighting  factor  propor¬ 
tional  to  distance  from  the  axis  of  symmetry.  This  is  in  accord  with  the 
distribution  of  material  in  the  efflux,  and  one  can  compute  the  total  thrust 
with  a  simple  m\ilti plication  factor.  The  pendulum  intercepted  14.  7%  of 
the  beam.  The  mass  was  0.  064  kilogram,  and  deflections  up  to  6  mm 
were  observed  under  steady-state  conditions  of  operation.  A  small 
thermocouple  was  attached  to  the  pendulum  to  obtain  temperature  rate- 
of-rise  data. 


2.2  EXPERIMENTAL  RESULTS 

When  gas  was  admitted  to  the  accelerator  nothing  was  observed  to 
happen  until  the  pressure  of  the  gas  at  the  apex  of  the  funnel  reached  a 
value  of  several  hundred  microns  Hg.  Then  a  glow  discharge  began 
which  quickly  developed  into  a  heavy  discharge.  At  the  same  time  a 
luminous  efflux  (usually  blue-purple  in  color)  appeared  which  extended 
from  the  mouth  of  the  funnel  and  was  clearly  visible  for  several  feet 
into  the  vacuum  tank.  The  angle  of  divergence  of  the  luminosity  was 
close  to  30  degrees  (the  half-angle  of  the  funnel),  but  photographs  with 
long  time  exposures  indicated  a  faint  luminosity  which  diverged  at  60 
to  70  degrees. 

Simple  reasoning  leads  one  to  consider  three  major  regions  of  the 
funnel  as  indicated  on  Figure  2-1.  In  region  1  the  magnetic  field  lines 
are  nearly  parallel  to  the  axis  of  symmetry  and  would  lead  to  accelera¬ 
tion  in  the  radial  direction.  However,  the  density  of  gas  is  high  and 
its  temperature  is  low  so  collisions  are  frequent,  and  not  much  accelera¬ 
tion  is  expected.  Thus,  region  1  is  the  ionizing  cind  heating  region.  In 
region  2  the  magnetic  field  lines  are  fringing  rapidly,  and  as  the  current 
through  the  coils  rises  and  falls  the  field  lines  tend  to  move  back  and 
forth  in  an  axial  direction.  Ionized  material  will  be  accelerated  away 
from  the  funnel,  and  the  gas  density  will  drop  rapidly;  so  region  2  is 
the  accelerating  region.  In  region  3  the  gas  is  up  to  maximum  speed, 
and  the  density  is  extremely  low  (much  less  than  one  micron  Hg)  so 
collisions  are  infrequent:  region  3  is  the  free-flight  region. 
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Figure  2-2.  Pendulum  Configuration 


The  simple  picture  presented  above  was  checked  experimentally.  A 
small  flag  of  compressed-mica  paper  was  placed  at  various  positions 
within  and  in  front  of  the  accelerator.  In  region  1  the  flag  was  observed 
to  hang  vertically  because  of  gravity.  In  region  2  the  flag  began  to  be 
deflected  by  the  plasma  wind  and  in  region  3  the  flag  pointed  along  the 
plasma  flow  lines.  These  flow  lines  were  coincident  with  a  line  drawn 
from  the  position  of  the  flag  to  the  apex  of  the  funnel  in  agreement  with 
the  flow  pattern  of  the  luminosity. 

Visual  inspection  of  the  luminosity  near  the  apex  of  the  funnel  showed 
it  to  be  concentrated  around  the  axis  of  symmetry  —  not  near  the  pyrex 
walls  as  one  would  e  tpect  if  the  ionizing  process  were  inductive  in  char¬ 
acter.  In  addition,  when  a  small  tungsten  disc  was  placed  on  the  axis  of 
symmetry  near  the  apex,  the  luminosity  was  observed  to  drop  significantly, 
indicating  that  the  sustaining  ionization  was  originating  from  the  region 
near  the  axis.  This  observation  also  speaks  against  an  inductive  process. 
Near  the  apex  of  the  funnel  the  voltage  was  small.  It  was  determined  to 
be  about  20  volts  per  turn.  This  is  too  small  a  voltage  to  cause  breakdown 
of  the  gas.  From  all  these  observations  one  tends  to  conclude  that  some 
mechanism  other  than  induction  sustains  the  ionization. 

A  large,  light  pendtilum  was  placed  in  front  of  the  accelerator  several 
feet  from  the  mouth  of  the  funnel.  A  strong  permanent  magnet  was  inter¬ 
posed  between  the  accelerator  and  the  pendxilum.  The  luminosity  was  ob¬ 
served  to  be  stopped  by  the  magnetic  field,  and  the  deflection  of  the  pen¬ 
dulum  was  reduced  to  less  than  10%  of  the  unobstructed  value.  A 
nonmagnetic  object  of  the  same  cross-sectional  area  as  the  magnet  was 
then  Bustituted  for  the  magnet  and  the  pendulum  again  deflected  strongly. 
These  observations  lead  to  the  following  conclusions: 

1.  Nearly  all  of  the  high-speed  gas  leaving  the  accelerator  was 
ionized.  The  neutral  efflux  was  not  heated  by  an  amount 
sufficient  to  give  significant  thrust. 

2.  The  luminosity  was  associated  with  ionized  material  only  and 
w'as  not  due  to  excited- state  transitions  of  neutral  atoms. 

An  attempt  was  made  to  determine  the  plasma  speed  by  using  a  small 
secondary-emission  probe.  The  probe  was  placed  in  front  of  the  accel¬ 
erator  at  one  meter  distance,  and  the  accelerator  was  operated  and  the 
probe  current  observed.  The  accelerator  was  then  suddenly  turned  off; 
the  transient  probe  signal  was  observed.  A  sudden  change  in  the  signal 
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was  observed  a  few  microseconds  after  turnoff,  and  this  signal  was  de¬ 
termined  to  be  associated  with  the  decay  of  the  ultraviolet  light  flux  from 
the  apex  of  the  funnel  as  the  discharge  ceased.  At  a  later  time  the  probe 
signal  changed  again  and  gradually  decreased  to  zero.  The  second  change 
was  taken  to  be  associated  with  the  arrival  of  the  last  of  the  plasma  from 
the  accelerator.  The  speeds  derived  in  this  way  were  larger  than  those 
derived  from  the  pendulum  by  a  factor  of  four,  and  they  were  larger  than 
those  derived  from  theoretical  considerations  by  about  the  same  factor. 

The  driving  voltage  applied  to  the  accelerator  was  not  shielded  from 
the  diagnostic  region.  An  insulating  material  was  placed  over  the  coils 
to  prevent  a  strong  discharge  from  occuring  along  the  outside  of  the  funnel. 
None  was  observed  to  occur.  However,  it  is  possible  that  some  material 
is  accelerated  to  high  speed  by  this  capacitive  electric  field.  If  so  the 
speed  of  the  material  woitld  vary  as  the  square  root  of  total  voltage  applied 
to  the  accelerator.  Figure  2-3  shows  the  result  of  plotting  the  measured 
speeds  against  the  square  root  of  voltage.  It  is  seen  that  the  points  fall 
along  a  straight  line  which  passes  through  the  origin,  and  so  the  conjecture 
is  verified. 

In  contrast  to  the  behavior  discussed  above,  the  measured  values  of 
thrust  should  depend  on  the  magnetic  field  strength.  The  induced  currents 
in  the  plasma  depend  on  the  induced  electric  field  and  therefore  on  the 
applied  voltage.  The  magnetic  field  strength  depends  on  the  applied  cur¬ 
rent.  Since  the  magnetic  forces  depend  on  the  product  of  field  and  gas 
current,  the  force  will  vary  as  the  voltage -current  product  for  the  coil. 

The  impulse  delivered  to  the  plasma  depends  on  the  magnetic  force; 
the  ref  ore,  it  follows  that  the  measured  thrust  should  vary  as  the  voltage - 
current  product.  This  relation  was  tested.  The  results  are  shown  in 
Figure  2-4.  A  straight-line  relation  is  obeyed.  If  the  magnetic  field 
served  only  to  provide  an  electric  field  which  heated  the  gas  by  Joule 
heating,  then  the  energy  would  vary  as  the  square  of  the  coil  voltage, 
and  the  measured  thrust  would  depend  less  strongly  than  linearly  on 
the  applied  voltage.  Figure  2-4  shows  that  this  is  not  the  case,  and  that 
the  device  ^  primarily  an  induction  accelerator. 

A  particular  set  of  experimental  results  will  be  analysed  in  detail  in 
the  following  paragraphs.  The  pertinent  experimental  information  is 
listed  in  Table  II- 1. 
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TABLE  n-1 

EXPERIMENTAL  RESULTS 


Accelerator  Data 

unloaded  inductance 
conical  angle 

maximuzn  diameter  (inner) 

Power  Data 

frequency 
voltage  (rms) 
current  (rms) 

V>I  phase  angle 
computed  input  power 

Heat- Flow  Data 

heat  lost  to  fxinnel 
coolant  liquid 

Joule  heating  loss  of 
coils  (computed) 

heat  received  by  ballistic 
target 

Thrust  Data 

pendul\im  deflection 
calculated  thrust 
estimated  experimental  error 

(1  Newton 


2.4X10  ^  henry 
60“ 

0,  09  mv'ter 

1.7  Me 
410  V 
19  amp 
81.5* 

1150  w 


810  w 

8  w 

350  w 

-3 

5X10  meter 
2. 1  X  10  newton 
±  10% 

s  .  224  pound) 


TABLE  n-1  (Cont) 
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Flow  Data 

gas  used 
flow -rate 


Specific  Impulse 


nitrogen 

2X10^  kgm/sec 
(1  kgm/sec  s  2.  21  Ib/sec) 


The  measured  thrust  divided  by  the  measured  flow- rate  gives  a 
specific  impulse  of  1050  seconds. 


The  threshold  energies  for  the  various  ion  species  that  could  be  pre¬ 
sent  are: 


-  15.  5  volts 

-  45  volts 

N* 

-  38.  8  volts 

-  53.  8  volts 

includes  dissociation 
energy  of  24.  3  volts 


Recently  an  experiment  on  electron  bombardment  of  nitrogen  has  been 
reported^.  In  these  experiments  no  N"*"  yield  was  observed  at  all  for 
bombarding  energies  up  to  50  volts.  Above  that  energy  the  experiment 
could  not  separate  the  NT*"  yield  from  the  N2'*^  yield.  At  1 00  volts  the 
sum  of  the  yield  and  twice  the  N2'*^  yield  was  only  40%  of  the  N2^ 
yield.  These  observations  make  it  seem  unlikely  that  there  was  a  signif-^ 
leant  fraction  of  doubly  ionized  species  in  the  beam  from  the  conical 
accelerator.  This  strong  suppression  of  dissociated  species  is  also 
supported  by  two  other  experimental  observations: 

1.  When  CO2  was  used  in  the  accelerator  there  was  no  observable 
carbon  deposit  on  the  pendultun  or  on  the  chamber  walls.  This 
is  presumably  accounted  for  by  the  tenacity  of  the  C-O  bond. 
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2.  Experiments  with  nitrous  oxide ^  show  little  yield  of  dissociated 
species  because  of  the  tenacity  of  the  N-O  bond. 

In  view  of  these  arguments,  and  also  because  of  the  results  of  the 
experiments  conducted  with  the  deflecting  magnet,  it  is  concluded  that 
the  thrust  is  due  to  singly  charged  nitrogen  molecules  exclusively.  The 
power  required  to  cause  the  gas  input-flow  to  ionise  completely  is  then 
computed  to  be  107  watts. 

A  value  for  the  directed  'beam  power  can  be  derived  from  the  measured 
thrust  and  the  flow -rate.  In  order  to  make  this  calculation,  one  must  take 
into  consideration  the  average  angle  of  impact  on  the  ballistic  pendvtlum 
(TO**)  and  the  ratio  of  the  mean  plasma  speed  to  the  root-mean-square 
plasma  speed.  Simple  considerations  regarding  the  distribution  of  mag¬ 
netic  field  across  the  mouth  of  the  accelerator  show  that  there  is  a 
considerable  spread  of  energies  in  the  output  and  that  the  ratio  is  about 
8/9  when  the  accelerator  is  lightly  loaded,  and  smaller  than  this  if  the 
loading  is  heavy.  In  order  to  get  a  conservative  value  for  the  beam 
power,  a  value  of  8/9  was  assumed.  It  was  then  calc\:iated  that  the  di¬ 
rected  beam  power  was  136  watts  if  all  the  gas  was  ionized. 

The  heat-flow  data  show  that  the  sum  of  the  power  lost  to  the  pendulum 
(350  watts)  and  that  lost  to  the  accelerator  walls  (810  watts)  equals  the 
input  power.  This  provides  a  check  on  the  measurements.  The  data  also 
show  that  the  Joule  heating  of  the  accelerator  coils  was  negligible. 

It  is  now  assumed  that  only  a  fraction,  X,  of  the  molecules  becomes 
ionized,  and  that  the  electrons  in  the  efflux  are  very  much  hotter  than 
the  ions.  Then,  the  power  measurements  discussed  above  can  be  used 
to  obtain  an  equation  for  the  heat  energy  in  the  efflux.  If  H  is  the  electron 
heat  energy  in  electron  volts  then: 

+  15.  5  X  +  H  X  •  50.  7  (1) 

£q.  (1)  yields  the  curve  shown  by  the  solid  line  in  Figure  2-5.  It  is 
seen  that  the  heat  energy  is  bounded  and  cannot  exceed  17  electron  volts. 
Also,  since  H  cannot  be  negative  it  is  seen  that  more  than  45.  5%  of  all 
the  gas  was  ionized. 
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On  the  other  hand,  if  one  argue*  that  the  electron*  are  not  much 
hotter  than  the  ion*,  one  mu*t  al*o  a**ume  that  the  un-ionised  material 
i*  heated  a*  well.  In  that  ca*e  Eq.  (1)  mu*t  be  rewritten: 

+  15.  5  X  +  H  =  50.  7  (2) 

£q.  (2)  yield*  the  curve  *hown  by  the  da*hed  line  in  Figure  Z-S.  It 
*how*  the  *ame  cut-off  point  at  X  =  45.  5%.  When  one  remember*  that 
one  electron  volt  is  equivalent  to  10^  degree*  Kelvin,  one  realise*  that 
Eq.  (2)  implies  extremely  hot  material,  and  it*  use  i*  questionable.  On 
the  other  hand,  the  electron*  can  easily  be  much  hotter  than  the  ion*  and 
are  expected  to  have  energies  roughly  equivalent  to  the  whole  accelerating 
energy  (40  volts  for  X  =  0.  5).  This  will  be  discussed  further  in  Section  III. 

In  a  similar  fashion  the  energy  required  to  make  an  electron-ion  pair 
can  be  derived  from  the  input  power  and  the  directed  power  obtained  from 
the  thrust  measurement.  The  equation  obtained  is 

=ip '  -  ^1  <’> 

Eq.  (3)  yields  the  curve  shown  in  Figure  2-6.  The  region  below 
X  =  45.  5%  has  been  shown  as  a  dashed  curve  because  it  is  the  region 
excluded  by  Figure  2-5.  It  is  learned  from  Figure  2-6  that  the  maximum 
energy  expended  per  ion-pair  formed  is  268  electron  volts.  The  actual 
value  may  be  as  low  as  185  electron  volts  as  discussed  in  Section  HI. 

These  figure  are  encouragingly  small,  and  are  considerably  better  than 
value*  being  currently  reported  by  other  workers. 

The  chief  difficulty  with  the  accelerator  was  intense  wall -heating  near 
the  apex  of  the  funne which  caused  the  material  of  the  wall  (pyrex  or 
quartz)  to  melt.  However,  since  the  thermal  contact  to  the  coolant  liquid 
following  in  the  coils  was  rather  poor  this  does  not  seem  to  be  an  insur¬ 
mountable  problem.  One  might  ask  whether  a  significant  amount  of 
material  was  ablated  from  the  walls  and  passed  from  the  accelerator  so 
that  the  interpretation  of  the  thrust  measurements  are  wrong.  The  ex¬ 
periment  with  the  deflecting  magnet  showed  that  all  the  thrust -producing 
materials  was  ionized  so  if  ablated  material  affected  the  thrust  measure¬ 
ments,  it  must  have  been  ionized.  In  that  case  the  curves  of  Figures  2-5 
and  2-6  apply  with  values  for  X  allowed  to  be  larger  than  one.  This  would 
imply  electron  energies  smaller  than  15  ev  and  values  for  ev/ion  pair  less 
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than  150  ev.  This  seems  unlikely.  It  is  undoubtedly  true  that  ablated 
material  passed  from  the  accelerator,  but  it  wotild  seem  that  it  did  not 
reach  high  speeds. 

The  efficic'ncy  of  the  machine,  computed  as  the  ratio  of  (thrust)^  to 
twice  the  power  input  times  the  mass  flow-rate,  was  9?^.  This  is  a  low 
number  in  spite  of  the  relatively  small  amount  of  energy  spent  to  heat 
and  ionize. 
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HI  THEORETICAL  DISCUSSION  OF  ACCELERATOR 


3.  1  GENERAL  CONSIDERATIONS 

The  mean  speed  of  the  particles  in  the  efflux  was  measured  to  be 
about  10^  meter  per  second,  and  from  this  the  particle  density  near  the 
mouth  of  the  funnel  can  be  calculated.  The  density  is  found  to  be 
1.  5  X  10^^  particles  per  cubic  meter.  This  can  be  compared  to  the  par¬ 
ticle  density  of  3.  5  X  10^^  particles  per  cubic  meter  which  corresponds 
to  a  pressure  of  one  micron  at  room  temperature.  Thus  the  particle 
density  in  the  efflux  i«  extremely  low,  and  the  chance  for  close  collisions 
to  occur  amongst  the  particles  in  the  beam  is  small.  The  ambient  pres¬ 
sure  in  the  vacuum  chamber  was  0.6  micron  and  the  corresponding 
mean  free  path  (at  room  temperature)  is  about  0.  1  meter.  The  mean 
free  path  for  fast  molecules  moving  through  the  ambient  gas  is  consid¬ 
erably  larger  than  the  mean  free  path  at  room  temperature.  One  there¬ 
fore  concludes  that  the  energy  lost  by  the  fast  beam  while  in  transit  to 
the  ballistic  target  was  negligible. 

In  spite  of  the  low  density  in  the  beam  the  Debye  length  is  small,  be¬ 
ing  on  the  order  of  10“'^  meter. 

The  luminosity  of  the  beam  could  have  been  due  to  bremsstrahlung 
radiation  from  the  hot  electrons.  The  experimental  results  indicate 
that  electron  energies  of  about  15  electron-volts  were  present.  A 
rough  calculation  of  the  bremsstrahlung  radiation  power^  yields  one 
milliwatt.  This  power  level  should  be  sufficient  to  be  quite  noticeable 
to  the  eye. 

The  axial  magnetic  field  strength  near  the  mouth  of  the  funnel  was 
determined  to  be  about  15  X  10*^  weber  per  square  meter  (15  gauss) 
and  this  is  a  field  which  is  orders  of  magnitude  too  small  to  accelerate 
nitrogen  ions  to  the  observed  energies.  This  can  easily  be  seen  by 
computing  the  gyro  radius  for  the  ions  and  comparing  it  to  the  radial 
dimension  of  the  accelerator.  The  ratio  is  found  to  be  about  ^0/1. 

The  corresponding  ratio  for  electrons  is  only  5  X  10“®,  however;  so 


19 


the  field  is  strong  enough  to  have  a  profound  effect  on  the  electrons.  Be¬ 
cause  of  the  small  value  for  the  Debye  length,  the  electrons  cannot  move 
on  paths  that  will  lead  to  significant  ion-electron  separation;  so  space 
charges  form  of  sufficient  magnitude  to  impede  the  electron  motion  and 
aid  the  ion  motion  so  that  both  types  of  particles  move  together.  A 
mathematical  model  describing  this  action  has  been  formulated^.  It  was 
shown  that  the  combined  motion  is  identical  to  that  for  a  particle  having 
a  mass  that  is  the  geometric  mean  of  the  ion  and  electron  masses.  The 
gyro  radius  for  a  particle  of  this  geometric -mean  mass  is  1.  1  X  10-2 
meter  when  the  magnetic  field  strength  is  that  used  in  the  accelerator 
experiment.  This  radius  is  less  than  the  radial  dimension  of  the  funnel 
and  one  concludes  that  ion  acceleration  can  occur  through  the  mechanism 
of  the  electric  fields  generated  by  space  charges. 

It  is  interesting  to  compute  the  space -charge  density  required  to  es¬ 
tablish  a  voltage  sufficient  to  give  rise  to  the  acceleration  observed  in* 
the  experiment.  The  measured  ion  speed  corresponds  to  an  energy  of 
about  20  iev,  and  a  potential  difference  equal  to  this  energy  must  appear 
across  a  region  within  the  funnel.  The  concept  of  Debye  length  can  be 
employed.  In  MKS  units  the  Debye  length,  H,  is: 

H  =  69(T/n)^  (4) 

where  T  is  the  electron  temperature  and  n  is  the  density  of  nonneutral- 
ized  charges.  For  T,  one  substitutes  a  value  equivalent  to  20  ev 
(2  X  10®  degrees)  and  for  H,  a  value  equivalent  to  the  distance  over 
which  acceleration  occurs  in  the  funnel  (0.025  meter).  The  resulting 
value  for  n  is: 

n  =  1,5X  10^2  charges  per  cubic  meter  (5) 

This  density  is  10^  times  smaller  than  the  density  of  ions  leaving  the 
funnel,  and  so  one  sees  that  it  is  easy  for  the  system  to  establish  the 
required  potentials. 

The  process  of  accelerating  an  ion  in  the  funnel  occupies  a  length  of 
time  which  is  long  compared  to  a  half-period  of  the  applied  magnetic 
field.  This  can  be  demonstrated  in  a  simple  fashion:  the  average  dis¬ 
tance  moved  by  an  ion  in  attaining  speed,  v,  is  about  Zltr,  where  r  is 
the  gyro  radius  for  a  particle  whose  mass  is  the  geometric  mean, 

(Mm)  1/2,  of  the  ion  and  electron  masses®.  In  order  that  the 
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acceleration  process  occurs  over  many  cycles  of  the  applied  field  the 
following  condition  must  hold: 


^  >>T  (6) 

V 

where  T  is  the  period  of  the  applied  field.  However,  v/r  is  the  cyclo¬ 
tron-frequency,  «c,  for  a  particle  of  mass  (Mm)  so  Eq.  (6)  can 
be  rewritten  as  follows: 

«/u  >  >  1  (7) 

c 

« 

The  funnel  experiment  was  done  under  conditions  for  which  the  ratio 
above  was  equal  to  9.  Hence,  one  concludes  that  each  ion  was  acceler¬ 
ated  over  many  cycles,  and  so  in  order  to  compare  with  experiment, 
a  time  average  must  be  taken  of  any  accelerating  effects  predicted  by 
a  theoretical  calculation. 

In  the  following  sections  a  theoretical  calculation  is  made.  The  cal¬ 
culation  relies  heavily  on  a  particular  formulation  of  the  equations  of 
motion  for  a  charged  particle  in  an  axially- symmetric,  time -dependent, 
magnetic  field^  and  also  on  a  two-fluid-model^  which  describes  the 
rudiments  of  the  ion-electron  coupling  through  the  action  of  space - 
charge  accumulation.  Space  does  not  permit  a  treatment  of  these  basic 
ideas  here,  but  rather,  the  calculations  to  be  given  here  constitute  an 
extension  of  the  model. 

The  proposed  space -charge  mechanism  has  already  been  experi¬ 
mentally  observed  in  other  devices'^. 


3.  2  DISCUSSION  OF  THE  MAGNETIC  FIELD  PATTERN 

The  magnetic  flux-contours  for  the  funnel  were  determined  by  ex¬ 
periment,  and  field- strength  measurements  were  made.  However,  the 
results  were  not  complete  enough  for  theoretical  purposes.  Therefore  a 
determination  was  also  made  with  an  electrical  analog  board. 

A  seven-turn,  60-degree  funnel  was  analogued.  A  metal  plane  was 
included  to  analog  the  effects  (expected  to  be  small)  of  the  wall  of  the 
vacuum  chamber.  At  the  frequency  employed  in  the  experiment  a 
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strong  skin  effect  exists  at  any  metal  surface  and  such  surfaces  become 
surfaces  of  sero  flux.  The  inductance  of  the  coil  obtained  from  the  ana¬ 
log  was  2.  0  microhenries;  this  compares  well  with  the  measured  induct¬ 
ance  of  the  coil  (2.4  microhenries)  determined  with  an  L-C  meter  and 
also  with  the  inductance  (2.0  microhenries)  deduced  from  the  voltage- 
current  ratio  employed  during  the  experiment. 

The  analog  also  yielded  a  value  of  15  X  weber  per  square  meter 
for  the  strength  of  the  magnetic  field  across  the  mouth  of  the  funnel. 
Figure  3-1  shows  the  magnetic  field  pattern  obtained  from  the  analog. 
The  curves  in  that  figure  are  labelled  by  the  relative  values  of  flux. 

The  magnitude  of  the  flux  at  the  point  indicated  by  the  small  cross  was 
determined  to  be  0. 84X  10"^  weber  for  the  conditions  of  the  experiment. 
The  radius  at  the  cross„is  0.  045  meter. 

Figure  3-2  shows  a  photograph  of  the  analog  board  as  it  was  set  up 
for  this  problem.  The  board  consists  of  1800  resistors  arranged  in  a 
rectangular  mesh. 

The  field  lines  diverge  less  than  the  funnel  angle  in  the  region  inside 
the  ftinnel.  This  is  true  because  the  coils  are  wound  in  series. 


3.  3  EXTENSION  OF  THE  TWO- FLUID  MODEL 

It  can  be  shown^  that  the  motion  of  a  particle  of  mass,  M,  and  charge, 
q,  in  a’^magnetic  flux,  f  (r,  z,  t),  can  be  determined  from  a  considera¬ 
tion  of  an  inductive  potential,  V^.  The  radial  and  axial  motions  of  a 
particle  can  be  determined  from  this  potential  in  the  same  way  as  for 
an  ordinary  electric  potential,  Vg;  by  computing  a  force  from  -q  grad 
Vl.  The  inductive  potential  differs  from  an  ordinary  potential  in  three 
important  respects: 

1.  Only  the  axial  and  radial  forces  can  be  found  from  the  gradient 
of  VjL,  (since  it  does  not  depend  on  asmuth  because  of  the  axial 
symmetry  of  the  field).  The  equation  of  motion  for  the  azmuthal 
angle,  8,  is  foxind  by  forming  -(2qV£^/M)^/2^ 

2.  An  ordinary  potential  depends  on  position  and  time  only  whereas 
Vl  depends  on  the  angular  momentum  of  the  particle  (with  respect 
to  the  axis  of  symmetry)  at  some  previous  time. 
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Figure  3-2.  Analog  Board 
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3.  Th«  centrifugal  force  is  aleo  described  by  and  so  it  can  have 
aoasero  values  even  when  the  magnetic  field  is  zero. 

If  an  electric  potential  is  present  as  well  as  a  magnetic  potential 
then  the  same  formalism  can  be  used  provided  the  electric  potential 
does  not  depend  on  asimuthal  angle.  In  that  case,  the  total  potential 
can  be  written  as: 

V(r,  s,  t)  *  Vj^(r,  z,  t)  +  Vj.(r,  z,  t)  (8) 

where: 

V,  a  \  f  ^  1  where  #  =  2ir  /dr  rB  (9) 

and  K  is  a  constant  if  there  are  no  azimuthal  forces  acting  on  the  particle 
at  any  time.  K  can  be  determined  for  a  particle  located  at  co-ordinates 
roj  Sq,  to  by  the  following  relation: 

J(r  ,  z  ,  t  ) 

K* — ^  +*  (j.  -  t  )  (10) 

<1  o  o  o 

The  inductive  potential  formalism  is  capab^  of  handling  forces  in  the 
azimuthal  direction  only  if  they  are  of  an  impulsive  type,  such  as  those 
caused  by  close  collisions  between  the  constituents  of  a  plasma.  If  an 
impulsive  collision  occurs  at  time  to  and  causes  the  angular  momentum 
of  the  particle  to  change  from  J  to  J' ,  a  new  value  of  K  can  be  derived 
using  Eq.  (10)  since  the  particle  has  had  no  chance  to  change  its  spatial 
position  during  the  collision  time.  For  all  times  after  the  collision  an 
entirely  new  potential  exists  for  the  particle!  The  new  potential  is  cal¬ 
culated  by  inserting  the  changed  value  of  K  into  Eq.  (9). 

A  great  deal  of  useful  information  can  be  derived  by  plotting  the  in¬ 
ductive  potential  even  though  the  equations  of  motion  that  can  be  derived 
from  it  are  never  solved.  The  motion  will  be  like  that  of  a  small  sphere 
rolling  over  a  landscape  having  the  same  contours  as  the  potential. 
Changes  of  energy  can  also  be  determined  without  solving  the  equations 
of  motion. 
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A  derivation  o.  equations  describing  the  motion  of  the  plasma  in  the 
funnel  accelerator  is  possible  if  certain  assvimptions  are  made: 

1.  The  condition  expressed  by  Eq.  (7)  is  assumed  so  the  ions  ex¬ 
perience  many  cycles  of  the  applied  field  during  acceleration. 

2.  Because  Eq.  (7)  is  satisfied,  the  density  of  ions.  nj.  is  time- 
inde  pendent. 

3.  One  must  allow  for  the  presence  of  strong  collective  oscillations 
of  electrons,  but  it  is  assumed  that  the.r  frequency  is  high  com¬ 
pared  to  the  applied  frequency.  Thus  the  density  of  electrons 
averaged  over  the  high-frequency  variations,  n^.  is  time-inde¬ 
pendent. 

4.  Charge  neutrality  requires  that  n^  s  to  a  high  degree  of 
approximation. 

5.  The  accelerating  i^se  occurs  without  essential  disturbance  of 
the  ion  trajectories  by  the  effects  of  large-angle  scattering 
events. 


If  M  and  q  denote  the  ion  mass  and  charge,  and  m  and  -q  denote  the 
electron  mass  and  charge,  then  the  total  potential  acting  ions  and  on 
electrons  is: 


V®  = 


2 _  [  f  -  .k” 

Sit  ^m  t  ^ 


Sir 


_  [t 
•M  I  " 


+  Vj.  (r,  8,  t) 


+  (r,  a,  t) 


(11) 

(12) 


where  V£  is  the  potential  arising  from  space-charge  effects.  The 
values  of  and  will  vary  from  one  particle  to  another,  but  one  can 
compute  the  average  potential  for  all  particles  in  an  element  of  volume 
if  the  distribution  functions  for  these  quantities  are  known. 


The  azimuthal  velocity  of  an  ion  is  found  from  the  following  equation: 


(13) 
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•ad  •  aimilar  resvilt  will  hold  for  an  electron.  From  Eq.  (13)  it  is 
•••a  that  is  proportional  to  the  angular  momentum  of  the  particle  at 
those  times  when  the  applied  field  is  zero. 

=o)  (14) 

A  similar  result  will  hold  '‘ix  an  electron.  We. are  interested  in  follow¬ 
ing,  in  detail,  the  motion  Ox  an  ion.  IP  is  constant  (no  close  collisions) 
and  equal  to  the  value  which  it  had  at  the  beginning  of  the  acceleration 
phase  for  the  ion  in  question.  We  asstime  that  the  ion  began  accelera¬ 
tion  at  radius  r^. 

The  distribution  function  for  IP  will  be  the  same  as  that  when  the  ion 
was  at  rQ.  This  distribution  is  that  appropriate  to  a  Maxwellian  gas  at 
temperature  T'  (or  temperature -energy  E',  expressed  in  electron  volts). 
A  bracket  notation  is  used  to  denote  average  vadues,  and  one  finds  the 
following : 

(15) 


The  resvdts  can  be  used  to  find  the  average  potential  acting  on  ions 
which  began  to  accelerate  at  r^. 


E^r 


(16) 


<  vS  =  — 3— 
K 


8ff  M 


(f) 


+  V. 


(17) 


As  the  ions  move  they  will  be  surrounded  at  all  times  by  an  equal  den¬ 
sity  of  fast  electrons.  The  electron  motions  are  extremely  complicated, 
and  no  attempt  will  be  made  to  follow  them  in  detail.  Electrons  which 
are  in  the  vicinity  of  an  ion  at  time,  t,  move  away  rapidly,  and  their 
place  is  taken  by  others  moving  in  from  other  parts  of  the  geometry. 

For  each  electron  the  value  of  changes  only  slowly  compared  to  the 
.applied  frequency.  This  can  be  checked  by  computing,  for  example,  the 
self -collision  time^.  Although  there  will  be  some  tendency  toward  spatial 
separation  of  electrons  with  values  of  which  are  opposite  in  sign,  it 
will  be  assvimed  that  the  bulk  of  the  electrons  at  any  given  position  are  in 
a  state  of  complete  thermal  equilibrium. 
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These  assumptions  imply  that  the  values  of  K®  for  electrons  are  not 
distributed  according  to  a  Maxwellian  equation  but  that,  instead,  the 
values  of  K®/r  are  so  distributed.  One  finds  the  following: 


The  results  can  be  used  to  find  the  average  potential  acting  on  the 
electrons. 


Notice  that  the  term  involving  the  electron  temperature  has  no  r -depend¬ 
ence  in  contrast  to  the  situation  for  the  ions.  This  is  a  consequence  of 
the  ability  of  the  electrons  to  change  location  rapidly. 

The  flow  of  electrons  and  ions  through  any  imagined  surface  in  the 
plasma  must  be  equal.  Since  the  electron  and  ion  densities  are  equal 
at  all  positions  and  at  all  times,  equal  flow  can  be  obtained  only  if  the 
drift  velocity  of  the  electrons  is  equal  to  the  average  velocity  of  the 
ions  at  all  places.  A  rigorous  treatment  of  this  condition  is  too  compli¬ 
cated  to  attempt  here.  However,  if  the  condition  is  satisfied,  the  aver¬ 
age  drift  energy  of  the  electrons  is  small,  and  this  will  be  so  if  <V®> 
is  much  smaller  than  any  one  of  the  terms  on  the  right-hand  side  of 
Eq.  (20).  An  equation  for  Vjj  immediately  follows  from  this  assump¬ 
tion. 


The  distribution  of  space -charge  can  be  found  from  Eq.  (21)  and 
Poisson' s  law.  Figure  3-3  shows  a  sketch  of  the  time-dependence  of 
for  an  applied  field  that  varies  sinusoidally.  The  potential  reaches 
a  height  B  when  the  field  is  maximxim  and  falls  to  height  A  when  the 
field  is  zero.  Height  A  is  maintained  by  the  electron  temperature.  It 
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simply  expresses  the  desire  of  the  hot  electron  gas  because  of  the 
angular  momentum  of  the  electrons,  to  keep  ions  away  from  the  axis 
of  symmetry, 

£q.  (21)  can  be  used  in  Eq.  (17)  to  obtain  the  potential  acting  on  the 
ions.  It  is  only  the  time  average  of  the  potential  that  really  matters; 
therefore  that  average  is  taken.  Also,  the  term  in  1/M  can  be  neg¬ 
lected  in  comparison  to  the  term  in  1/m.  The  resulting  equation  is: 


<  <V 


16tr  ^m 


f  °  1  +1  —2.  1  ^  j.  ^ 
\r/  \r  /  3  3 


(22) 


where  i  q  is  the  peak  value  of  the  flux. 

It  should  be  noted  that  it  is  the  electron  mass  that  appears  in  Eq. 
(22),  not  the  ion  mass.  This  is  the  same  as  the  result  obtained  pre¬ 
viously®  and  leads  to  the  conclusion  that  the  motion  of  the  ions  in  the 
plasma  is  like  the  motion  of  an  isolated  particle  of  charge  q  and  mass 
(Mm)  1/2^ 


The  value  of  E^  for  the  electrons  is  to  be  taken  to  be  much  larger 
than  that  for  the  ions  and  so  the  term  in  E^  is  negligibly  small  except 
near  the  axis  of  symmetry.  Near  the  axis  it  cannot  be  neglected,  be¬ 
cause  it  describes  the  fact  that  the  average  ion  never  passes  through 
the  axis  of  symmetry  because  of  angular  momentum  acquired  from 
thermal  motion.  It  is  convenient  to  neglect  this  term,  however,  in 
order  to  get  a  rough  idea  of  the  form  of  <  <  vi>  >,  Figure  3-4  shows 
a  plot  of  the  potential  without  the  E^  term.  In  the  formalism  being  em¬ 
ployed,  a  particle  that  is  incident  on  the  axis  of  symmetry  is  reflected 
from  it  in  the  manner  of  a  light -ray.  This  fact  should  be  kept  in  mind 
when  interpreting  Figure  3-4. 

It  is  seen  that  the  contours  of  constant  potential  tend  to  follow  the 
same  angle  as  the  funnel.  The  numbers  attached  to  the  curves  are 
values  for  the  potential  (in  volts)  for  the  conditions  of  the  funnel  ex¬ 
periment.  The  axis  of  symmetry  is  also  a  contour  line,  and  the  volt¬ 
age  there  is  2,7,  corresponding  to  an  electron  temperature  of  8  ev. 
Two  ion  trajectories  are  sketched  on  the  figure.  These  were  not  com¬ 
puted  from  the  equations  of  motion  but  were  determined  from  simple 
energy  and  ray-optic  considerations. 
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One  concluaion  obtained  from  Figure  3-4  is  that  all  the  ions  are 
forced  toward  the  axis  of  symmetry  (they  pass  through  it  in  Figure 
3-4  ,  but  would  not  if  the  term  had  not  been  neglected. )  This  leads 
to  a  high  value  of  particle  density  along  the  axis  and  perhaps  to  addi¬ 
tional  scattering  and  ion  heating.  Because  of  the  density  increase  there 
should  be  increased  luminosity  along  the  axis.  This  has  been  observed 
experimentally  and^  under  some  conditions,  the  luminosity  along  the 
axis  ie  so  enhanced  that  a  bright  core  appears. 

The  details  of  the  motion  of  electrons  within  the  plasma  is  far  too 
complicated  to  submit  to  detailed  analysis.  However,  the  electrons 
move  at  all  times  under  the  combined  effect  of  the  inductive  potential 
and  the  induced  electric  field  as  described  by  Eq.  (12).  Selected  test 
plots  of  V®  have  been  made  for  various  choices  of  K®,  The  sigh  of  K®, 
with  respect  to  the  instantaneous  sign  of  f ,  is  the  factor  that  deter¬ 
mines  the  basic  nature  of  the  motion.  When  the  two  have  the  same 
sign  the  electron  is  accelerated  toward  the  mouth  of  the  funnel.  When 
the  two  have  opposite  sign  the  acceleration  is  toward  the  apex  of  the 
funnel.  Thus  there  exist  counterflowing  electron  currents,  and  the 
direction  of  these  currents  is  roughly  along  the  magnetic  field  lines. 

Since  the  latter  cut  across  the  space -charge  potential  lines  at  angle, 
the  counterflow  of  electrons  can  involve  energy  exchanges  twi  e  as 
high  as  the  energy  of  the  accelerated  ions.  The  factor  of  two  comes 
from  the  fact  that  the  ions  are  accelerated  by  the  average  potential, 
not  by  its  peak  value. 

The  ionising  mechanism  is  adequately  explained  by  the  arguments 
above,  since  the  entering  neutral  gas  is  continually  met  with  a  barrage 
of  electrons  of  high  energy  (up  to  50  volts  in  the  case  of  the  funnel 
accelerator).  These  are  electrons  that,  by  occasional  scattering  events, 
suddenly  find  themselves  at  an  tmstable  position  in  the  field. 


3. 4  COMPARISON  TO  EXPERIMENT 

The  foregoing  results  have  been  applied  to  the  experimental  situa¬ 
tion.  The  mean  accelerating  energy  is  obtained  by  averaging  Eq.  (22) 
over  all  values  of  r  within  the  funnel  at  the  axial  distance  at  which  the 
acceleration  commences.  This  axial  distance  is  not  known,  but  fortun¬ 
ately  the  answer  is  insensitive  to  its  choice  since  the  space-charge 
potential  lines  are  nearly  parallel  to  the  walls  of  the  funnel,  as  shown 


AXIAL  DISTANCE 


F 


AXIAL  OUTANCB 


by  Figure  3-4.  The  computed  value  for  the  thrust  is  insensitive  to  the 
choice  of  electron  temperature.  A  value  of  15  ev  was  assumed,  and 
the  thrust  was  found  to  be: 

-2 

T  s  2, 1  X  10  newton 

This  value  is  within  1%  of  the  measured  thrust.  The  average  acceler¬ 
ating  voltage  was  found  to  be  22  volts.  The  expected  power  in  the  beam 
was  computed  by  adding  15  ev  of  electron  heat  and  15.5  ev  for  the 
energy  required  to  ionise  nitrogen.  The  computed  power  was  then  found 

to  be : 


P  s  360  watts 

This  value  is  within  3^«  of  the  measured  power.  Both  of  these  calcula¬ 
tions  provide  an  excellent  check  on  the  experimental  measurements. 
The  percentage  ionisation  ass\uned  in  the  calculations  was  100%. 
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IV 


CONCUJSIONS 


The  agreement  between  the  theoretical  calciilations  and  the  experi¬ 
mental  measurements  is  better  than  expected,  because  the  calculations 
were  based  on  a  simplified  model  and  perturbing  effects  were  omitted. 
However  they  indicate  that  the  measured  values  coxild  not  have  been  ob¬ 
tained  unless  the  percentage  ionization  was  extremely  high. 

The  high  degree  of  ionization  is  reasonable  considering  the  excel¬ 
lent  ionizing  mechanism  operating  within  the  funnel. 
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